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Abstract

Pseudodifferential parabolic equations with an operator square root arise in wave prop-
agation problems as a one-way counterpart of the Helmholtz equation. The expression
under the square root usually involves a differential operator and a known function. We
discuss a rigorous definition of such operator square roots and show well-posedness of the
pseudodifferential parabolic equation by using the theory of strongly continuous semi-
groups. This provides a justification for a family of widely-used numerical methods for
wavefield simulations in various areas of physics.
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1. Introduction

A large family of one-way propagation equations used in the numerical modeling of
wave phenomena is known as the parabolic wave equations (PWEs). They have their
origin in the work of Leontovich and Fock [1], in which a model for the simulation of
radio waves was proposed. Since then, a wide variety of PWEs have been developed to
solve practical problems in seismics, acoustics, optics, and electrical engineering [2, 3, 4, 5]
(sometimes referred to as beam propagation methods). In this approach, boundary value
problems for the Helmholtz equation in a waveguide are replaced by Cauchy problems
for PWEs, which are more convenient to handle numerically using marching solution
techniques. Another reason for the success of this approach is the ability to cancel out
certain oscillatory terms, thus removing a wavelength resolution limitation associated
with the step size.
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Currently, the standard approach to deriving PWEs is based on a formal factorization
of the Helmholtz operator. Such factorization leads to evolutionary equations involving
the square root of a differential operator [6], sometimes called pseudodifferential parabolic
equations (PDPEs) (they also appear in the literature under a variety of names, e.g.,
very-wide-angle parabolic equations). Many modern wave propagation techniques are
designed to solve PDPEs directly [4, 7, 8] (rather than first rewriting them, e.g., using
some approximation of the square root operator). An important example is a powerful
method called Split-Step Padé (SSP) [9, 10], which was a breakthrough in both accuracy
and performance in underwater acoustics.

Despite the existence of a large number of works on PDPEs and their practical im-
portance, to the best of our knowledge the questions of uniqueness, existence and well-
posedness for such equations have not been addressed in the literature. In fact, most
of the research on this topic does not even rigorously define the square root operator
[5, 8, 7]. This letter aims to fill this gap. We provide a derivation of the most common
PDPE form and rigorously define the square root operator in this equation. We then
prove the uniqueness and existence of the PDPE solution using the semigroup property
of the latter operator. Our discussion includes the piecewise constant dependence of the
propagation medium on the range (i.e., on the evolutionary variable).

2. The Pseudo-Differential Parabolic Equation

Consider the two-dimensional Helmholtz equation in Cartesian coordinates (z,y),
u 2
— + =5 +k*(z,y)u=0, (1)
T Y

where u = u(z,y) is the unknown function and k = k(z,y) is a coefficient called medium
wavenumber. In practice, k(z,y) is usually a complex quantity with both real and imag-
inary parts being positive and bounded both from above and from below (the imaginary
part represents wave absorption, and it is usually much smaller than the real part).

Assuming that the coefficient dose not depend on z (this is a preferred direction
of propagation called waveguide axis along which the medium parameters change very
slowly [1, 3, 7]), we can factorize the operator in Eq. (1) to get

0 0? 0 0?2
il = 2 I 2 —
(33: ' dy? g (y)) <8x ' oy? g (y)) u=0, @

where the factors on the left-hand side correspond to leftward and rightward one-way
propagation of the wave, respectively. Without loss of generality, hereafter we consider
the latter case and rewrite the one-way counterpart of Eq. (2) as the PDPE

ou
3y 1 Au (3)

for x > 0, —00 < y < 0o, where A = % + k2 is a differential operator acting on the
functions of the coordinate y representing a direction transverse to the waveguide axis.
Eq. (1) arises in various physical settings. For example, in underwater acoustics, u(z,y)
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can describe the acoustic pressure field in a vertical plane [9, 3], where 2 denotes the range
and y the depth (in this case, Eq. (1) is usually supplemented by boundary conditions,
representing the sea surface and the bottom, e.g., u(z,0) = 0 and u(x, H) = 0). Eq. (1) on
the entire half-space x > 0 can be considered as a one-way counterpart of the horizontal
refraction equation for one mode amplitude in the adiabatic approximation [3, 7].

The derivation of Eq. (1) is somewhat heuristic. However, once it is obtained it is
desirable to establish that, for an initial condition u(0,y) = uo(y) at z = 0, the Cauchy
problem in Eq. (3) is well-posed in an appropriate function space. Well-posedness means
existence and uniqueness of the solution together with continuous dependence on the
initial value (see e.g. [11, Section II.6] for a more thorough discussion). For Eq. (3)
well-posedness is equivalent to the property that iv/A generates a strongly continuous
semigroup (T)z>0 [11, Theorem IL1.6.7]. In this case, for each initial value ug = ug(y)

the unique solution of Eq. (3) is given by u(z,y) = Truo(y).

3. Definition and generator properties of iv A

In this section we discuss criteria for the existence and uniqueness of square roots
of unbounded operators on a Hilbert space. This will give a precise meaning to the
expression VA in the PDPE (3). Let H be a complex Hilbert space. We use the
convention that the inner product is anti-linear in the first argument and linear in the
second. Let A: H O D(A) — A be a closed linear operator. We denote the spectrum of
A by o(A); its complement p(A) := C\ o(A) is called the resolvent set of A. We will first
discuss uniqueness and then existence. Even for complex numbers (rather than operators)
the complex square root is only unique if one imposes an additional assumption on the
argument of the root. Similarly, the spectral conditions in the following proposition
ensure the uniqueness of a square root operator, provided that it exists.

Proposition 3.1 (Uniqueness of square roots). Let H be a complex Hilbert space and let
A: H D D(A) — H be a closed linear operator such that (—o00,0] C p(A). There exists
at most one closed linear operator B: H O D(B) — H with the following properties:

(a) B2 = A.
(b) The spectrum o(B) is contained in the right half plane {\ € C | Re X > 0}.

Proof. Consider two closed linear operators B: H D D(B) — H and B: H D D(B) — H
which satisfy the properties (a) and (b). It follows from the spectral mapping theorem
for polynomials [12, Proposition A.6.2] that the imaginary axis does not intersect o(B)
nor o(B). In particular, B~* and B~! are bounded linear operators on H whose square
is equal to A~! and whose spectra are also contained in the open right half plane C :=
{z € C| Re(z) > 0}. Now consider the holomorphic functions

f:Cp = C\ (—=00,0], 222
g: C\ (=00,0] = Cy, 2z 22
i.e., g is the principal branch of the complex square root. Note that the composition go f
is the identity function on the domain C;.
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Since B~! and A~! are bounded operators whose spectra are contained in C, and
C\ (—o0, 0], respectively, one can use the Dunford functional calculus to compute f(B~1)
and g(A™1) (see e.g. [13, Section V.8] or [14, Section VIIL.7] for details on this functional
calculus). One has f(B™1) = (Bfl)2 = (Bz)f1 = A~! (here we used the multiplicativity
of the functional calculus, see e.g. [13, Theorem V.8.1] or [14, Theorem in Section VIII.7])
and

B =(go /)BT =g(f(B™") =g(A™");

the first equality uses that the functional calculus is compatible with compositions of
functions, see [14, Corollary 2 in Section VIIL7, p.227]. The same reasoning can be

applied to B instead of B, giving B~ = g(A=1) = B~ Hence, B = B, as claimed. [
Proposition 3.1 justifies the following definition.

Definition 3.2 (The square root of an operator). Let H be a complex Hilbert space
and let A: H O D(A) — H be a closed linear operator such that (—o00,0] C p(A). We
say that A has a square root if there exists a closed linear operator B: H 2 D(B) — H
which satisfies B? = 4 and o(B) C {\ € C | Re A > 0}. In this case we call B the square
root of A and denote it by B =: A/2.

The existence of such a square root is not guaranteed in general. In the following we
discuss an operator theoretic result which ensures the existence of a square root under
assumptions that are well-suited to the PDPE (3). We need the following concept: For a
closed linear operator A: H O D(A) — H on a complex Hilbert space H, the numerical
range of A is defined to be the set

W(A) = {(f|Af) | f € D(A) and | f| =1}

The set W(A) is always convex [15, Theorem V.3.1, p.267]. The complement of its
closure W(A) has either one or two connected components, and if one of them intersects
p(A), then this entire connected component is contained in p(A) [15, Theorem V.3.2].

Proposition 3.3 (Existence of square roots). Let H be a complex Hilbert space and let
A: H D D(A) — H be a closed linear operator. Assume that there is a 6 > 0 such that

o(A)UW(A) C Crnzs :={A € C|ImA > 4}.

Then A has a square root and the spectrum and numerical range of AY? are located in

the first quadrant of C and satisfy o(AY/?) C W (A1/2).

Proof. By assumption, the numerical range of the operator —iA is contained in the closed
right half plane of C, which means in the terminology of [15, Section V.3.10, p.279] that
—iA is accretive. It also follows from the assumption that the closed left half plane (and
thus, in particular, the open left half plane) is in the resolvent set of —iA which means,
again in the terminology of [15, Section V.3.10, p.279], that —iA is even m-accretive.
Hence, one can apply [15, Theorem V.3.35, p. 281] which says that there is a closed
linear operator C' on H that satisfies C? = —iA and whose numerical range satisfies

W(C) C {z € C|larg(2)] < T} (4)
4
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Moreover, by the same theorem the operator C' is m-sectorial (see [15, Section V.3.10,
p.280] for the definition of this notion), so in particular all A € C with sufficiently
negative real part are in the resolvent set of C. So the complement of W(C') intersects
the resolvent set of C; moreover, it follows from (4) and the convexity of W(C') [15,
Theorem V.3.1, p. 267] that the complement of W(C') is connected. The facts mentioned
before Proposition 3.3 thus imply o(C) C W(C). We conclude that the operator B :=
€' C has all the required properties. O

Note that the reference [15, Theorem V.3.35, p.281], which we used in the proof,
does not only give existence but also uniqueness of square roots — but only among all
accretive operators. As a consequence of Proposition 3.3 one gets the following well-
posedness result for differential equations.

Corollary 3.4 (Generation theorem for i times a square root). Under the assumptions
of Proposition 3.3 the operator iAY/? generates a contractive Cy-semigroup on H.

Proof. According to Proposition 3.3 the square root A'/? exists, and the spectrum and
numerical range of iA'/2 are located in the second quadrant of C. This means that i4'/2
is m-dissipative (which is another term for saying that minus the operator is m-accretive),
so it generates a contractive Cp-semigroup according to the Lumer—Phillips generation
theorem [11, Corollary I1.3.20]. O

The following example shows why the operator A = 88—;2 +k? in the PDPE (3) satisfies
the assumptions of Proposition 3.3 and Corollary 3.4 if the real and imaginary parts of
k are positive and bounded away from 0. In this case one can choose L = §%/9y? and
m = k2.

Example 3.5. Let H = L?*(Q) for a domain Q C R, let L: H 2 D(L) — H be a
self-adjoint linear operator and let m: Q@ — C be a bounded and continuous (or, more
generally, bounded and measurable) function that satisfies Im(m(w)) > § for a § > 0
and all w € Q. Then the operator A := L + m with domain D(A) := D(L) satisfies
0(A)UW(A) C Cim>s, so Proposition 3.3 and Corollary 3.4 are applicable to A.

Proof. Since L is self-adjoint one has W (L) C R, and it is easy to check that W(m) is
contained in the closure of the range of m. Hence,

W(A) CW(L)+W(m) C R+ Cry>s € Crm>s.

Since m is a bounded perturbation, all numbers with sufficiently negative imaginary part

are contained in p(L+m). To see this, first note that ||(A — L) 71| < IIrrllix\\ forall A € C\R

since L is self-adjoint and then conclude that A — (L+m) = (1 =m(A— L)"') (A= L) is
invertible for |m| ., < [Im A| by using the Neumann series. So the connected component
of C\ W(A) that contains C \ Cyp>s intersects the resolvent set p(A) and hence is
contained in p(A), as pointed out before Proposition 3.3. So 0(A) C Ciy>s- O

Remark 3.6. Example 3.5 gives the well-posedness of the PDPE (3) under the assump-

tions discussed before the example. The argument assumed that k2(x,y) does not depend

on z, but it can be directly generalized to the case where k?(x,y) is piecewise-constant

in x. More precisely, assume that the interval € [0, L] is divided into a set of N subin-

tervals [zj_1,2;], 7 = 1,...,N, where zp = 0, zy = L, and k?*(z,y) = k:jz(y) for all
5
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x € [x;j—1,z;]. Then the Cauchy problem (3) can be solved piecewise on the subintervals
[£j-1, 2]

4. Conclusion

We provided a theoretical foundation for the PDPEs theory, which is widely used
in the numerical simulation of wave dynamics [3, 4, 5, 8, 9]. First, we gave a rigorous
definition of the square root operator appearing in such equations. Second, we established
the well-posedness of the corresponding Cauchy problem. Due to the abstract nature of
the proofs, they cover most typical Cauchy problem setups that arise in practice (e.g., it
is sufficient that the initial data wg is square integrable), although the dependence of the
problem parameters on the range (i.e., on ) is restricted to piecewise constant functions.
In many physics and engineering problems, this is exactly the way the information about
the medium is usually given [3]. On the other hand, it is desirable to establish the same
results as above for more general types of range-dependent media (we plan to address
this in future work).
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