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Abstract: This paper examines how the fractional Fourier transform (FrFT) can be used to form and
analyze acoustic holograms produced by a moving, linear, frequency-modulated (LFM) source in
a shallow-water waveguide. In these environments, the source sound field creates an interference
pattern, referred to as a two-dimensional interferogram, which represents the distribution of acoustic
intensity in the frequency-time domain. This interferogram consists of parallel interference fringes.
Consequently, focal points are formed and aligned along a straight line in the source hologram, which
is represented by the two-dimensional Fourier transform of the interferogram. We have developed a
holographic method for constructing the interferogram of an LEM source signal and transforming it
into a Fourier hologram based on FrFT in the presence of strong noise. A key finding of this study
is that the FrFT-based holographic method enables localized focal regions to emerge from modal
interference even under high-intensity noise conditions. The positions of these focal spots are directly
related to the source parameters, enabling the estimation of key characteristics such as the distance
and velocity of the LEM source. We analyzed the effectiveness of the FrFT-based holographic method
through numerical experiments in the 100-150 Hz frequency band. The results demonstrate the
method’s high noise immunity for source localization in realistic shallow-water environments under
strong noise.

Keywords: fractional Fourier transform; FrFT-based holographic method; interferogram; hologram;
linear frequency-modulation; shallow water

1. Introduction

The mathematical theory of the fractional Fourier transform (FrFT) was first proposed in 1980 [1]
and laid the theoretical foundation for its application in signal processing. Currently, the FrFT is an
effective mathematical framework for processing various types of complex signals, as demonstrated
in various studies [2-6]. Unlike traditional methods, FrFT enables the development of a broader set
of tools for signal analysis, including those that do not conform to the assumptions of integer-order
Fourier transform (FT) [7]. By introducing fractional parameters, FrFT-based methods extend the
concept of the Fourier transform, providing a more generalized framework for the time-frequency
analysis of signals. This deepens our understanding of the time-frequency structure of signals and
creates new opportunities for designing more efficient signal processing algorithms in many areas
of application. The FrFT has found applications in quantum mechanics [1,2], optics [8-11], acoustics
[12,13] as well as in different signal processing tasks [14-26]. It can be interpreted as a rotation in the
time-frequency plane (Almeida, 1994). In other words, the FrFT defines the structure of a signal in
FrFT domain coordinates. In this context, the concept of frequency is extended to FrFT frequency.
From this perspective, the FrFT can be regarded as the spectral representation of a signal in the FrFT
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domain. Next, the FrFT can be interpreted as the decomposition of a signal into sets of linear frequency
modulation (LFM) signals [3]. In this case, the matched-order FrFT spectrum of the signal is more
localized than its spectral distribution in the conventional Fourier transform (FT) domain.

Often, it is necessary to analyze the temporal structure of a signal in accordance with its FrFT
frequencies. To accomplish this, the signal must be represented in the joint time-FrFT frequency
domain. This representation is called the short-time fractional Fourier transform (STFrFT), an analog of
the short-time Fourier transform (STFT) [27-30]. This topic has been studied in [31-34]. The most
efficient STFrFT-based signal processing method was proposed in [35]. The STFrFT signal processing
method proposed in this work differs from the approaches in [31-34] in that it enables analysis of the
two-dimensional (2D) signal structure in the time-frequency domain, i.e., the STFrFT domain. When
the matched order of the STFrFT is selected, the chirp signal exhibits a compact localization region
in the STFrFT domain. This indicates that the STFrFT plays an important role in two-dimensional
signal processing. Furthermore, as demonstrated in [35], the STFrFT possesses rotational additivity,
providing a horizontal orientation to the signal structure, which is advantageous for analyzing and
processing chirp signals. The STFrFT method, as presented in [35], proves to be highly effective in
suppressing noise in signals.

Advances in signal processing methods based on the Fourier transform (FrFT) have occurred
simultaneously with the above-described developments. Significant progress has also been made
in interferometric signal processing (ISP) for underwater acoustics. ISP is founded on analyzing stable
interference structures in the time-frequency domain that arise during the propagation of broadband
acoustic signals in shallow-water waveguides [36,37]. This makes the ISP approach conceptually simi-
lar to signal processing methods based on the FT and FrFT. Several seminal studies [38-40] provided
comprehensive accounts of the theoretical underpinnings and methodological aspects of ISP. A diverse
body of research has demonstrated the applicability of ISP across multiple practical domains. For
instance, [41,42] used interferometric methods to estimate waveguide-invariant parameters. Another
study illustrated the enhancement of weak signals when ISP is combined with array beamforming [43].
In [44], ISP techniques were used for seabed classification with ship-generated acoustic fields. Other
contributions include developing a range-estimation algorithm for shallow-water environments [45]
and an invariant-based method independent of source distance [46]. Additionally, [47] established a
direct link between interference fringes and eigenray (or eigenbeam) arrival times.

The versatility of ISP has also been confirmed in deep-ocean scenarios, where it has been adapted
for passive sonar applications [48,49]. ne of the most advanced ISP-based methodologies in this context
is holographic signal processing (HSP) [50-52]. The fundamental physical and mathematical principles
governing hologram formation were first formulated in [51,52]. According to the HSP paradigm,
quasi-coherent integration of acoustic intensity in the frequency-time domain produces an interferogram
I(w, t) [52]. To further interpret the accumulated intensity distribution, a two-dimensional Fourier
transform is applied, yielding the so-called Fourier hologram: F(t,v) = Fpp{I(w,t)}. This hologram
representation F(T, ) concentrates the acoustic energy contained in I(w, t) into localized focal regions
that arise as a consequence of modes interference. The hologram F(t, V) exhibits a high focusing
capability surpassing the performance of traditional focusing techniques. Such techniques include
wavefront reversal or time reversal of the wave to the position of the primary source [53]. Unlike
these approaches, the proposed method automatically localizes the two-dimensional source intensity
directly at the receiver point, without the need for extended antenna arrays.

The papers [51,52], analyzed HSP for the low-frequency band for a regular waveguide. In paper
[54], HSP was analyzed for the high-frequency band. The HSP method was analyzed for an irregular
waveguide in the presence of internal waves [55,56] and in the presence of irregular bathymetry [57].
A review of the results obtained to date within the framework of the HSP method is presented in [58].
However, the potential of the HSP method for processing LEM signals [12] in the presence of noise
[59,60] has not yet been explored. LEM signals are widely used in large-scale ocean field experiments.
They are an effective tool for studying the oceanic environment and are used in many large-scale field
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experiments [61-65]. This paper addresses this issue. The authors believe that applying the FrFT to the
hologram formation of an LFM source yields stable results, even when the noise level significantly
exceeds that of the signal.

This paper studies the application of the FrFT to the formation and analysis of acoustic holograms
generated by a moving LFM signal source in a shallow-water waveguide. In these environments, the
source sound field creates an interference pattern, known as a two-dimensional interferogram, which
represents the distribution of acoustic intensity in the frequency-time domain. This interferogram
consists of parallel interference fringes. Consequently, focal points are formed and aligned along a
straight line in the source hologram, which is represented by the two-dimensional Fourier transform
of the interferogram. A holographic method has been developed for constructing the interferogram of
an LFM signal source and transforming it into a Fourier hologram based on the FrFT in the presence
of strong noise. A key finding of this study is that the FrFT-based holographic method can produce
localized focal regions resulting from modal interference, even in the presence of high-intensity noise.
The positions of these focal spots are directly related to the source parameters, enabling the estimation
of such key characteristics, such as the distance and velocity of the LEM signal source. The effectiveness
of the FrFT-based holographic method has been analyzed through numerical experiments in the 100
150 Hz frequency band. The presented results demonstrate the method’s high immunity to noise for
source localization in realistic, shallow-water environments with strong noise.

This paper is organized into five sections. Section 1 provides an introduction. Section 2 presents
the theoretical foundations of holographic signal processing based on the FrFT, including the shallow-
water waveguide model, the formulation of the LFM source signal, the waveguide’s transfer function,
and the mathematical framework for interferogram and hologram formation. The use of STFrFT for
analyzing and filtering chirp signals in the time-FrFT-frequency domain is emphasized. Section 3
describes the setup and results of the numerical simulations. It provides the acoustic parameters
of the shallow-water environment and details the characteristics of the LEM signal used for the
simulations. It also analyzes the structure of the received LFM signal for stationary and moving
LFM sources under different noise conditions, including noise-free and with noise (SNR=-30 dB).
The structures of the interferograms and holograms of the LFM source are also analyzed under
various noise conditions. This section demonstrates that FrFT-based filtering enables the recovery of
interferogram and hologram structures close to those obtained in the absence of noise, even under
severe noise contamination. Estimates of key source parameters (range and velocity) are derived from
the positions of the hologram’s focal spots for different noise conditions. A comparative analysis of
these estimates demonstrates the effectiveness of FrFT-based holographic signal processing in shallow
water. Section 4 concludes the study by summarizing the main findings and outlining potential
directions. Section 5 describes the next phase of our research.

2. Holographic Signal Processing Based on Fractional Fourier Transform

This section presents an algorithm for constructing the hologram of a moving LEM signal source
using on the FrFT. Section 2 consists of seven parts. The first part, Section 2.1, describes the shallow wa-
ter waveguide model used in the paper. The shallow water waveguide transfer function is constructed
within the framework of the modal description of the acoustic field in Section 2.2. Section 2.3 is devoted
to describing of the LFM signal model emitted by the source. Section 2.4 presents a description of
the LFM signal model as it propagates through the shallow water waveguide and is received by the
receiver. Section 2.5 is devoted to applying the FrFT to process the LFM signal recorded by the receiver.
Section 2.6 presents the interferogram of the signal obtained at the receiver. Section 2.7 provides a
description of the signal hologram at the receiving point.

2.1. Shallow Water Waveguide Model

First, we describe the two-dimensional representation of the shallow-water waveguide used in
our work (see Figure 1). The waveguide is formulated in the Cartesian coordinate system (7, z) and is
characterized by the depth-dependent sound speed c(z), refractive index 1(z), and density p(z). The
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water layer is bounded at the top by the free surface at z = 0 and at the bottom by the seabed located
atz = H.

rS
o T
v A
/A <=.‘
S

bottom

Figure 1. Shallow water waveguide model. Moving source and receiver.

The seabed is characterized by its density p, and by the refractive index n;(1 + is) [66-68],
where i is the attenuation parameter expressed as » = xc,/(54.6f). Here, x stands for the bottom
loss coefficient, cj is the sound speed within the bottom medium, and f corresponds to the acoustic
frequency.

2.2. Shallow Water Waveguide Transfer Function

Consider an underwater acoustic scenario in a shallow water waveguide (Figure 1). The receiver
is positioned at point Q(ry,z,), and the stationary source is assumed to be placed at the origin of
the coordinate system (r; = 0). A moving sound source is located at point S(rs, zs), with its velocity
denoted by 7. Under the assumptions of vertical modes and the approximation of horizontal rays, the
transfer function H(w, r5) of the shallow water waveguide (see Section 2.1) can be written as follows,
cf. [66-68]:

e /4 M (25, w) P (24, w)

cevER Pl =) @

In this context, rs represents the distance between the source and the receiver, and ¢y, (z, w)

H(w,rs) =

corresponds to the vertical distribution (mode shape) of the m-th acoustic mode in the shallow-
water waveguide. The complex horizontal wavenumber of a given mode is expressed as §(w) =
hw(w) +19ym(w), where hy, and vy, denote its real and imaginary components, respectively. The
summation is carried out up to M, which is the total number of propagating modes in the shallow-
water environment. The angular frequency is defined as w = 27tf. The mode functions ¢y, (z, w)
together with the complex wavenumbers ¢, are determined by solving the corresponding Sturm-
Liouwille eigenvalue problem subject to the boundary conditions imposed by the free surface at the top
and the seabed at the bottom, [66—68]:

P (w, z)

A (2) fu(w,2) = Gipu(w,2), 2)
Apm(w,z)
ou@ )],y = 0 pmlw2)|,_y+gEn) PR o o
Here

o(Em) = 17/\/(:%1 —2n2(1+ix), k=w/c. 4)

The mode functions ¢y, (w, z) satisfy the following orthonormality condition:

H o

| ptmdzn [ iz = o, ©

where §,,; denotes the Kronecker delta.
Hereafter, the transfer function of the waveguide will be denoted as H(w, r5) = H(w).
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2.3. Source LFM Signal

Consider the LFM source signal at the emission point. An LFM signal is a type of waveform
whose instantaneous frequency changes linearly with time and is also commonly referred to as a chirp

signal. LFM signals are widely used in large-scale ocean acoustic experiments in underwater acoustics.

They are an efficient tool for investigating the marine environment and have been used in many field
campaigns [61-65].

2.3.1. Time Domain

The time instantaneous frequency of an LFM signal sweeping from a starting frequency f; to an
ending frequency f, over a time interval 7 is given by

f(t):f1+@t, 0<t<T (6)
The time instantaneous phase ¢(t) of the signal can be obtained by integrating the instantaneous

angular frequency w(t) = 27tf(t):

on(fit+ 220 2), o<t<r,
p(t) = { ( T ) 7)
0, t>T.
The instantaneous LFM signal in the time domain is expressed as
Acos(2nfit+m22he2), o<t<n,
I e G ®)
0, t>T.
2.3.2. Frequency Domain
The instantaneous LFM signal in the frequency domain derived by the FT of s(t) is
S(w) = / s(t) et d. )
J0

This integral corresponds to a Fresnel-type integral. Its approximate closed-form solution yields the
complex spectrum as

T exp|—i @=2th)’T
S(w) = SVar=a eXp[ Y ) } w € [27f, 27fy], 10)
0, w ¢ [27Tf1, 27Tf2].
The magnitude spectrum |S(w)| therefore has the form
A Lr w € 27 ’ 27T ,
1S(w)] ~ 1= 27tf1, 270f)] .
0, w ¢ [27f1, 27f].
The phase of the complex spectrum arg (S(w)) has the form:
LT 2
arg{S(w)} ~ 4 T @ 2 w € 2mh, 2, (12)
0’ w é [27'[f1, 27Tf2}.

2.3.3. Parameters of LFM Signal

*  fjistheinitial frequency att =0,

*  fpisthe final frequency att =T,

*  fo = (fi + f2)/21is the central frequency,
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e Tisthe duration of the frequency sweep,
e Af = f, — f1is frequency bandwidth,

e LFMis called an up-chirp if f» > f1,

e LFM s called a down-chirp if f, < f1,

*  Ais the signal amplitude.

Hereafter, the source signal will be denoted as ss(t) in the time domain and as Ss(w) in the frequency
domain.

2.4. Receiver LFM Signal

Now, let us examine the acoustic signal observed at the receiver location. Let S,(w) be the
spectrum of the received waveform. When the transmitted signal propagates through a shallow water
waveguide, the medium can be modeled as a linear, time-invariant system characterized by its transfer
function H(w) (Equation (1)). Under this assumption, the received spectrum is obtained as the product
of the transmitted spectrum S;(w) (Equation (10)) and the transfer function H(w) of the propagation
channel, namely

Sr(w) = Ss(w) H(w). (13)

This relation emphasizes that the spectral content of the received signal is shaped by the properties of
the source waveform and the frequency-dependent response of the shallow water waveguide.

Assuming that the source signal is an LFM waveform, it sweeps continuously from the initial
frequency f; to the final frequency f, within the duration of the emission interval T. As a result, we
obtain the following expression for the spectrum of the received signal

T . (w—27fy)*t
5 () = | @) AT o[- GTEE], @ e lnf 2nf) ”
0, w ¢ [27Tf1, 27‘L'f2].

The magnitude spectrum |S(w)| therefore has the form

5, (w)| ~ {H(w)l A\/%, w € 27tfy, 27fa], -
0, wé [27ff1, Zﬂfz}.

The phase of the complex spectrum arg (S(w)) has the form

arg{H(w)} — Wlﬁ) (w—27mfo)?, w € [2mf1, 27fa],

(16)
0, w & [271tf1, 27fy).

arg{S,(w)} ~ {

The LEM signal’s wide bandwidth ([f1, f2]) allows its interaction with the shallow-water waveg-
uide to be described in terms of amplitude and phase distortions introduced by the channel. At the
receiver, the chirp’s overall spectral extent remains essentially unchanged: the signal’s frequency
content still occupies the interval [f1, f»], and no additional frequencies are generated outside this band.
However, the propagation medium selectively modifies the relative amplitudes and phases of the indi-
vidual harmonic components within this spectral range. Specifically, the amplitude response |H(w)|
does not remove frequencies from the interval [f1, f»] but rather introduces frequency-dependent
attenuation that reshapes the spectral envelope. Consequently, while the useful chirp bandwidth
is preserved in a nominal sense, the relative energy distribution across the band may no longer be
uniform. This reduces the effective resolution attainable after matched filtering. Similarly, the phase
response arg H(w) alters the phase relationships among the spectral components. This corresponds to
frequency-dependent group delays, meaning that different portions of the chirp spectrum arrive at the
receiver with varying temporal offsets. For an LFM signal, this effect manifests itself as a nonlinear
distortion of the instantaneous frequency law f(t), leading to temporal dispersion, pulse broadening,
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and a departure from the ideal linear chirp structure. These amplitude and phase effects preserve
the nominal spectral support of the transmitted waveform while significantly modifying the detailed
structure of the received spectrum inside the interval [f1, f>].

2.5. Fractional Fourier Transform

Next, let us review the background of the FrFT in holographic signal processing.

2.5.1. Fractional Fourier Transform

The Sy (u) is the FrFT of the signal s(¢) and can be expressed by the following way [31-33,35? ]

—+o0

S, (1) :.Fp{s(t)}:/ s(t) Ky (t, u) dt (17)

—0o0

where K, (t,u) is the kernel function of the FrFT, p = 2;"‘ is the order of the FrFT, and « is the rotation
angle of the u-axis in the FrFT domain.
The FrET kernel function K, (f, u) is expressed as follows

1—icota - 242 :
\/ “on exp<1 5 cota —itucsca), a # Kk,

Kp(t,u) = q6(u—t), a = 2k, (18)
S(u+t), a = (2k+1)7,

where (1) denotes the Dirac delta function. The inverse FrFT provides a way to reconstruct the
original signal s(t) from its known transformed representation Sy (u) :

+o0
s(t) = / Sp () K (t,u) du. (19)

—00

2.5.2. Short Time Fractional Fourier Transform

Consider the short-time extension of the fractional Fourier transform (STFrFT) [35]. Unlike
conventional approaches, the STFrFT represents both temporal and FrFT frequency information simul-
taneously on the joint time-FrFT frequency plane. This provides the signal with a two-dimensional
support region. When performed with the appropriate fractional order, the transform yields a compact
support region for chirp signals in this domain, demonstrating the STFrFI’s effectiveness in holo-
graphic signal processing. Furthermore, the STFrFT preserves the additivity property of rotation and
yields a horizontally oriented support region for LFM signals, significantly facilitating their analysis
and processing. For example, the STErFT is an effective tool for suppressing noise and enhancing the
clarity of LFM signals in holographic signal processing.

The STFrFT is obtained by multiplying the signal by a window function before applying the FrFT:

Sp(t,u) = /t:o s(T)w(t —t)Kp(T,u)dt. (20)
where w(t) is the window function. The efficiency of an STFrFT at a given order depends on both
the form and duration of the window. In [? ], the optimal window function was analyzed. Two main
conditions are typically applied when selecting an appropriate window function: (1) achieving high
2D resolution, and (2) ensuring a compact STFrFD support region of the signal. Therefore, the optimal
window function provides the STFrFT with maximum 2-D resolution while keeping the support
region as small as possible. A Gaussian window function leads to the maximum 2D resolution. For
convenience, consider a unit-energy Gaussian window:

w(t) = (mo?) Ve B2, 1)
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where ¢ is the width of the window function.
The inverse short-time fractional Fourier transform enables us to reconstruct the original signal
s(t) from its transformed form S (u):

+00 +o0
x(p) = [ L Sp(t,u)w(p — t) K_p(p, ) dt du. 22)
Here, K_,(t,u) is the kernel function of the inverse FrFT:
K_p(t,u) = Kpy(t,u). (23)

In summary, the STFrFT provides a powerful framework for holographic signal processing. It
enables the denoising and reconstruction of LEM signals with enhanced time-frequency resolution and
robustness against noise.

*  The FrFT is equivalent to a rotation in the time-frequency plane. For an LFM signal, this rotation
transforms an oblique spectral line into a vertical concentration, thereby maximizing energy
compaction.

e The STFrFT inherits the localization properties of the short-time transform, enabling joint (¢, u)
analysis and effective denoising.

2.6. Interferogram of LFM Signal

In this section, we analyze the interferogram produced by a moving acoustic source. The distance
between the source and the receiver varies over time and can be expressed as follows

r(t) =ryg —ot, (24)

where r( is the initial position of the source at fy = 0, t is the current observation time, and v denotes
the constant velocity of the moving source.

The two-dimensional interferogram I(w, t) describes the distribution of the received acoustic
intensity in the joint frequency-time domain (w, t) and is initially expressed as

I(w,t) = |S,(w,t)]?. (25)

According to Eq. (13), this representation can be further written in terms of the power spectrum of the
transmitted waveform and the channel response:

I(w,t) = |Ss(w)* [H(w, ). (26)

In turn, the transfer function of the shallow-water waveguide H(w, t) is expressed, following
Eq. (1), in terms of the normal modes of the environment:

H(w,t) = % Hy(w, t) exp{ihm (ro — vt)}, (27)
m=1

where the individual mode contribution Hy, (w, f) is defined as

ie~in/4 Om (Zsr ‘U) Pm (Zq/w

p(zs)V/8m Vhm

Here ¢y, (z, w) are the mode eigenfunctions, h,, and 1y, represent the real and imaginary parts of the

Hpy(w, t) = ) exp{—ym(ro — vt)}. (28)

modal horizontal wavenumber, respectively, and p(z;) is the density at the source depth.
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As a result, the interferogram I(w, t) of the moving source in the frequency-time domain can be
expressed as the coherent superposition of cross-terms between different modes:

H(w, t) = [Ss(w)|* YY" Hu(w, t) Hj(w, t) exp [ihmn(w)(ro — ot)]

(29)
= ZZImn(w,t), m#n,
m n

where hy, (w) = hym(w) — hy(w) is the difference of the real parts of the modal horizontal wavenum-
bers. The term I, (w, t) represents a partial interferogram that results from the interference between
the m-th and n-th modes. The superscript * denotes complex conjugation. The restriction m # n
indicates that the mean (auto-term) contribution has been excluded. Thus, I(w, t) reflects only the
modal interference structure.

2.7. Hologram of LFM Signal

This section focuses on the holographic representation of a moving source of LFM signals in
a shallow water waveguide. To extract the holographic features from the measured acoustic field,
we apply a two-dimensional Fourier transform (2D-FT) to the interferogram I(w, t), which was
introduced in Eq. (14). This transformation maps the signal from the frequency-time domain (w, t)
into the hologram domain (7, V), producing the function F(7, V) that can be written as

F(t,v) = ZZ/ON /:2 Lyn(w, t) exp[i(Vt — wt)] dt dw
=YY Fun(t,0),

m n

(30)

where 7 is the time-lag variable, and v = 27tv is the angular frequency in the hologram plane. Each
term Fy,, (T, V) corresponds to the interference contribution between the m-th and n-th acoustic modes.
The integration over w extends across the signal band, from wy = wp — Aw/2 to wy = wy + Aw/2,
where Aw is the bandwidth of the transmitted waveform, wy is the central frequency, and At is the
total observation time.

Assuming that the modal amplitudes and the spectral distribution of the field vary only slowly
with frequency compared to the rapid oscillatory dependence of the phase term exp i, (w)(rg — vt)],
the partial hologram can be approximated by the simplified analytical form

Fuun (T,7) = [Ss(w) > Hu(wo) Hjj (wo) Aw At exp [i @pn (T, )] x

. dhmn(“-)()) Aw : ~1 At
sing [ro =2 — 1] B2 ¢ sing [l (wo) + 7] 5

[70 dhngl(f}wf)) _ T] ATLU ['()hmn(wo) + U] %

with the phase of the partial hologram given by
D, (T,7) = (% — Tw()) + iy (wo) (%U + ro). (32)

The location of the focal spot closest to the origin in the hologram plane yields direct estimates
of the kinematic parameters of the moving source, namely, its radial velocity and initial position.
Following [50-52], these estimates are obtained from

U= —kyi/vl, fo = kyTl, (33)
where the proportionality coefficients are defined as

ko= (M=) (hnalcn)) ",y = (M- 1) (aenl ) (34)
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Here the overdot notation indicates that the values are not the exact source parameters, but rather their
estimates obtained by means of holographic processing.

The holographic signal processing algorithm operates as follows. The spatial-spectral structure
of the hologram F(7,7) is markedly different from that of the original interferogram I(w,t), the
relationship between them is strictly bijective. In other words, the hologram provides a complete and
unique representation of the interferogram. Consequently, applying the inverse 2D Fourier transform
to F(t, V) fully reconstructs the original interferogram I(w, t), thus ensuring that no information about
the propagation channel or modal interference pattern is lost.

3. Numerical Simulation Results

The Section 3 presents the configuration and outcomes of the numerical simulations. The acoustic
parameters of the shallow-water environment are presented, and stationary and moving low-frequency
modulation (LFM) sources are examined in the presence of noise. The analysis focuses on the structure
of interferograms and holograms of an LEM signal in the presence of noise. It illustrates how the
STFrFT can suppress noise and how the positions of focal spots can accurately estimate key source
parameters, such as range and velocity, even in noisy environments. Particular emphasis is placed on
applying the STFrFT to analyze and filter chirp signals in the time-FrFT-frequency domain.

Section 3 consists of five parts. The Section 3.1 provides a detailed description of the parameters
of the transmitted LFM source signal, including the carrier frequency, bandwidth, duration, and
modulation characteristics. These parameters form the basis for the simulation scenarios. Section 3.2
introduces the acoustic parameters of the shallow water waveguide and the waveguide transfer
function. Section 3.3 defines the simulation framework for the received LFM signal in the presence
of noise. The received signal spectrum is modeled as the product of the LFM source spectrum and
the waveguide transfer function, plus a realization of the noise spectrum. Section 3.4 presents and
analyzes the interferogram and hologram for a stationary LFM source. The focus is on using the SFrFT
for noise suppression and forming focal spots, which enable the accurate estimation of stationary-
source parameters in noisy environments. The feasibility of estimating these parameters under noisy
conditions is demonstrated. Section 3.5 examines interferograms and holograms generated by a moving
LEFM source. The emphasis is on applying the SFrFT to suppress noise and on focal spot formation to
accurately estimate the parameters of a moving source in a noisy environment. The motion-induced
displacement of focal spots is analyzed, and the feasibility of estimating the parameters of a moving
LEFM source in a noisy environment is demonstrated.

3.1. Source LFM Signal Parameters

At the source, we consider an LFM (up-chirp) waveform. Its instantaneous frequency sweeps
linearly over time (see Egs. (6)—(8)). These signals are widely used in large-scale ocean acoustic
experiments because they efficiently probe the marine environment. They have been used in numerous
field campaigns [61-65].

Table 1 summarizes the parameters of the LFM source signal used in the numerical simulation.

Table 1. LFM source signal parameters.

Parameter Af =100-150 Hz
1. Initial frequency at t = 0 100Hz

2. Final frequency att = 7 150 Hz

3. Central frequency fo = (f1 + f2)/2 fo=125Hz

4. Duration of the frequency sweep T=3s

5. Frequency bandwidth Af = f, — f1 Af =50 Hz

6. Slopek = (f, — f1)/7 k =16.667 Hz/s
7. LFM type signal up-chirp: fo > fi
8. Signal amplitude A=1
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051 7

4 5 50 100 150 200
f, Hz

(b)
Figure 2. Source LFM signal: (a) signal time dependence s(t); b) signal spectrum S(f).

Figure 2 illustrates the LFM signal used in the study. Figure 2(a) shows the time-domain waveform
s(t). The signal has a unit amplitude and a finite duration of T = 3 s; outside this interval, the signal
is (approximately) zero. To reduce spectral smearing, smooth rise and fall segments are applied at
the beginning and end. The instantaneous frequency linearly increases from f; = 100Hz att = 0 to
fo» =150Hz att = T = 35, i.e., an up-chirp with slope k = (f, — f1)/7 = 16.667 Hz/s. Figure 2(b)
presents the normalized magnitude spectrum |S(f)|. The energy is concentrated within the passband
of 100-150 Hz (bandwidth of Af = 50 Hz, center frequency of fy ~ 125Hz), producing a nearly flat-top
profile within the band and a rapid roll-off outside it.

100

Figure 3. STFrFT of LFM source signal: (a) S(t, u) — STFrFT of s(t), parameter value is p = 1; (b) S(t,u) — STFrFT
of s(t), parameter value is p = 0.994.

Figure 3 visualizes the STFrFT of the LEM source signal. Figure 3(a) corresponds to order
p = 1 (i.e., the conventional STFT). The energy forms an oblique ridge that tracks the linear sweep
f(t) = f1 + kt from 100-150 Hz over 0-3 s, with k = 16.667 Hz /s. Figure 3(b) uses an order matched
to the chirp rate, p = 0.994; the representation is effectively de-chirped, and the energy collapses
into a nearly horizontal ridge, indicating the transformed signal’s near time-invariance. In both
panels, the vertical axis is frequency (Hz), the horizontal axis is time (s), and the color scale shows
the normalized magnitude (from O to 1). In the STFrFT, the order p sets the rotation angle « = prr/2
of the time-frequency plane. Optimal de-chirping occurs when the rotation compensates for the
chirp slope in the (f, 1) plane: which is represented by the equation = arctan(27tk), p = 2 a. With
f1 =100Hz, f, = 150Hz, and T = 35, we obtain k = 16.667 Hz/s, « ~ 1.561rad, and p ~ 0.994. For
a down-chirp (k < 0), the optimal angle flips sign (¢« — —a), so the optimal order becomes —p. In
practice, the horizontal orientation of the STFrFT S(t, u) Figure 3(b) yields higher energy concentration
and substantially increases the signal-to-noise ratio (SNR) of the received signal.
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3.2. Shallow Water Waveguide and Transfer Function

Consider the canonical shallow-water waveguide. The waveguide consists of a shallow, horizon-
tally homogeneous water layer of constant depth over a flat seabed. This model is widely used in
underwater acoustics because it provides a simplified yet rigorous context for isolating the influence
of individual environmental parameters.

The parameters used in the numerical simulation of the shallow-water waveguide are listed in
Table 2.

Table 2. Shallow water waveguide parameters.

Parameter Af =100-150Hz

1. Waveguide depth H 50m

2. Water sound speed 1500m/s

3. Bottom refractive index ny = 0.84(1+10.03)
4. Bottom density pp = 1.8g/cm?

5. Modes count M=3

6. Receiver coordinates rg =0,z =45m

7. Source coordinates rs = 10km, zs = 15 m

Calculations were performed for the frequency band of Af = 100-150 Hz. The waveguide has a
depth of H = 50 m and a water sound speed of ¢ = 1500 m s~ !. The seabed is modeled with a complex
refractive index of n, = 0.84 (1 +i0.03) and a density p, = 1.8gcm 3. The receiver is placed at a
range of r; = 0 and a depth of z; = 45m, while the source is located at r; = 10km and a depth of
zs = 15m.

The sound field is represented by M = 3 normal modes. The values of the propagation constants
are h,, (wp) and group velocities uy, (wg) = 1/ (””1’2’1753’0)), w = 27t f, for the considered shallow water
waveguide with the depth of H = 50 m are given in Table 3. As can be seen, h; (wg) ~ 0.49 — 0.52m ™!

and 20 67.104 — 7,010~ (m/s) L.

Table 3. Sound field mode parameters (f = 110 Hz).

m-th mode (dhy, /dw) - 10*, (m/s) ! By, m ™1
1 6.7015 0.474323
2 6.8212 0.464355
3 7.0596 0.446709

ImH(f)

100 110 120 130 140 150 100 110 120 130 140 150
f, Hz f, Hz

(a) (b)

Figure 4. Shallow water waveguide transfer function H(f): (a) real part of transfer function Re H(f); (b) imaginary

part of transfer function Im H(f).

Figure 4 shows the complex transfer function H(f) of the shallow water waveguide across the
100-150 Hz band. Figure 4(a) shows the real part, Re H(f). Figure 4(b) illustrates the imaginary part,
Im H(f). Both components exhibit pronounced quasi-periodic oscillations with frequent zero crossings,
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which are characteristic of modes interference in shallow water. The real and imaginary parts of H(f)
have comparable magnitudes (normalized to unity), indicating a strongly frequency-dependent phase
response over the considered frequency band.

0
100 110 120 130 140 150
f, Hz

Figure 5. Shallow water waveguide transfer function H(f): absolute value |H(f)]|.

Figure 5 presents the magnitude of the shallow-water waveguide transfer function, |H(f)|, over
the 100-150 Hz band. The normalized curve (0-1) and shows pronounced variability with alternating
peaks and deep notches, reflecting constructive and destructive modal interference in the waveguide.
Unlike the LFM signal at the source, the shallow-water waveguide transfer function exhibits substantial
frequency dependence within the 100-150 Hz band, as seen in the figure. This, in turn, modifies the
spectral (frequency) structure of the LFM source signal at the receiver after propagation through the
shallow-water waveguide. We will examine this structure in the next section.

3.3. Receiver LEM Signal

This simulation considers the received LFM signal in the presence of noise. The received signal
spectrum S, (w) is modeled as the product of the LFM source spectrum Ss(w) and the shallow water
waveguide transfer function H(w), plus a realization of the noise spectrum realization in the frequency
domain N(w):

Sy(w) = Ss(w) H(w) + N(w). (35)

Equation (35) shows that the observed spectrum is the source spectrum modulated by the frequency-
dependent characteristics of the shallow water waveguide H(w).

Figure 6 presents the received LFM signal with the parameters given in Table 1 in a shallow water
waveguide with the parameters in Tables 2 and 3. Figure 6(a) shows the time domain of the receiver
LFM signal s(t): a finite-duration, amplitude-tapered chirp that occupies approximately the first 3 s
of the record and is followed by silence. The instantaneous frequency increases with time, consistent
with an up-chirp. Figure 6(b) displays the magnitude spectrum |S(f)| computed from s(t). The signal
energy is concentrated in the 100-150 Hz band, which corresponding to the band-limiting of the LFM
source signal. Unlike the source signal, the spectrum of the received LFM signal is characterized by
pronounced variability with alternating peaks and deep notches, resulting from constructive and
destructive modal interference in the shallow water waveguide.

s® ISl

1

05 1

50 100 150 200
f, Hz

(b)
Figure 6. Receiver LFM signal: (a) signal time dependence s(t); (b) signal spectrum S(f). Noise is absent.
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Figure 7 illustrates the STFrFT of the received LEM waveform s(t) for two fractional orders in the
noise-free case. Figure 7(a), with p = 1 (i.e., the conventional STFT), shows the characteristic up-chirp
as a bright ridge rising from about 100 to 150 Hz over 0-3s. In contrast, Figure 7(b) with p = 0.994
(« =~ 1.561 rad) effectively rotates the time-frequency representation: the chirp is nearly flattened and
its energy is concentrated in a narrow, almost horizontal band near 100 Hz. Though the received LFM
signal is characterized by pronounced variability with alternating peaks and deep notches due to
constructive and destructive modal interference, Figure 7 demonstrates the usefulness of the STFrFT
for de-chirping the received LFM signal in a shallow-water waveguide.

150

Figure 7. STFrFT of receiver LFM signal: (a) S(t, u) — STFrFT of s(t), parameter value is p = 1; (b) S(t, u) — STFrFT
of s(t), parameter value is p = 0.994. Noise is absent.

Figure 8 shows the short-time fractional Fourier transform (STFrFT) of the noisy received LFM
waveform s(t) at SNR = —30dB. Figure 8(a), with p = 1 (the conventional STFT), is dominated by
diffuse noise and the up-chirp is not discernible. Figure 8(b) with p = 0.994, effectively de-chirps the
waveform and concentrates its energy into a narrow, nearly horizontal band near 100 Hz by selecting
a fractional order close to the LEM signal’s chirp rate. This makes it possible to effectively filter the
received LFM signal from the noise. The result of this filtering is presented in the next figure.

100

Figure 8. STFrFT of receiver LEM noisy signal after denoising. (a) S(¢, u) — STFrFT of s(t), parameter value is
p =1; (b) S(t,u) — STFrFT of s(t), parameter value is p = 0.994. SNR = —30dB.

Figure 9 shows the result of noise filtering in the STFrFT domain for the noisy received LFM
signal with an input of SNR = —30dB. The received LFM signal is filtered in the STFrFT domain, as
shown in Figure 9(a), with an order matched to the chirp parameter (p = 0.994). In this case, the signal
representation is effectively de-chirped, that is, the energy collapses into a narrow, nearly horizontal
band near 100 Hz. This ensures high filtering effectiveness. After filtering the LFM signal, the inverse
STFrFT (p = 0.994) is applied. Then, the forward STFrFT (p = 1) is then applied to the denoised signal.
Figure 9(b) shows that, using the conventional STFT (p = 1), the energy of the denoised received LFM
signal aligns with the expected LFM trajectory. This forms an ascending ridge from approximately 100
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to 150 Hz over 0-3s. Consequently, we obtain the spectral distribution (STFT) of the noise-suppressed
LFM signal, which can be used to construct the source interferogram and hologram.

150

(b)

Figure 9. STFrFT of receiver LFM noisy signal: (a) S(t, 1) — STErFT of s(t), parameter value is p = 0.994; (b) S(t, 1)
— STFrFT of s(t), parameter value is p = 1. SNR = —30dB.

Compared to the noisy case, denoising significantly reduces the spectral noise floor and reveals
the signal structure. This improves chirp-parameter estimation accuracy and enables more effective
Fourier transform (FT)-based holographic processing of low-signal-to-noise ratio (SNR) LFM signals.
The following sections examine the effectiveness of this FrFT-based holographic processing for LFM
signals at low SNR.

3.4. Interferogram and Hologram of Non-Moving LFM Source (v = 0m/s)

This section reports on the results of holographic processing obtained from numerical simulations
for a stationary LFM source, v = 0 m/s, in a shallow-water waveguide. The LFM waveform parameters
used in the simulations are listed in Table 1, and the shallow water waveguide parameters are compiled
in Table 2.

Simulation geometry. The source was placed at (75,z;) = (10 km, 15m), the receiver was located
at (r4,z4) = (0, 45m). Thus, the horizontal separation remained fixed at 7o = 10km. The numerical
simulation model is shown in Figure 10.

Holographic Signal Processing Settings. The analysis was confined to the frequency band f = 100-
120 Hz. The total observation interval was At = 300 s; individual realizations had a duration T = 5s
with a hop of 6T = 4 s between consecutive segments. A modal representation with M = 3 modes
was employed. The corresponding propagation constants h,,(wp) and group velocities u,, (wy) =
(dhm(wo)/dw) ~are reported in Table 3.

I =10000 m
r
receiver )
non-moving
source
bottom
z

Figure 10. Numerical simulation model. LFM source signal. Non-moving source: (v = 0m/s).

Figure 11 presents the results of the holographic signal processing for a stationary LFM signal
source in a shallow water waveguide. No noise is present. Figure 6(a) shows the interferogram I(f, t),
where the spectral content in the 100-120 Hz band remains stable throughout the observation interval,
reflecting the absence of variations due to source motion. Figure 11(b) displays the hologram F(t, 7).
As can be seen, the focal spots in the hologram domain for a stationary source are located along the
T-axis.
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0.02 | .

0 -0.02 i .
100 110 120 -0.5 0 0.5
f, Hz T, S

@) (b)

Figure 11. Receiver LFM signal. (a) Distribution I(f, t) in interferogram domain. (b) Distribution F(t,7) in
hologram domain. Frequency band: Af = 100-120 Hz. Non-moving source: v = 0m/s. Noise is absent.

Table 4. Source of LFM signal parameters estimation. Non-moving source. Noise is absent.

No. Af = 100-120 Hz
L 5f /8t ~ —0.0s2
2, 7 =125-10""s
3. v; =0.0-10"°Hz
4. 9 =0.0m/s

5. #o = 10.43km

Table 4 compiles the holographic signal processing results for the frequency band Af = 100-
120 Hz. As Figure 11 shows, the interferogram exhibits essentially no frequency drift, §f /6t ~ 0.0s 2.
In the hologram domain, the dominant focal spot is located at 7; = 0.125-10"!sand v; = 0.0- 1072 Hz,
consistent with a stationary source. Inverting the holographic parameters yields the following source
estimates o = 0.0m/s and 79 = 10.43 km. The corresponding errors are 0 % for the velocity and 4.3 %
for the range.

0.02

o MRl T -0.02
100 110 120 0.5 0 0.5
f, Hz T, S

(@) (b)

Figure 12. Receiver LFM noisy signal. Conventional HSP. (a) Distribution I(f, t) in interferogram domain. (b)
Distribution F(t, V) in hologram domain. Frequency band: Af = 100-120 Hz. Non-moving source: v = 0m/s.
Noise is present. SNR = —30 dB.

Figure 12 presents the conventional HSP outputs for the noisy received LFM signal in the band
Af = 100-120 Hz for a stationary source (v = 0) at SNR = —30dB. Figure 12(a) shows the interfero-
gram I(f,t). Without FrFT-based filtering of the receiver LFM signal, the Figure 12(a) is dominated by
broadband noise. The quasi-periodic vertical interference fringes observed in the noise-free case are
no longer discernible. No persistent time-frequency structure can be reliably identified. Figure 12(b)
shows the hologram F(7,v). For a stationary source the focal spots should lie along the abscissa
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(v = 0). However, the high noise level in Figure 12(b) largely masks the focal spots, distributed across
the hologram domain. Clearly, the noisy hologram in panel (b) does not allow for reliable estimation
of the coordinates of the LEM source’s focal spots or reconstruction of its parameters. These results
underscore the need for FrFT-domain denoising prior to holographic signal processing under low-SNR
conditions (SNR < —30dB).

f, Hz
(a) (b)
Figure 13. Receiver LFM noisy signal after denoising. HSP based on FrFT. (a) Distribution I(f, t) in interferogram

domain. (b) Distribution F(7,¥) in hologram domain. Frequency band: Af = 100-120 Hz. Non-moving source:

v = 0m/s. Noise is present. SNR = —30 dB.

Figure 13 presents the results of holographic signal processing for the noisy received LFM
signal after FrFT-based denoising (Af = 100-120 Hz, v = 0 m/s, SNR = —30 dB). Using the
FrFT filter significantly improves the outcome of the holographic processing. In the interferogram
domain (Figure 13(a)), the time-frequency structure is clearer, with pronounced vertical, quasi-periodic
interference fringes now visible. In the hologram domain (Figure 13(b)), the focal spots associated with
a stationary source are sharply localized along the v = 0 axis. This enhancement enables the reliable
determination of the focal-spot coordinates and, consequently, the accurate estimation of the source
parameters.

Table 5. Source of LEFM signal parameters estimation. Non-moving source. Noise is present.

No. Af = 100-120 Hz
L 8f /6t =~ —0.0s72
2. 7, =127-10"1s
3. v1 =0.0-1073Hz
4. v =0.0m/s

5. o = 10.61 km

Table 5 compiles the holographic signal processing results for a stationary source in the presence
of noise across the band Af = 100-120 Hz. The interferogram shows essentially no frequency drift
in the noisy case (see Figure 13), with a value of approximately §f /5t ~ —0.0 s~2. In the hologram
domain, the dominant focal spot is located at 7 = 1.27 - 10~ 1s and v; = 0.0 - 1073 Hz, consistent
with a non-moving source. Inverting these holographic parameters yields the source estimates of
9 = 0.0m/s and 7y = 10.61 km. These values are consistent with a stationary source. The range
estimate remains close to the nominal value. The error in the reconstructed source values amounts to 0
% for the velocity and 6.1 % for the range. The presented results demonstrate the high effectiveness of
FrFT-based denoising in holographic signal processing of an LFM signal from a stationary source in a
shallow water waveguide under low SNR conditions (SNR = —30 dB).
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3.5. Interferogram and Hologram of Moving LFM Source (v = —3m/s)

This section presents the results of holographic processing obtained from numerical simulations
for a moving LFM signal source with a velocity of v = —3m/s, in a shallow water waveguide. The
LEM signal parameters used in the simulations are listed in Table 1, and the shallow water parameters
are compiled in Table 2.

Simulation geometry. The source was placed at (75,z;) = (10km, 15m), and the receiver was
located at (r4,z;) = (0, 45m), so the horizontal separation remained fixed at rp = 10km. The
numerical simulation model is shown in Figure 14.

Holographic Signal Processing settings. The analysis was confined to the band f = 100-120 Hz. The
total observation interval was At = 300s; individual realizations had a duration T = 5s with a hop of
0T = 4 s between consecutive segments. A modal representation with M = 3 modes was employed.
The corresponding propagation constants 1, (wy) and group velocities uy (wo) = (dhu(wp)/dw) !
are reported in Table 3.

900 m

r=9100 m r =10000 m

(((0 < (((o
receiver moving
) source
bottom
z
Figure 14. Numerical simulation model. LFM source signal. Moving source (v = —3m/s).

Figure 15 shows the results of holographic signal processing for a moving LFEM source in a
shallow-water waveguide with a velocity of v = —3 m/s. There is no noise. Figure 15(a) shows the in-
terferogram I(f, t): pronounced oblique, quasi-periodic fringes with a non-zero slope 6 f /6t ~ —0.037,
s~2 traverse the 100-120 Hz band over the observation interval, reflecting the induced frequency
variation due to the source motion. Figure 15(b) displays the hologram F(7,v). The focal spots are
clearly resolved, displaced from the 7-axis and centered at v # 0, and appear approximately symmetric
about T = 0 along an oblique locus in the (7, v) plane. The locations of these spots provide reliable
coordinates of focal spots for estimating the source parameters (range and velocity), consistent with a
moving source.

100 110 120
f, Hz

(@) (b)

Figure 15. Receiver LFM signal. (a) Distribution I(f, t) in interferogram domain. (b) Distribution F(7,7) in

hologram domain. Frequency band: Af = 100-120 Hz. Moving source: v = —3m/s. Noise is absent.

Table 6 summarizes the holographic signal processing results for a moving source in the band
Af = 100-120 Hz (noise-free case). The interferogram indicates a non-zero frequency drift, f /6t ~
—0.037 s72. In the hologram domain, the dominant focal spot is found at 77 = 1.21-10"! s and
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v = 3.45 - 1073 Hz, which is consistent with a frequency shift due to source motion. Inverting these
holographic parameters yields the source estimates ¥ = —3.47 m/s and 7y = 10.1 km. These values
are consistent with a moving source and are close to the nominal settings. The corresponding errors
are 15 % for the velocity and 1.0% for the range.

Table 6. Source of LFM signal parameters estimation. Moving source. Noise is absent.

No. Af = 100-120 Hz
1. 5f /ot =~ —0.037s2
2. 7, =121-10"1s

3. V1 =345-10"3Hz
4. 0= -347m/s

5. o = 10.1km

Figure 16 presents holographic signal processing results for the noisy received LFM signal
without FrFT-based denoising (Af = 100-120 Hz, v = —3 m/s, SNR = —30 dB). Omitting the FrFT
filter markedly degrades the outcome of the holographic processing. In the interferogram domain
(Figure 16(a)), the time—frequency structure is overwhelmed by broadband noise and the slanted,
quasi-periodic interference fringes expected for a moving source are not visible. In the hologram
domain (Figure 16(b)), the energy is diffuse and low-contrast. The focal spots cannot be localized.
They are heavily masked by noise. The absence of a well-defined structure prevents determination of
the focal-spot coordinates and, consequently, makes source parameters estimation impossible. These
results underscore the need for FrFT-domain denoising prior to holographic signal processing under
low-SNR conditions (SNR < —30 dB).

0.02

-0.02

0 i A\
100 110 120 -0.5 0 0.5
f, Hz T, S

() (b)

Figure 16. Receiver LFM signal. Conventional HSP. (a) Distribution I(f, t) in interferogram domain. (b) Distri-

bution F(7,7) in hologram domain. Frequency band: Af = 100-120 Hz. Moving source: v = —3m/s. Noise is
present. SNR = —30 dB.
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Figure 17. Receiver LFM signal. HSP based on FrFT. (a) Distribution I(f,t) in interferogram domain. (b)
Distribution F(t, V) in hologram domain. Frequency band: Af = 100-120 Hz. Moving source: v = —3m/s. Noise
is present. SNR = —30 dB.

Figure 17 presents the results of holographic signal processing for the noisy received LFM signal
after FrFT-based denoising (Af = 100-120Hz, v = —3 m/s, SNR = —30 dB). Applying the FrFT
filter significantly improves the outcome of the holographic processing. In the interferogram domain
(Figure 17(a)), the time-frequency structure is clear: slanted, quasi-periodic interference fringes with
a non-zero slope df /6t are visible across the band, which is consistent with Doppler variation from
the moving source. In the hologram domain (Figure 17(b)), energy collapses into compact focal spots
displaced from the v = 0 axis. This enhancement enables the reliable determination of the focal-spot
coordinates and, consequently, accurate estimation of the source parameters (velocity and range) under
low-SNR shallow-water conditions.

Table 7. Source of LFM signal parameters estimation. Moving source. Noise is present.

No. Af = 100-120 Hz

1. 5f /ot ~ —0.03652
2. 7, =115-10"'s

3. v, =3.81-103Hz
4, v =—-3.82m/s

5. 7o = 9.6km

Table 7 summarizes the holographic signal processing results for a moving source in the band
Af = 100-120 Hz with noise present. The interferogram shows a non-zero frequency drift, f /6t ~
—0.036 s72. In the hologram domain, the dominant focal spot is located at ; = 1.15- 10~ ! s and
v = 3.81- 10~3 Hz, which is consistent with a nonzero Doppler shift. Inverting these holographic
parameters yields the following source estimates ¥ = —3.82 m/s and 7y = 9.6 km. These values are
consistent with a moving source. Compared with the nominal settings (v = —3 m/s, 7y = 10 km), the
errors are about 27.3 % in velocity and 4% in range.

These results demonstrate that incorporating FrFT-based denoising as a preprocessing step in
holographic signal processing is highly effective for LFM signals from a stationary source in a shallow-
water waveguide under very low SNR. At (SNR = —30 dB), the method markedly lowers the spectral
noise floor, restores the interferometric structure, and produces well-localized focal spots in the
hologram. This improves detectability, as well as the accuracy and stability of subsequent parameter
estimates (e.g., range) compared to conventional processing.

4. Conclusions

The paper proposes a FrFT-based holographic signal processing method for an LFM signal of a
moving source in shallow water waveguide. The study demonstrates that applying the short-time
fractional Fourier transform for the formation and analysis of holograms of a moving LFM source
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provides reliable estimations of the source parameters even under high noise levels. Under strong
noise conditions: (i) rotating the FrFT representation in the time-frequency domain concentrates the
energy of the LFM chirp in the frequency domain, (ii) denoising the compacted energy, and (iii) then
performing quasi-coherent interferometric accumulation is performed by means of a two-dimensional
Fourier transform to form a noise-free source hologram. The resulting source hologram’s structure is
similar to that of a source hologram in the absence of noise. The focal spots of the source hologram
align along a straight line passing through the origin. The coordinates of the hologram’s focal spot
are determined by the source parameters (range and radial velocity). Thus, the proposed FrFT-based
holographic processing method can estimate the parameters of an LFM source even under strong noise
conditions: SNR < —30 dB.

Key findings of paper.

*  Noise robustness and denoising. Holographic signal processing based on the short-time fractional
Fourier transform for the LFM signal of a stationary or moving source concentrates the energy
into a nearly horizontal ridge. This enables effective denoising at input SNRs down to —30dB and
restores a clear holographic structure where conventional short-time Fourier transform processing
fails.

*  Accuracy of parameter estimation (stationary source). Quantitative analysis shows that the
range of a stationary source can be recovered with an error of at most 10 %. In the noise-free
case, the velocity and range errors are 0 % and 4 %; at SNR = —30dB, the errors are 0 % and 6 %,
respectively.

*  Accuracy of parameters estimation (moving source). A quantitative analysis indicates that the
range of a moving source can be recovered with an error of up to 5 %, whereas its velocity may
incur errors of up to 30 %. In the noise-free case, the velocity and range errors are 15 % and 1 %,
respectively; at SNR = —30dB, these errors increase to 27 % and 4 %.

*  Effectiveness of the FrFT-based HSP method. Comparing stationary and moving source types
reveals that high noise levels cause only a minor increase in estimation errors relative to the noise-
free case. These results confirm the robustness of the FrFT-based holographic signal processing
method and its ability to deliver reliable results in realistic shallow-water conditions with high-
noise levels.

FrFT-based holographic signal processing preserves the interpretability of holographic features
while substantially improving the detectability of low-SNR LEM signal sources. Practical applications
include estimating the range and velocity of a source in shallow water with a single receiver and easily
integrating with existing holographic signal processing.

These findings expand the application of holographic techniques in underwater acoustics, demon-
strating their effectiveness in noisy real-world settings. In particular, FrFT-based holographic process-
ing of LFM signals yields stable, near-truth estimates of source parameters. This underscores the value
of FrFT-based holographic processing for fundamental studies and operational ocean monitoring and
surveillance in high-noise environments.

5. Future Works

The next phase of our research will focus on empirically validating the proposed FrFT-based
holographic signal processing framework using legacy, well-instrumented, shallow-water experi-
ments spanning diverse environments and source-receiver geometries - SWARM'95, Shallow Water
2006 (SWO06), and ASIAEX 2001 ([61-65]). These campaigns encompass intense internal-wave fields,
continental-shelf propagation, variable bathymetry and bottom types, and high noise levels — making
them an ideal testing ground for noise-robust, single-receiver ranging and velocity estimation under
complex conditions.

Author Contributions: Supervision and project administration, M.E. and S.P.; conceptualization and methodology,
VK. and S.P; software, S.T., A.P.,, and N.L.; validation, M.E. and V.K,; formal analysis, M.E. and S.P.; writing —
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Abbreviations 606
The following abbreviations are used in this manuscript: 607
608
ISP interferometric signal processing;
HSP holographic signal processing;
FT Fourier transform;
STFT short-time Fourier transform;
FrFT fractional Fourier transform,;
609
STFrFT  short-time fractional Fourier transform;
LFM linear frequency modulation;
2D two-dimensional;

1D-FT one-dimensional Fourier transform;
2D-FT two-dimensional Fourier transform.
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