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Abstract

This paper introduces a spatiotemporal SEIQR epidemic model governed by a system of
reaction-diffusion partial differential equations that incorporates optimal control strategies.
The model captures the transmission dynamics of an infectious disease across space and time.
It includes three time-dependent control variables: preventive measures for susceptible indi-
viduals, quarantine for infectious individuals, and treatment for quarantined individuals. The
study has four main objectives: (i) to prove the existence, uniqueness, and positivity of global
strong solutions using analytic semigroup theory, (ii) to demonstrate the existence of optimal
control strategies through functional analysis techniques, (iii) to derive first-order necessary
optimality conditions via convex perturbation methods and adjoint equations, and (iv) to per-
form numerical simulations to assess the effectiveness of different combinations of control inter-
ventions. The simulation results emphasize the advantages of combining pharmaceutical and
non-pharmaceutical interventions to minimize disease prevalence and control-related expenses.
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1. Introduction

Mathematical modeling of infectious diseases has played a vital role in understanding epi-
demic dynamics and informing public health strategies [1-5]. Classical compartmental models,
such as the SIR and SEIR frameworks [6-9], first introduced in the early 20th century by Ker-
mack and McKendrick [10], have provided foundational insights into the mechanisms underlying
disease spread. Over time, these models have evolved to include more refined structures that
capture the complexity of real-world epidemics, such as latency periods, temporary immunity,
asymptomatic transmission, and spatial heterogeneity [11-13].

Public health emergencies such as the ongoing SARS-CoV-2 pandemic, Ebola outbreaks,
and the reemergence of diseases like measles and tuberculosis have recently sparked renewed
interest in creating more realistic, spatially explicit epidemic models, cf. [1, 2, 5, 6, 8, 9, 11—
13]. Reaction-diffusion systems have proven to be powerful tools for capturing the temporal
progression and spatial dissemination of infectious diseases. By incorporating diffusion terms
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into compartmental models, one can account for individual movement and nonuniform infection
risk distribution, both of which are essential for regional containment strategies. The work [14]
addressed the well-posedness of a spatiotemporal system arising from an SEIR epidemiologi-
cal model. The system consisted of four nonlinear partial differential equations (PDEs) with
diffusion coefficients that depended on the total SEIR population. The model was designed to
capture the spatiotemporal dynamics of the SARS-CoV-2 pandemic.

In [15], the authors investigated a fractional reaction-diffusion version of the classical SIR
epidemic model using the non-local, non-singular ABC fractional derivative. The results high-
lighted the advantages of using the ABC fractional derivative compared to the classical integer-
order formulation and emphasized the importance of choosing the appropriate fractional order
to more accurately capture the system’s dynamics. Wu and Zhao [16] developed a nonlocal
reaction-diffusion model with periodic delays to study the transmission dynamics of vector-
borne diseases. The model incorporated key biological and environmental factors, including
spatial heterogeneity, seasonal variation, and the temperature dependence of the extrinsic and
intrinsic incubation periods. The authors defined a basic reproduction number, Ry, and es-
tablished a threshold-type result characterizing the global dynamics of the system in terms
of Ro. Another study, conducted by Zinihi et al. [13], analyzed a fractional parabolic SIR
epidemic model that incorporated the nonlocal Caputo derivative and the nonlinear spatial
p-Laplacian operator. Immunity was introduced through a vaccination program treated as a
control variable. The objective was to determine an optimal control pair that minimizes the
number of infected individuals and the associated costs of vaccination and treatment within a
bounded spatiotemporal domain. Zinihi et al. [17] investigated the global stability of a class
of nonlinear parabolic equations, focusing particularly on applications in biology, especially
epidemiology. Their analysis was based on constructing Lyapunov functions from the corre-
sponding ordinary differential equations (ODEs). To illustrate the methodology, the authors
provided a representative example from epidemiology.

Of the many extensions of classical models, the SEIQR structure has emerged as a partic-
ularly relevant one in modern epidemiological studies. The model divides the population into
five categories: susceptible (5), exposed (E), infectious (I), quarantined (@), and recovered
(R). This classification system is well-suited for capturing the delayed onset of infectiousness,
targeted quarantine interventions, and the gradual return of individuals to the susceptible or
recovered classes. For example, Bhadauria, Devi and Gupta [18] proposed and analyzed an
SEIQR epidemic model that incorporates a delay to account for the time between exposure
and the onset of infection. They examined the model using Lyapunov stability theory to assess
local and global stability and performed Hopf bifurcation analysis to explore the emergence
of periodic solutions. The study highlighted the significant role of asymptomatic cases arising
from the exposed population in accelerating the spread of SARS-CoV-2. Srivastava and Nilam
[19] proposed a fractional SEIQR epidemic model that incorporates the Monod-Haldane inci-
dence rate to capture psychological effects and a saturated quarantine response modeled by a
Holling type III functional form. The system dynamics were governed by Caputo fractional
derivatives to account for memory effects in disease transmission. Separately, Huang [20] in-
troduced a novel optimization algorithm inspired by the SEIQR model, termed the SEIQRA
(SEIQR Algorithm). This bio-inspired approach simulates the spread of an infectious disease
(e.g., SARS) within a population by mapping disease states onto computational agents, each of
which is characterized by certain features. Disease transmission and progression were analogized
to state transitions controlled by thirteen specialized operators that performed actions such as
averaging, reflection, and crossover. Although several deterministic SEIQR models have been
studied in recent literature, few have addressed the spatial dynamics of these models, especially
when public health control measures are in place.
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In practice, controlling diseases relies heavily on strategically deploying limited resources
through prevention (e.g., vaccination or public awareness campaigns), quarantine, and treat-
ment. For example, Duan et al. [21] proposed an SIRVS epidemic model that incorporates
age-structured vaccination and recovery and accounts for vaccine- and infection-induced immu-
nity. The study aimed to minimize costs associated with vaccination and treatment strategies
by applying Pontryagin’s maximum principle when Ry > 1. Zinihi, Sidi Ammi and Ehrhardt
[9] investigated a fractional SEIR model that incorporates the non-singular Caputo—Fabrizio
derivative. In this framework, vaccination was introduced as a control variable representing a
public health intervention. The primary objective of the study was to identify an optimal con-
trol pair that minimizes the number of infectious individuals and the total costs of vaccination
and treatment. Another study by Liu, Xiang and Zhou [22] addressed the dynamic behavior and
optimal control of a delayed epidemic model. They formulated an optimal vaccination strategy
to minimize the number of infected individuals, maximize the number of uninfected individu-
als, and reduce overall control costs. Similarly, Salwahan, Abbas and Tridane [23] examined a
modified SITR model governed by a periodically switched system, in which the transmission
and treatment rates vary periodically. Due to the discontinuous dynamics induced by switch-
ing, the authors proposed a modified version of Pontryagin’s maximum principle to solve the
associated optimal control problem. This study aimed to optimize vaccination strategies in dy-
namic, resource-constrained settings, validating the approach through numerical simulations.
Applying optimal control theory to epidemic models provides a rigorous framework for design-
ing strategies that depend on time and space and minimize the health burden and economic
cost of disease management. Combined with reaction-diffusion models, this approach enables
comprehensive spatiotemporal optimization of control efforts.

Incorporating spatial heterogeneity into epidemic models is essential to capturing the real-
world dynamics of disease spread, particularly when population mobility, local outbreaks, and
regional disparities are significant factors. Using reaction-diffusion terms enables the model to
represent spatial propagation driven by individual movement across geographic areas, which is
particularly relevant in urban and semi-urban contexts. Furthermore, managing an epidemic is
complex and requires multiple control strategies because no single intervention is sufficient to
effectively curb disease transmission. In this work, we consider pharmaceutical interventions,
such as vaccination and quarantine, as well as non-pharmaceutical interventions, such as so-
cial distancing and awareness campaigns, to formulate a more realistic and adaptable control
framework. Combining these strategies enables a flexible response: pharmaceutical interven-
tions directly reduce the susceptible and infectious populations, while the non-pharmaceutical
intervention modifies disease transmission pathways by reducing contact rates. This multi-
faceted control approach reflects the practical challenges health authorities face during epi-
demics, where decisions must balance limited medical resources with behavioral interventions
that target public compliance and awareness.

In this work, we assume that population movement depends on time ¢ and space x. Further-
more, we denote the densities of the six compartments, which evolve with respect to time and
space, by S(t,z), E(t,x), I(t,z), Q(t,x), and R(t,x). We propose a spatiotemporal SEIQR
model formulated as a parabolic system of PDEs that incorporates the Laplacian operator
to capture spatial movement. The model includes three control variables, each representing
a specific public health intervention: prevention among susceptible individuals, quarantine of
infected individuals, and treatment of quarantined individuals.

Our study has four main objectives. Section 2 introduces the spatiotemporal SEIQR model,
which is governed by a system of reaction-diffusion equations and incorporates three control
variables corresponding to vaccination, quarantine, and treatment. Section 3 establishes the
existence, uniqueness, boundedness, and positivity of the model’s solution using semigroup
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theory and functional analysis. Section 4 formulates the optimal control problem, proves the
existence of optimal strategies, and Section 5 derives the first-order necessary conditions for op-
timality via an adjoint-based variational method. Section 6 presents numerical simulations that
illustrate the effectiveness of the proposed interventions and support the theoretical findings.
Finally, in Section 7 we conclude and state perspectives for future research directions.

2. Mathematical Model Formulation

We propose a five-dimensional epidemiological model to describe the transmission dynamics
of an epidemic. In this model, individuals in the population transition through five compart-
ments over time: Susceptible (5), Exposed (E), Infected (I), Quarantined (Q), and Recovered
(R). The transmission coefficients used in the SEIQR model are summarized in Table 1.

Table 1: Transmission coefficients for the proposed SEIQR reaction-diffusion model.

Symbol Description

A Recruitment rate (e.g. birth or immigration)

Transmission rate due to contact between

b susceptible and exposed individuals
Transmission rate due to contact between
B susceptible and infectious individuals
1 Natural death rate
) Rate at which exposed individuals become infectious
0 Rate at which infectious individuals are quarantined
« Recovery rate of quarantined individuals
Rate at which non-infected quarantined individuals
p return to the susceptible class
As, Ag, A1, AQs AR Diffusion coefficients for S, E, I, ), and R respectively

The proposed SEIQR reaction-diffusion model describes the spatiotemporal spread of an
infectious disease by modeling the movement and interactions of individuals across five com-
partments: susceptible (S), exposed (E), infected (I), quarantined (Q), and recovered (R).
Susceptible (S): Susceptible individuals are at risk of contracting the disease. Their popula-
tion increases through recruitment A and re-entry from quarantine at a rate p(), representing
individuals who tested negative or were misclassified. They decrease due to natural mortality
(1) and infection upon contact with exposed (F) and infected (I) individuals, at rates 3;SFE
and (251, respectively. Spatial movement is modeled by the diffusion term AgAS.

Exposed (F): Exposed individuals have been infected but are not yet infectious. This group
increases via contact between susceptibles and exposed individuals, governed by the transmis-
sion term 1 SE. Exposed individuals either progress to the infected class at rate 6 or die
naturally. Spatial diffusion is represented by ApAFE.

Infected (I): Infected individuals are symptomatic and capable of transmitting the disease.
Their number increases through contact with susceptible individuals (/5257) and through pro-
gression from the exposed class (0F). They may be quarantined at rate  or die naturally at
rate . Their spatial spread is modeled by A;A[T.

Quarantined (Q): This compartment consists of individuals who are isolated after develop-
ing symptoms. They transition from the infected class at a rate v and may recover (aQ),
die naturally (uQ), or return to the susceptible class (pQ@) if found uninfected. Their spatial
redistribution is governed by AgAQ.



Recovered (R): Recovered individuals have acquired immunity after completing quarantine.
They accumulate at a rate a() and are subject to natural death at a rate u. Their spatial
mobility is described by A\gAR.

Throughout the model, the diffusion terms A\;AX for each compartment X reflect spa-
tial spread due to individual movement. The mortality terms pX account for natural deaths
unrelated to the disease. By incorporating local disease dynamics and spatial processes, the
model captures key epidemic propagation mechanisms, including localized outbreaks, spatial
heterogeneity, and the potential impact of quarantine interventions. Figure 1 illustrates the
compartmental structure of the SEIQR model and highlights key transitions between health
states, including infection, quarantine, and recovery.
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Figure 1: Transmission pathways in the proposed SEIQR model.

Let 2 C R™ be a bounded domain with a smooth boundary 902, where n = 2 or n = 3. The
spatiotemporal dynamics of the proposed SEIQR model are described mathematically by the
following system of reaction-diffusion equations

( aggsg r) _ AsAS(t, ) + A+ pQ(t,x) — BiS(t,x)E(t,x) — BoS(t,x)I(t, 2) — uS(t, ),
% = A\gAE(t,z) + 51S(t, 2)E(t,x) — (6 + n)E(t, x),
ani; ") NAI(t ) + BoS () I(t ) + SE(tx) — (7 + w)I(h, ), U,
% = \AQ(t,2) +7I(t,z) — (a + p + p)Q(t, z),
( % = ARAR(t,7) + aQ(t,x) — pR(t, ),
with

VS n=VE-n=VI-n=VQ-n=VR-n=0, on X,
S(O,l‘) :So, E(O,Jﬁ) :EU7 I(va) :IO> Q(O,Z’) :Q(h R(()?:E) :R(h in Qa

where T' > 0, U = [0, T] x Q, 71 is the normal vector to the boundary X7 = [0, T] x 9€2. Imposing
homogeneous Neumann (no-flux) boundary conditions ensures that the SEIQR mode is self-
contained, with dynamics driven entirely by internal processes, and no movement occurs across
the boundary 9€). Additionally, the initial data for all compartments are positive throughout
the domain €.



2.1. Controlled SEIQR Reaction-Diffusion Model

We now formulate an optimal control model to manage the spread of infectious diseases.
This model uses a reaction-diffusion framework that accounts for spatial dynamics and dis-
ease evolution within a population. We introduce three control strategies: 1) Pharmaceutical
Interventions (PI), represented by controls u; and ug; and (2) Non-Pharmaceutical Interven-
tions (NPI), represented by control us. Specifically, u; models vaccination efforts that move
susceptible individuals directly to the recovered class; us reflects treatment strategies that ac-
celerate the recovery of quarantined individuals; and ug represents social distancing measures
that reduce transmission between susceptible, exposed, and infectious individuals. The goal is
to minimize the overall cost of disease spread while ensuring the most efficient allocation of
resources to control the epidemic. The model captures the spatial spread of the disease via
diffusion terms and incorporates control efforts to reduce transmission, speed recovery, and
manage quarantine effectively. Figure 2illustrates the updated compartmental structure of the
optimal control SEIQR model based on Table 1.

(1 —u3)SE E
Bi(1 — us) 5 0
ul SE
A 1—u3)ST I al)
AT Al ) I i Q R
wS uzQ)
p0Q e, JuR

ulS

Figure 2: Transmission pathways in the updated SEIQR model.

We aim to identify strategies that balance public health outcomes with resource constraints
by optimizing these controls over time and space. This will provide valuable insights into epi-
demic management in real-world settings. The optimal control SEIQR model is mathematically
formulated as follows:

( asgg z) = AsAS(t,x) + A+ pQ(t,z) — (1 + ui(t,x))S(t, x)
— Bi(1 = us(t, 2))S(t, 2)E(t, z) — Ba(1 — us(t, 2))S(t, 2)I(t, z),
% = ApAE(t,x) + 1(1 —us(t,z))S(t,x)E(t,z) — (6 + pn)E(t, x),
§ Ol(t,x) inl, (1)

= MAI(t, z) + Bo(1 —ug(t,z))S(t, x)I(t,x) + SE(t,x) — (v + p)I(t, ),

ot
% = ANAQ(t,x) +vI(t,z) — (v + p+ p+ us(t, x))Q(t, x),
\ % = M\rAR(t, 2) + aQ(t, ) + w(t,2)S(t, x) + us(t, 2)Q(t, x) — uR(t, ),
with
{VS-ﬁ:VE-ﬁ:VI-ﬁ:VQ-ﬁ:VR-ﬁZO, anT, )
S(0,z) = So, E(0,z) = Ey, 1(0,2) = Ip, Q(0,2) = Qo, R(0,z) = Ry, in Q.
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Each equation describes the rate at which a compartment changes over time and space. These
equations capture the interactions among compartments based on contact rates, transition
dynamics, and natural processes, such as disease progression and recovery.

Table 2 summarizes the role and impact of each control variable, detailing the type of inter-
vention, the targeted compartments, and the intended epidemiological effects. These controls
are designed to be adjusted over time t and space x to reflect practical implementation strategies
and optimize epidemic outcomes.

Table 2: Description of control variables used in the optimal control model.

Control | uy (t, x) us(t, x) ug(t, x)
Type PI PI NPI
Social Distancing

Description Vaccination Treatment Public Awareness

Target
E 1
Compartment(s) S, R @ R S, B,
Increases immunit Accelerates recovery Reduces effective
Effect ) My for quarantined contact rates by
in the population C e . .
individuals lowering interactions

2.2. Quantification of Epidemic and Control Costs

Our primary objective is to minimize the number of individuals who are exposed, infected,
or quarantined, while reducing the overall cost of vaccination and treatment within the time
interval [0, 7. In this subsection, we evaluate the total costs of implementing spatiotemporal
control measures to mitigate the spread and impact of the epidemic while minimizing related
expenses in time and space.

Cost due to disease tmpact: This component captures the economic consequences of
disease transmission, These consequences include productivity losses and healthcare burdens
associated with exposed and infected individuals. It is represented by

/T/Hl(E(t,Jﬁ)‘{'[(t,x))d.iEdt—l—//ig(E(T,.T)—FI(T,Q?))de,

where k, and k3 denote the respective weights associated with the prevalence of the disease
during the control horizon and at the final time.

Cost of quarantine and management: This cost accounts for the economic and logisti-
cal expenses related to isolating infected individuals, including quarantine facilities, monitoring,
and care. It is given by

/OvT/Q/@Q(t,x) dxdt—l—/Q/uQ(T’x) dz,

where ko and k4 measure the burden of quarantine over time and at the terminal state.
Cost of vaccination campaigns: The control uy(t, z) represents vaccination efforts, with
associated costs stemming from vaccine production, distribution, and administration. This is

expressed as
T
/ /wlul(t,x) dxdt—i—/alul(T,x) dx,
0 Jo Q

where w; and o, are weights reflecting operational and terminal costs of vaccination.
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Cost of quarantine, medical care, and isolation protocols: The control usy(t,x)
reflects intensified isolation and treatment strategies for quarantined individuals, such as en-
hanced medical intervention and specialized care. Its cost is measured by ws during the control
horizon and by o9 at the terminal state:

T
/ /wQUQ(t,x) dxdtJr/aqu(T,x) dzx.
o Ja Q

Cost of preventive measures and public health interventions: The control us(t, x)
models efforts aimed at reducing transmission through behavioral interventions such as social
distancing, mask mandates, and hygiene promotion. These actions require continuous invest-
ment in awareness campaigns and infrastructure, which incur a cost given by

T
/ /w3u3(t,x) dxdt—i—/a:;u;;(T,x) dx,
o Ja Q

where w3 reflects the cost of sustained public health efforts and o3 accounts for the residual
cost or effort required at the end of the intervention period.

Combining all these contributions, the total objective functional to be minimized is given
by

T
j(S,E,],Q,R,ul,u2,u3):/ /Al(t,x)dxdt+/A2(T,x)dx, (3)
o Ja Q
subjected to (1)-(2), where

o Ai(t,x) = ki(E + I)(t,x) + k2Q(t, x) + wiug (¢, ) + wous(t, x) + waus(t, x),
o Ay(T ) = k3(E + 1) (T, ) + kaQ(T, z) + o1ur (T, z) + oqus(T, ) + o3us(T, x).

Let (S, E,I,Q, R) be the solution to the system (1)—(2). The optimal control problem is to
minimize the objective functional J; that is, to find a control function

ut = (uf, uh,uh) € Vag = {(u1,ug,u3) € (L*(U))* | 0 < wy(t,z) < lae inl, Vi=1,2,3},
such that

j(S*,E*,[*,Q*,R*,UI,U;,U;>: inf j(S,E,],Q,R,Ul,Ug,U3).

(u1,u2,u3)EVaq

3. Well-Posedness Analysis

In this section, we use the Cy-semigroup theory to prove the boundedness, positivity, exis-
tence, and uniqueness of solutions to the proposed system (1)—(2). To do so, let ¥ = (¢;)1<i<s =

(S,B,1,Q.R), ¥* = ()1<izs, A = (M)1<izs = (As, A, Ar, A Ar), E(Q) = (L*(©))” denotes
the Hilbert space of 5-tuples of square-integrable functions on €2, corresponding to the compo-

nents (S, E,I,Q, R), and T defined as follows
T: Dy = {19 e (HX Q)| V¥, ii=0,1<i< 5} C E(Q) — E(Q),
¥ — —AAY = (_)\iAﬁi)i:LZ,?)A,S'

We introduce the function F, which is defined by

F(W(t) = (Fi(v), F2(u (1), Fs(u(2)), Faldb(1), Fs((1))), t € (0,71,
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with ¥(t)(-) = 9(t, ), and

(FL((t) = A+ ptba — Br(1 = ug)breds — Bo(1 — ug)vhnths — (p+ )iy,
(1(t)) = Bi(L — uz)1vpa — (u + 0)¢o,

(Y(t) = Ba(1 — uz)th19ps + 6tby — (1 + 7)o,

(¥(1) = ybs — (u+ a+ p+ u)¢u,

(V(t)) = athy + urthr + ugthy — pabs.

\

Subsequently, the system (1)—(2) can be reformulated in E(€2) as follows

{3#/1(75) + Ta(t) = F(u(1)),

B(0) = 0. t €[0,7], (4)

First, we will prove the boundedness of the function v, as stated in the following result.
Proposition 1. All solutions of the SEIQR model (4) are bounded.

Proof. Let i € {1,2,3,4,5}, {S;(t),t > 0} be the Cy-semigroup generated by the operator
component 7;, where T;1; = X\;Av;. Then, we set

i = maX{H‘EHLW(ZJ))’ ¢?“LW(Q)}‘

It is clear that the function
_ 0
satisfies

{@gpi = NiAp; + Fi(¥(t)) — ns, tel0,T), (5)

i(0,2) = ¢} — }}¢?“Lm(9)'

The strong solution of (5) takes the form

%@Z&@@$W%M%Q+ASﬁ—ﬂﬂ@@%&ﬂ&

Since F;(1(t)) — n; < 0 and 9 — Hw?HLm(Q) <0, it follows that o; < 0 for all (t,z) € U.
Similarly, the function
S 0

satisfies

{&f@i(ta r) = NAG; + Fi(Y(t)) + ni, Le (0.7

951'(07 {B) = %D + H@DEHLOO(Q)-
Thus, t
Gilt) = Si0) (9 + [99]] ey + / Silt = ) (Fi((1)) +m:) ds.

Since F;(1(t)) +n; > 0 and o) + ngH
Consequently,

Loy 2 05t follows that @; > 0 for all (¢,2) € U.

|bi(t, )| < mit + Hw?HLm(Q)'

Therefore, we have 1) € (L"O(U))5. O



Now, let us prove that v is nonnegative using Cauchy-Schwarz and Gronwall’s inequalities,
as stated in the following proposition.

Proposition 2. For all positive initial data associated with the system (1)—(2), the solutions
of the SEIQR model remain positive.

Proof. We start considering 4. It can be observed that 1, = 1] — 1, , where we defined
Uit 7) = sup{e(t,2),0} and i (t7) = sup{—u(t, 2), 0}.

Multiplying the equation corresponding to i = 4 in (4) by v, , we obtain

1d
3l =20 V0o o [ ettt pruw) [ @i
Q Q Q

Then, we have
d - p—
%HQM Hiz(m < 27/Q¢3¢4 dz.

Next, applying the Cauchy-Schwarz inequality, we get

d, _ _
%H@ZM Hi?(Q) = CH¢3”i2(Q)”¢4 Hi?(ﬂ)'

By Proposition 1, we have ¢, € L>®(U) for all i € {1,2,3,4,5}. Then, there exists another
constant ¢ > 0 such that

dy  _ _
EHW ”12(9) < c|lvs ”i%m'

Using Gronwall’s inequality, we obtain
2
19|20y < 0

which leads to the conclusion that ¢, = 0. Consequently, ¢, > 0 for all (¢,z) € U.
Using a similar methodology applied to 1, we derive the following expression

1d
_5%”%*“;(0) :AQ/Q‘V%‘2dx—51(1—U3)/Q¢1(¢2)2d$+(5+“)/9w2)de>

which can be expressed as
dy  _2 _ 2
05y < 2101 ) [ (07 e <2800~ w05
where N € L>®(U) is the total population. Since (uy,us,us3) € V,q, then again by Gronwall’s
inequality, we obtain

2
“¢2 HL2(Q) <0

which implies 1, = 0, and thus 12 > 0. Using the same technique, we conclude that i1, 13, 95 >

0. O]

Let (t,x) € U. The function F is Lipschitz continuous in ¢, uniformly with respect to
t € [0, T]. Moreover, the operator —A is strongly elliptic, cf. [24, 25]. According to standard
results in functional analysis (see, for example [24-26]), the system (4) admits a unique strong
solution ¢ € W12(0,T;E(Q)), satisfying the regularity conditions

Y € L*(0,T; H*(Q)) N L™(0,T; H(Q)), Vi< {1,2,3,4,5}.

This foundational result leads us to the following corollary.
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Corollary 1. Problem (4) has a unique bounded positive global solution ¢» € WH2(0,T;E(Q)).
Furthermore,

W; € WH2(0,T; L2 () N L*(0, T H*(Q)) N L= (0,T; H'(Q)) N L=U) Vi€ {1,2,3,4,5}.
Proposition 3. Let ¢ be the solution of (4). Then
Hﬁwz

) + H¢iHL2(o,T;H2(Q)) + }|77/}iHH1(Q) + ||¢iHL°°(Z/{) < 0.

Proof. The first equation of (4) gives

//‘81#1‘ drdz —2)\1/ /%Awldea:—i—)\f/ot/Q|A¢1’2dex

:/ /Q(A + phg — Bi(1 — ug)rve — Bo(1 — ug)19ps — (1 + ul)@bl)z drdz.
0

/ /@%Awldmx_/ﬂ(—\wq%\w‘ff) dz
we have

//’awl‘ drdx +)\2/ /|A¢1\ d¢d:g+2A1/\w1| dx—QAl/}v¢1| dr

:/0 /Q(A + pthy — B1(1 — ug)h1hy — Bo(1 — ug)hriths — (0 + Ul)%)z drde.

Because of

Due to the boundedness of /Y € H*(Q) and ||¢);|r(q), the result holds for i = 1. Analogous
reasoning can be applied to the remaining scenarios. O

4. Existence of an Optimal Solution

This section proves the existence of an optimal solution pair, (¢*, u*) for the optimal control
problem, Eq. (4), using the technique of minimizing sequences, where u* = (uj, u}, u}). The
main result of this section is formulated and proved as follows:

Theorem 1. Problem (1)—(2) admits at least an optimal solution pair (V*,u*) such that
J @, u*) = inf J(¢,u).
UEVed

Proof. From Corollary 1, for any control v = (uy, us, u3) € Vaq, the system (4) admits a unique
nonnegative strong solution 1. Consequently, the cost functional J (¢, u) is bounded on V,q.
Therefore, there exists a constant

x = inf J(¥,u),

ue Vad

and a minimizing sequence {(¢", u")} C E(Q2) X V,q, such that

neN*

x = lim J (4" u"),

n—o0

where 9™ is a solution to the system (1)—(2).
11



Furthermore, without loss of generality, we can assume that
* n n 1
Vne N, x < JW" u )§X+E.

On one hand, since {u}}nens, {u5 }nen, and {uf },en+ are uniformly bounded in L%(), there
exist functions u}, ul, u € L*(U) and subsequences of {uf},en+, {ul nens, and {ul }nen«, still
denoted by themselves, respectively, such that

n

ui — u; weakly in L*(U), Vj =1,2,3. (6)

Moreover, since V,q is a convex and closed subset of (LQ(L{ ))3, it is also weakly closed. Hence,
u* = (uf, ub, uj) € Vaa.

On the other hand, let i € {1,2,3,4,5}. From Corollary 1, we have " € W12(0,T; L*(Q)),
which implies " € C([0,T]; L*(€2)). Meanwhile, by Proposition 3, there exists a constant
% > 0, such that

H i
ot
By virtue of the inequality above, we can deduce the equicontinuity of the family {u!},en«.
Since H'() is compactly embedded into L?(2) (see [27, Page 71]), it follows that {¢"},en-
is relatively compact in L*(€2), and we have [[¢?(t)| 12() < oo for all t € [0,7]. Then, by the

Ascoli-Arzela Theorem (see [28, page 200]), there ex1sts a function ¢ € C([0,T]; L*(Q)) and
a subsequence of {¢!"(t)}nen+, still denoted by itself, such that

8 16 L+ 198 ey <% )

L2(U)

Jm S%%H%/J =¥ (Ol 2o = 0
which means
Y — ! uniformly for t € [0, 7. (8)

From the inequality (7), we know that the sequence { 9} ey 18 bounded in L2(0, T L*(9)).
Similarly, since ™ is a solution to (1)—(2), it follows from (7 ) 7) that { Ay}, en- is also bounded in
L*(0,T; L*(Q)). Therefore, there exists a subsequence of {1 },en+, denoted again by {! }nens,
such that

oy oY

2t~ B weakly in L*(0,T; L*(2)),
AT~ Ag? weakly in L2(0,T; L3()), (9)
Y — b7 strongly in L°(0,T; H'(2)).
Based on equations (6)—(9), we can establish the following convergences
VIR — PidL strongly in (0, T H(Q), Yk =23,
T — rul weakly in L*(0,T; L*()),
mhtul — Yiprul weakly in L2(0,T; L*(Q), Vk=1,2.
Recall that V¢! - 77 = 0 on X7, which implies that V#} - 77 = 0 on X7 as well. Therefore, using

the convergences above, we conclude that v is a solution to the system (1)—(2) corresponding
to the control u* € V4. O
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5. First-Order Necessary Conditions

In this section, we derive the first-order necessary conditions for optimal control using
the Lagrangian method. Let Ps(t,z), Pg(t,x), Pr(t,z), Po(t,x), and Pg(t,x) be the adjoint
variables corresponding to the state constraints respectively. The Lagrangian functional is given
by

T 5 T
O
L(h,u) = / / Ay (t, z) dz dt + / Ao(T, ) dz + Z/ / Py, [ i T, — Fi(v)| de dt.
o Jo Q —'Jo Ja ot
Taking the variation of £ with respect to each state variable and applying integration by parts
along with Green’s formula yields for the S-equation (i.e., %(w*, u*) =0)

0Ps

W = —/\5APS+(,U+UT+51(1—U;)E*—i‘ﬁg(l—ug)f*)])g—ﬁl(1—U:«;)E*PE—52(1—U§)I*PI—UTPR

Similarly, for other state variables, we obtain

( OP.
5 = AP+ (ot i+ Au(1— u) B + Bl — i) )Py
0P,
G_tE = —ApAPp + Bi(1 —u3)S*Ps + (0 + p — f1(1 — u3)S*) P — 6 Pr + Ky,

oP; o o inU, (10)
= —MNAPr + o1 —u3)S*Ps + (v + o — Pa(l — u3)S™)Pr — yPg + K,

ot
8PQ * *
5 —AAPy — pPs + (a+ p+ p+uy) Py — (o + ul) Pg + Ka,
oP
— R = —)\RAPR—F/JJPR
\ Ot

Because the state variables are subject to homogeneous Neumann boundary conditions and the
controls only act within the spatial domain, integration by parts yields no boundary terms.
Consequently, the adjoint variables satisfy the same type of boundary conditions as the state
variables: homogeneous Neumann conditions. This means

VPs-ii=VPg-ii=VP -ii=VPy-ii=VPg-ii=0, on . (11)

The terminal conditions are obtained by taking the variation of the terminal cost term and
setting the resulting expression equal to zero. Consequently, the adjoint variables are initialized
backward in time, taking on values that reflect the sensitivity of the terminal cost to the final
states

Ps(T,x) =0, Pg(T,x) = —ks, P(T,2) = —k3, Po(T,x) = —ky4, Pr(T,2) =0, in Q. (12)

We can readily obtain the following results by introducing the change of variable, 7 =T —¢
(time reversal), and applying the same arguments as in Corollary 1.

Corollary 2. Assume that (¢V*,u*) is an optimal pair for the control system (1)—(2). Then,
the adjoint system (10)—~(12) admits a unique strong solution Py such that

Py, € WH(0,T; L*(Q)) N L*(0,T; H*(Q)) N L>(0,T; H'()) N L*MU), Vi € {1,2,3,4,5}.
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A key step in our analysis to establish the first-order necessary conditions for optimal control
is to prove the differentiability of the control-to-state mapping.
Let u® = (uj, uj,u§) € Vi, and (5S¢, £, I°,Q°, R®) be the corresponding solution to (1)—(2).
We define the control-to-state mapping

O:uf € Vo C (LPU))* — (5%, E°, I5,Q°, R°) € (L2 U))". (13)

By Corollary 1, the mapping @ is well-defined. We now state in Lemma 1 the differentiability
result.

Lemma 1. The mapping ® defined in (13) is Gateaux differentiable at u*. Moreover, there
exists a bounded linear operator

o' (u*): T e (L*U))”

— (Ys, Y, Y1, Yo, Ya) € (LPWU))’,
such that for every sufficiently small € > 0 with u* = u* 4+ eu € V,q, we have

D (u) — P(u”)
£

lim
e—0

— d'(u)u

pr— 0’
(Lz(u))5

where

q)(u€>_q)(u*):<sa_s* EE_E* Ia_[* QE_Q* RE_R*> ::YE.

£ S £ £ £ £

Before establishing the first-order necessary optimality conditions, we state the following
proposition.

Proposition 4. Let the assumptions of Corollary 1 hold, and let u € (LZ(U))g. Then the
Gateauz derivative of the control-to-state mapping at u*, applied to w, i.e. ®'(u*)u, is the
solution to the following linearized system

( OY.
8_: = AsAYs — (p+uj + Bi(1 = u3) E* + Ba(1 — u3) ") Ys — Bi(1 — u3)S*Vp
— Ba(1 —u3)S™Y; + f1usS™E™ + fousS™I* + pYg — uy 57,
aY -~ * *
D% N+ B~ ) EYs 4 [Bi(1 — )" — (34 )] Ve — BiiyS" "
Y, .
a_tI = MAY] + Bo(1 — uj) *Ys + 6V + [Bo(1 — u3)S* — (v + )] Yr inU,
— PouzS™I,
= MNAYg + Y7 — (a4 p+ p + ui) Yo — 1Q*,
Y ~ ~
~a_tR = ApAYg + oYy +u}Ys +usYy — pYg + 0S* + 0Q",
(14)
with
VY- 1=VYp - n=VY - 1=VYy - n=VYr-n=0, onXp, (15)
Ys(0,2) = Yg(0,2) = Y7(0,2) = Yo(0,2) = Yr(0,2) =0, in Q.

Proof of Lemma 1 and Proposition 4. To avoid making the paper longer, we briefly outline the
main steps of the proof using the same methodology described in [29, pages 21-25] and [30,
pages 456-458]. The proof proceeds as follows:
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Step 1 (Linearization via incremental quotient). For any perturbation u € (LQ(Z/{))?’, we
define the incremental quotient
D(uf) — P(u”)
. :

Ye =

Step 2 (Derivation of the linearized system). We show that the limit

Y =limY*®,

e—0

exists and satisfies a linearized system with zero initial data and homogeneous Neumann bound-
ary conditions. This system depends linearly on u and the original solution (S, E, I, Q, R).
Step 3 (Ewistence and uniqueness). Using standard theory of linear parabolic systems, it
is shown that this linearized system admits a unique strong solution.
Step 4 (Convergence of the incremental quotients). It is then proven that

lim HYE — YH(LQ(Z/{))E’ = O,

e—0

establishing the Gateaux differentiability of ®, with ®'(u*)u =Y.
Step 5 (Boundedness of the derivative). Finally, we confirm that ®'(u*) defines a bounded
linear operator from (L2(Z/{))3 to (LQ(L{))S. O

The following theorem establishes the first-order necessary conditions for optimality and
provides a pointwise characterization of the optimal control in the absence of terminal penal-
ization.

Theorem 2. Let (S*, E*, I*,Q*, R*, u},u},u}) be an optimal pair for the control problem (1)—
(2) and (Ps, Pg, Pr, Py, Pr) be the solution of the adjoint system (10)—(12). Then, for any
(u1,ug,u3) € Vyq, the following inequality holds

T T
/ / (S*Ps — §* P+ wn) (w1 — u?) dadt + / / (Q" Py — Q" P+ ws) (s — u3) dadt
0 Q 0 Q
T
+ / /(ﬁlS*E*(PE — Ps) + oS I*(P; — Ps) + ws) (us — uj) dadt (16)
0 Q

z—/gal(ul—u’;)(T,x) dx—/QUQ(UQ—uz)(T,x) dx—/ag(u3—u§)(T,x) dz.

Q

Furthermore, if 01 = 09 = 03 = 0, then the optimal control (u},u,u}) can be characterized
point-wise by

Uu ,x = )
! 0, otherwise,

uy(t, o) = {17 Do, S0 (17)

0, otherwise,

Wit ) = 1, if (B1S*E*(Pg — Ps) + BoS*I*(P; — Ps) + ws)(t, ) <0,
s 0, otherwise.

The proof of this theorem is deferred to Appendix A to maintain the flow of this section.
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6. Numerical Results

This section aims to investigate the dynamics of the proposed SEIQR reaction-diffusion
model with optimal control strategies using numerical methods. Specifically, we will evaluate
the spatial-temporal evolution of the disease in a two-dimensional urban domain under various
intervention scenarios, including the presence or absence of vaccination, treatment, and social
distancing. We place special emphasis on quantifying the impact of spatial diffusion and control
measures on infection containment over a finite time horizon.

We consider the square spatial domain Q = [0,50] x [0,50] km?, representing a densely
populated urban area. The domain is discretized into 1 km x 1 km grid cells. At the initial
time, t = 1, we assume the population is uniformly distributed with 100 susceptible individuals
per cell across 2 (i.e., 100 % of the population), except in a central subregion €2, = cell(15, 15),
which represents a city center, for example. In this subdomain, 15 % of the local population is
initialized as exposed, 10% as infected, and the remaining 75 % as susceptible. The simulation
period spans 60 days.

The spatial diffusion of the disease is driven by the movement of individuals and is modeled
through diffusion terms in the SEIQR system. We use a finite difference method (FDM) for
spatial discretization and an implicit time-stepping scheme to ensure stability. We solve the
optimal control problem iteratively using a forward-backward sweep algorithm, updating the
control functions at each iteration according to the characterizations derived in Section 5. Using
a forward approach in time solves the state problem, while a backward approach solves the dual
system according to the transversality conditions.

We now define the parameter values that govern the dynamics of the SEIQR reaction-
diffusion system. Since there is no empirical data available for this specific setting, we have
adopted biologically plausible parameter values capable of capturing the qualitative behavior
of disease transmission and control. Each parameter is chosen to reflect commonly observed
epidemiological patterns and intervention mechanisms, ensuring consistency with real-world
expectations.

e In this model, the recruitment rate A represents the influx of new individuals into the
population through birth or immigration. The natural death rate p is assumed to be
small and constant because it reflects standard demographic attrition unrelated to the
disease.

e Regarding disease transmission, the model distinguishes two primary pathways: The first
is the interaction between susceptible and exposed individuals, governed by i, and the
second is the interaction between susceptible and infected individuals, represented by
B2. Biologically, it is expected that By > (1, since symptomatic infectious individuals
are more likely to transmit the disease than those in the latent phase. This reflects the
increased viral shedding and higher contact rates associated with the symptomatic stage.

e The progression from the exposed state to the infectious state occurs at a rate of 9,
depending on the disease’s incubation period. Once individuals are infectious, they may
be detected and quarantined at a rate of v, which is influenced by testing capacity and
contact tracing efficiency. Usually, 7 is smaller than § because quarantine depends on
public health interventions, while disease progression is a natural biological process.

e Quarantined individuals can either recover at rate «, or, if not infected, return to the
susceptible pool at rate p. Generally, o exceeds p, as recovery from illness is more likely
to occur within quarantine than reclassification of individuals who were mistakenly quar-
antined as susceptible.
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These inter-parameter relationships, which are grounded in biological reasoning and public
health practice, form the basis of the numerical simulations. They allow us to investigate
the spatiotemporal evolution of the epidemic under different intervention strategies. Table 3
summarizes the parameter values used in our simulations.

Table 3: Parameter values for the SEIQR model (1).

Symbol Value Source H Symbol Value Source
A 1 [31] ) 0.05 [32]
b1 0.06 Assumed v 0.02 [33]
B 0.07 Assumed ! 0.05 [34]
I 0.01 [35] p 0.01 [31]
As, Mg, AL, AR 0.1 [15] Ao 0.001 Assumed

In real-world scenarios, quarantined individuals are expected to remain in fixed locations,
such as hospitals or isolation facilities. This results in negligible spatial movement. We therefore
assume that the diffusion coefficient for the quarantine compartment is Ao = 0.001, while all
other compartments are assigned a diffusion coefficient of 0.1 to reflect the moderate mobility
of individuals in the general population.

To evaluate the effectiveness of various intervention strategies in controlling the epidemic, we
analyze eight scenarios that incorporate different combinations of control measures, u;, us, and
uz. These controls represent key pharmaceutical interventions (PIs) and non-pharmaceutical
interventions (NPIs), as detailed in Table 2. Specifically, u; corresponds to vaccination of
susceptible and recovered individuals to increase population immunity, us models treatment
of quarantined individuals to accelerate recovery, and us denotes social distancing and public
awareness measures that reduce effective contact rates among susceptible, exposed, and infected
individuals. We simulate the epidemic dynamics under the following eight cases:

- Case 1: no control (u; = ug = uz = 0); baseline scenario.

- Case 2: only vaccination (u; active).

- Case 3: only treatment (uy active).

- Case 4: only social distancing (ug active).

- Case 5: vaccination and treatment (u; and uy active).

- Case 6: vaccination and social distancing (u; and ug active).
- Case T: treatment and social distancing (us and ug active).
- Case 8: all controls are active (uq, ug, and ug).

We evaluate how each control, individually or in combination, influences infection prevalence,
recovery dynamics, and overall system behavior as governed by the model (1)—(2). by comparing
these cases. This analysis reveals the impact of vaccination, treatment, and social distancing
on reducing disease spread and improving epidemic outcomes.

The results below present a comparative analysis of disease progression with and without
optimal control interventions, demonstrating the role of each control component in minimizing
both the infection spread and the total cost functional 7.

Figure 3 presents the evolution of the SEIQR system in the absence of any intervention
(i.e., u; = ug = uz = 0). The epidemic spreads rapidly across the spatial domain, reaching
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high peak levels of infection. Without vaccination, treatment, or quarantine, the disease grows

uncontrollably over time and space. This scenario leads to the highest value of 7, as shown in
Table 4.
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Figure 3: Spatiotemporal evolution of the SEIQR model without any control interventions.

Figure 4 illustrates the scenario in which only the vaccination strategy (u; # 0, us = ug = 0)
is applied. Vaccination reduces the susceptible population, which slows the emergence of new
exposed individuals. However, since neither treatment nor social distancing is used, infected
individuals continue to spread the disease. As shown in this figure, the spatial extent of infection
is smaller than in Figure 3, and the total cost J is moderately reduced.
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Figure 5 shows the implementation of the quarantine treatment only (uy # 0, u; = uz = 0).
This scenario reduces the number of infected individuals but fails to prevent new exposures.
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Compared to Figure 3, the infected zones are less intense,
however, the epidemic persists spatially and temporally.
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Figure 6 shows the impact of applying social distancing exclusively to the exposed and
infected individuals (u3 # 0, u; = ug = 0). As shown in the figure, public awareness is an effec-
tive strategy for limiting progression to exposed and infected rooms, thereby reducing overall
disease spread. The epidemic remains more spatially contained, and the value of the objective
functional decreases significantly compared to the no-control scenario shown in Figure 3.
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Figure 6: Effect of the social distancing strategy (only u3) on the spatiotemporal dynamics of the SEIQR model.

Figure 7 presents the combined impact of vaccination and treatment (uy,us # 0, uz = 0).
This combination effectively reduces both the number of susceptible and quarantined individ-
uals, and shortens the duration of infection. As observed in this case, the disease spread is
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more limited than in the scenarios shown in Figures 4 and 5, in which only one intervention
was applied. Among the partial control strategies, this case exhibits one of the lowest cost
functional 7 values, as shown in Table 4.
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Figure 7: Impact of combined vaccination and treatment strategies (u; and us) on the spatiotemporal evolution
of the SEIQR model.

Figure 8 shows the joint application of vaccination and social distancing (uy,us # 0, ug =
0). This strategy is particularly effective because it prevents new infections. The infected
population is significantly reduced and the outbreak is largely suppressed.
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Figure 8: Impact of combined vaccination and social distancing strategies (u; and ug) on the spatiotemporal
evolution of the SEIQR model.

Figure 9 demonstrates the combined use of treatment and social distancing (us,us # 0,
u; = 0). Although vaccination is not employed, progression from the exposed to the infected
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state is blocked and infected individuals are treated. As shown in this figure, the epidemic is
mitigated, with reduced spatial propagation. This combination of controls yields a low value
of J, though not as low as in cases that include vaccination, like Figure 7.
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Figure 9: Impact of combined treatment and social distancing strategies (us and ug) on the spatiotemporal
evolution of the SEIQR model.

Figure 10 shows that when all three controls are active (uq, ug, ug # 0), the most compre-
hensive approach is achieved. The results confirm that this strategy is the most effective. The
infection has nearly been eradicated and the spatial spread is minimal. This leads to the lowest
cost functional 7 among all scenarios, demonstrating the importance of combining multiple
interventions.
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Figure 10: Effect of combined vaccination, treatment, and social distancing strategies on the spatiotemporal
dynamics of the SEIQR model.

Table 4 provides a comparison of the cost functional J across all eight cases presented in
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Figures 3-10. The results confirm that the full control case is optimal, while the absence of
control results in the highest cost.

Table 4: Cost functional J for various control strategies in the SEIQR model.

Cases | (1) (2) (3) (4) (5) (6) (7) (8)
Value of +03 +03 +03 +03 +03 +03 +03 +03
W, 1) 5.7377e 2.2086e 2.3499¢ 2.5903e 1.4402e¢ 1.6186¢ 1.6632¢ 1.3562¢

J(

As a result, the ordering from the largest to the smallest value of the objective functional
J, along with the corresponding effectiveness of each strategy in controlling the spread of the
disease, is as follows:

- Case 1: In the absence of any intervention, the disease spreads freely, resulting in the
highest epidemiological and economic cost.

- Case 4: Implementing distancing for exposed and infected individuals slightly mitigates
transmission, but alone, it is insufficient to significantly control the outbreak.

- Case 3: Treatment reduces the infectious population but does not prevent new exposures.

- Case 2: Vaccination protects susceptible individuals, yielding a better outcome than
treatment or distancing alone.

- Case 7: Combining reactive measures (treatment and distancing) is more effective than
either strategy individually, yet it still lacks prevention at the susceptible level.

- Case 6: Adding a preventive measure, such as like vaccination greatly reduces disease
spread when combined with distancing.

- Case 5: This pairing (vaccination and treatment) effectively tackles both susceptibility
and infectiousness.

- Case 8: Applying all three controls simultaneously yields the most significant reduction
in disease prevalence and control costs, resulting in the lowest value of the objective
functional 7.

7. Conclusion and Perspectives

In this work, we developed and analyzed a reaction-diffusion SEIQR epidemic model that
incorporates spatial heterogeneity and three time-dependent control strategies: vaccination,
treatment, and social distancing. Our primary objective was to investigate how these interven-
tions, both individually and in combination, influence the spatiotemporal spread of an infectious
disease.

First, we established the well-posedness of the model by proving the existence, uniqueness,
positivity, and boundedness of the strong solution using semigroup theory. Then, we demon-
strated the existence of an optimal solution and derived the first-order necessary optimality
conditions associated with the state model using a variational approach.

To validate and illustrate these findings, we conducted a series of numerical simulations over
a spatially discretized urban domain. The results show that all three interventions significantly
reduce the burden of the epidemic, and combining them yields the best outcome. Of the
scenarios considered, the full control strategy was the most effective in minimizing both infection
prevalence and the cost functional.
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This study underscores the importance of integrating pharmaceutical and non-pharmaceutical
interventions in spatial-temporal epidemic control. Several promising directions can be pursued
to enhance the model’s applicability. One natural extension is incorporating time delays to cap-
ture incubation periods, behavioral response lags, or delays in implementing control measures.
The model could also be enriched by accounting for mobility effects, vaccination waning, or
imperfect efficacy-factors that better reflect real-world dynamics. From a methodological per-
spective, introducing stochastic elements or quantifying parameter uncertainty would increase
the robustness of the control strategies. Finally, future research could explore developing data-
driven feedback control laws and using machine learning techniques to calibrate model param-
eters and support real-time decision-making during outbreaks.

Appendix A Proof of the First-Order Necessary Conditions

Here we provide a detailed proof of Theorem 2 presented in Section 5 of the main text.

Proof of Theorem 2. Let us assume that (¢*,u*) is an optimal pair for (1)—(2). Then, for all
e > 0, we have

JW"u’) < TW° ),
where u® and ¢ are defined in Lemma 1. For any u € (L2 u ))3, we have

j(we)ue) — j<¢*JUJ*)

3

1 T
= (/ /(mEE + k117 + KoQF + wiug 4+ wous + wsug) dr dt
o Jo

0<

+ / (kB (T, ) + kal*(T, ) + k4Q° (T, ) + o1ui (T, z) + o9us(T, x) + o3u5(T, x)) do
Q
T
- / /(/elE* + kI 4 koQ" + wiu] 4+ woul + wauy) da dt
0o Jo
_ / (ks B(T, z) + k31 (T, z) + kaQ(T, x) + oyus (T, z) + o9us(T, ) + o3us(T, x)) dx).
Q
Afterwards,
T
0 S / /(IilyEEv + I€1)/IE + HQYé + wlﬂl + U)Qﬂg + w363> dx dt
o Ja

+ / (r3Y5(T,2) + k3Y[ (T, 2) + kaY5(T, ) + 01ty (T, @) + 00tix(T, ) + o3u3(T, ) da.
Q

On the one hand, it follows from Proposition 4 that )
Vi =Yg, Y7 =Y, Y5 =Yy, in L*(U)ase— 0.

Since L*(U) C L'(U), then, we have
Vi =Yg, Y =Y, Y5 =Yy, in L'(U) ase — 0. (19)

On the other hand, since the coefficients in the system associated with Y* are uniformly
bounded, we can apply the same argument from Corollary 1 to this linear parabolic system.
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Consequently, there exists a constant C' > 0, independent of ¢, such that
oY} . . _
8tE L2(U) * HYEHL?(O,T;HQ(Q)) T HYEHHl(Q) + HYEHLoo(u)

6Y€ € € €
) s * 7 sy + 17y + 137 < € 20

Y5
ot 2w

<,

Wiy + V8l + 178l < €

This implies that the family of functions {(Y§, Y5, YF,Y§, Yé)}s is equicontinuous in (L*(U ))5
for ¢t € [0,T], with respect to the arbitrary positive number . Furthermore, since H*() is
compactly embedded in L?(2) (see, e.g. [36]), it follows from (20) that there exists a constant
Cy > 0 such that [|Yg|[z2) < Oy, |Y7[|L2(0) < Co, and [[Y{§[|22() < Oy for any ¢ € [0,T] and
e > 0. Since Yg,Y;, Yo € WH2(0,T; L*(2)) € C(0,T; L*(R)), we can apply the Ascoli-Arzela
theorem together with the uniqueness of limits to conclude that

lim [[Y5(T) = Yu(T) |2y < lim meax 1YE() = Ys ()|l r2(0) =0,

lim |[Y7(T) — Y (T)| 1200 < li YP(t) = Yi(t)| 200 =0
liny V7 (T) = Yi(T) 20 < lim mase [V (£) = Yi(0) |20y = 0.

li Y:S — 2 < lim max |[|Y5(t) — Yo (t 2 =
51I%|| Q(Z) YQ(Z )HL Q@ = 81 Ote[gﬂ || Q( ) Q( )||L () 0,
which means that

Ye(T,z) = Ye(T,2), Y7 (T,z) = Yi(T,x), Y5(T,z) = Yo(T, z) in LYQ) as e — 0. (21)

Now, combining (19) and (21) and passing to the limit as ¢ — 0 in (18), for any u € (L2(Z/{))3,
we obtain

T
0 S/ /(’ﬁyE + k1 YT + KoY + Wity + walls + waty) drdt
0o Jo

+ / (ksYp(T, x) + k3Y1(T, z) + kaYo (T, z) + 011 (T, x) + o2us (T, x) + o3us(T, x)) da.
Q

(22
Multiplying the first five equations of system (22) by Y§, Yg, Y7, Y35, and Y3, respectively, we
obtain

§ %YS — —AsAPsYs + (4 uf + Bi(1 — ) E* + Bo(1 — uf) ") PsYs
— Bi(1 — uy) E* PgYs — Bo(1 — uj)[* PrYs — u} PgYs,
%YE = —ApAPpYp + Bi(1 — ul)S*PsYr + (0 + p— fi(1 — uf)S*) PeYe
—0PYg + k1Y,
%Yf = —MAPY; + Bo(1 = u3)S*PsYr + (v + = Bo(1 — u5)S*) Py, inld, (23)
—YPoYr + K1Y7,
a@%YQ = —MAPYYy — pPsYo + (a+ p+ p+u3) PoYo
— (o +u3) PrYq + KoYy,
L %YR = —ARAPRrYR + uPRYr.
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Using the same technique, but applied to (14) and multiplying by Ps, Pg, Pr, Py, and Pk,
respectively, we obtain

(0
o s = AsAYsPs — (n+ wi + Bi(1 = wg) B + Bo(1 — ) ") YsPs — fi(1 = u3)S"YiPs
— ﬁg(l — u3)S*Y1PS + 5163S*E*P5 + 5263S*I*PS + pYQPS — ﬂlS*PS,
ay .
— piuzS*E* Pg,
8YI *\ Tk *\ Qrk n u’
=i D= MAYIP + Bo(1 = ul) *YsPr 4 0YgPr 4 [Ba(1 — u5)S* — (v + )] Y1 Py
— PauzS™I" Py,
0Yg
a_PQ = AAYoFo +1Y1Fo — (a4 p+ p+ u3)Yo Py — 1Q" Fy,
Y,
\ a—RPR — AgAYRPr + aYoPr + uYsPr + ulYo P — uYrPr + 115" Pg + 1,Q* Pr.

(24)
Adding (23) and (24), we further obtain

(s i)+ (o Seme) + (G 5 7)

(8PQ Yy P@) . <8PR 0Yr

TR LI TG PR)

— (AsAPsYs + ApAPpYg + A APY; + M\gAPQYo + ApAPRYR)  (25)
+ AgAYsPs + gAY Py + M AY P+ A\gAYo Py + AgAYRPr

+ K1 YE + K1Y + RoYg + BilisS* E* Py + B3 S* I* Ps — 11, S* Ps

— BilisS* E* Py — BalisS*I* Pr — Q" Py + 115" Pr + 1Q" Pr.

Combining the initial and final conditions in (14) and (22), yields

/ / %YS aYSPg) dxdt = / [PSYS} gdl‘ = 0,

Q

/ / 5’P By aYEPE) dz dt = / [PpYe], dr = / —r3Yp(T, z)dz,
Q Q

/ / @Yz 8Y1P1> d:cdtz/[PIYz}on:rz/—ﬁsz(Tal’)d%
Q Q

/ / aP 2o + 8YQPQ) dr dt = /Q [PoYo], dr = /Q —raYo(T, x)dw,

/ / aP Ry, 8YRPR> dz dt = / [PrYr] ! da = 0.
Q

Using the divergence theorem together with the homogeneous boundary conditions, we get

/ )\SAPSYS + AgAPgYr + M APY7 + )\QAPQYQ + )\RAPRYR) dx dt
0

KJ

T
+ / AsAYSPS + AgAYEPr + \[AY[ Pr + /\QAYQPQ + )\RAYRPR) dx dt.
0

iO
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Thus, (25) becomes

/ (—rsYr(T, ) — kY1 (T, z) — kaYo(T, z)) d
Q
r _ _ _ (26)
:/ / (/‘ﬁYE + /‘€1Y[ + HQYQ + Bl’(LgS*E*Ps + BQUgS*I*Pg — Uls*PS
0 Q
— ﬁlﬂgS*E*PE — Bgﬂgs*]*P[ — ﬁgQ*PQ + a1S*PR + ﬁzQ*PR) dxdt.
Substituting (26) into (22), we obtain
T T
/ /(S*PS—S*PR—F'LUl)ﬂl dxdt+/ /(Q*PQ —Q*PR—sz)ﬂg dx dt
0 Q 0 Q
T
+ / / (B1S*E*(Pg — Ps) + BoS™I"(Pp — Ps) + w3)us dz dt
0 Q

2—/a{dl(T,x)dx—/agﬂz(T,x)dx—/agﬂg(T,x)dx.
Q Q

Q

Recall that u € (LQ(Z/{))?’ is arbitrary. Thus, by taking @ = u — u* for any u € V,4, the
inequality (16) is established.
Moreover, if o1 = 09 = 03 = 0, then from (16), for any u € V,4, we have

T T
/ /(S*PS — S*Pr 4 wq)(uy — uy) dedt + / /(Q*PQ — Q" Pr + ws)(ug — uj) drdt
0 Jo 0 Jo
T
0 Jo
Owing to the arbitrariness of u € V,4, the above inequality is equivalent to
T
. / /[S*Pg — S*Pp + wq](uy — uy) dedt >0,
0 Ja
T
® / /[Q*PQ — Q*PR + U)Q](’UQ — U;) dx dt > 0, (27)
0 Ja
T
. / / (815" E*(Py — Ps) + 0aS° I (P — Ps) + ws] (us — ) du dt > 0,
0 Ja

We consider the first inequality in (27). Let ©; = {(t, x) €U | (S*Ps — S*Pr+w;)(t,x) < O},
and ©, = {(t,z) € U | (S*Ps — S*Pr + w;)(t,z) > 0}. Then, we have
T
/ /[S*Pg — S*Pp + wq](uy — uy)(t,x) dx dt
0o Ja

= / [S*Ps — S*Pr + wq](uy — uy)(t, x) dx dt + / [S*Ps — S*Pr + wq](uy — uy)(t, z) dx dt.
01 ©2

It is easy to show that the first inequality in (27) holds for any u € U if and only if
/ [S*PS — S*PR + wl](ul — UT) dx dt Z O,
61

and
/ [S*Pg — S*Pp + wy](uy — uy) dzdt > 0,
(SD}
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which implies

uy —uy <0 forall (t,z) € ©, and uy —wuj >0 forall (t,z) € O.

Therefore, uj =1 on O, and u} = 0 on ©,. We finally obtain

17 if (S*PS — S*PR —I—wl)(t,x) S O,

ui(t,x) =
it,2) 0, otherwise.
Similarly,
1, if (Q*Pog— Q*P t,x) <0
u;(t,x): , 1 (Q Q Q R"‘U)Q)(,Z’)_ )
0, otherwise,
and
% ]_, if (ﬁls*E*(PE—Ps)—FBQS*]*(P[—Ps)+UJ3)(t,ZE) S 0,
uz(t,z) = .
0, otherwise.
This completes the proof. O
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