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In this paper, we discuss the concept of quantum graphs with transparent vertices by consider-
ing the case where the graph interacts with an external time-independent field. In particular, we
address the problem of transparent boundary conditions for quantum graphs, building on previous
work on transparent boundary conditions for the stationary Schrödinger equation on a line. Physi-
cally relevant constraints making the vertex transparent under boundary conditions in the form of
(weight) continuity and Kirchhoff rules are derived using two methods, the scattering approach and
transparent boundary conditions for the time-independent Schrödinger equation. The latter is de-
rived by extending the transparent boundary condition concept to the time-independent Schrödinger
equation on driven quantum graphs. We also discuss how the eigenvalues and eigenfunctions of a
quantum graph are influenced not only by its topology, but also by the shape/type of a potential
when an external field is involved.

I. INTRODUCTION

The concept of quantum graphs appeared in the lite-
rature about two decades ago. The first studies of
branched quantum wires described using the Schrödinger
equation on metric graphs came from Exner, Seba and
Stovicek [1]. Later, Kostrykin and Schrader [2] developed
a more rigorous mathematical study of the problem by
deriving general self-adjoint vertex boundary conditions.
Various aspects of quantum graph theory have been con-
sidered in physical [3–12] and mathematical contexts [13–
18]. Experimental realization of quantum graph spectra
in microwave networks was presented in [19–23]. Such ex-
perimental study is possible because such networks can
“mimic” quantum graphs, since waves there are described
by the Helmholtz equation. Quantum graphs can be de-
fined as a system of quantum wires connected according
to a certain rule, called the topology of a graph.
Particles and waves in quantum graphs can be de-

scribed by the stationary or time-dependent Schrödinger
equation on metric graphs. In such an approach, the
wave function is a multi-component vector, with each
component associated with a particular bond, and the
Schrödinger equation is defined on each bond of a graph.
To solve this equation, boundary conditions (matching
conditions) must hold at the nodes of the graph, i.e., at
the vertices, as well as at the end of each bond.

In the case of the stationary Schrödinger equation, the
vertex boundary conditions are used to obtain a secular
equation for determining the eigenvalues of the problem.
Depending on the topology of a graph, one obtains differ-
ent eigenvalues, i.e., the eigenvalues and eigenfunctions of
a quantum graph depend on its topology. When a quan-
tum graph is subjected to the interaction of an external
field, the solution of the problem depends not only on
the topology but also on the shape/type of a potential.

In this paper we address the problem of transpar-
ent boundary conditions for quantum graphs by con-
sidering these latter as interacting with an external

time-independent potential, i.e. driven quantum graphs.
To formulate and solve the problem, we use the con-
cept of transparent boundary conditions for the time-
independent Schrödinger equation, which was previously
considered in [24–30]. In [24] the extension of absorbing
boundary conditions in the time domain to the compu-
tation of steady states is studied. The concept of trans-
parent boundary conditions for the time-independent
Schrödinger equation implies that its solutions (in the
presence of an external time-independent potential) in
the finite interval are equivalent to those in the whole
space.
We note that driven quantum graphs are less studied

topic in the context of quantum graph theory, despite
its importance for modeling quantum transport in in-
teracting low-dimensional branched systems. In [31] the
trace formula for driven quantum graphs has been stud-
ied. In [32, 33] two-particle quantum graphs, interacting
via the delta-potential is studied. The ref. [34] consid-
ers optimal potentials for quantum graphs. Previously,
quantum graphs driven by the Coulomb potential were
used to model exciton transport in branched conducting
polymers [35]. Quantum graphs confined in the harmonic
oscillator potential were considered in [36].
This paper is organized as follows. In Section II, we

recall the problem of transparent boundary conditions
for the stationary Schrödinger equation on a line. Sec-
tion III presents an extension of the problem for graphs.
Section IV presents numerical experiments. Finally, con-
cluding remarks are made in Section V.

II. TRANSPARENT BOUNDARY CONDITIONS
FOR THE STATIONARY SCHRÖDINGER

EQUATION ON A LINE

Here, following the Refs.[24], we briefly recall the
derivation of the transparent boundary conditions for the
stationary Schrödinger equation on a real line. Consider
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the one-dimensional stationary Schrödinger equation(
− d2

dx2
+ V

)
φ = Eφ, x ∈ R, (1)

with a given, (generally nonlinear) potential V :=
V (x, φ). The solution of this problem is a pair (φ,E),
namely the eigenvalues E and the corresponding eigen-
functions φ of the system. Let us now solve the Eq. (1)
in an interval with some boundary conditions, so that its
solution coincides with the solution of the problem for
the whole space restricted in the considered interval. In
the following, such boundary conditions are called trans-
parent boundary conditions (TBCs).
For the derivation of TBCs (also called absorbing

boundary conditions in the literature) for stationary
Schrödinger equations, we refer to the work [24]. Here
we start by considering the time-dependent problem on
the whole space given as{

i∂tu+ ∂2
xu+ V u = 0, ∀(x, t) ∈ R× R+,

u(x, 0) = u0(x), x ∈ R.
(2)

We also consider a finite computational interval Ω =
[xl, xr]. The artificial boundary Σ is given by the two
interval endpoints xl and xr and the outward unit nor-
mal vector to Ω is denoted by n.

For this case the following second- (3) and fourth-order
(4) TBCs on the boundary Σ were obtained:

∂nu = i
√

i∂t + V u, (3)

∂nu = i
√
i∂t + V u+

1

4

∂nV

i∂t + V
u, (4)

where we take the square root with a positive real part.
In case of an operator A,

√
A denotes the square root

operator of A with respect to its spectral decomposition.
Now, using the transformation (‘gauge transform’) [27]

u(x, t) = φ(x) e−iEt, (5)

we obtain the time derivative

i∂tu = Eφ(x) e−iEt,

and thus the left hand side of (3) reads

i
√
i∂t + V u =

√
E − V

(
φ(x) e−iEt

)
.

These considerations lead to some stationary TBCs cor-
responding to the Eqs. (3) and (4):

∂nφ = i
√
E − V φ, on Σ, (6)

∂nφ = i
√
E − V φ+

1

4

∂nV

E − V
φ, on Σ. (7)

In this way, the stationary TBCs were derived assuming
that the solution of (2) can be written as a time-harmonic
solution (5).

A. Example: Confined quantum harmonic
oscillator

Here we demonstrate practical applications of TBC for
realistic physical systems. Namely, we consider a quan-
tum particle confined in a 1D box [xl, xr] subjected to the
interaction of a harmonic oscillator (parabolic) potential.
Such a potential represents a parabolic well (caused by,
e.g. external constant uniform magnetic field) with the
cut-off at the box walls. The Hamiltonian of the system
can be written as (in the units ℏ = m = 1):

H = −1

2

d2

dx2
+

1

2
ω2x2. (8)

The complete solution of the stationary Schrödinger
equation on the real line

Hϕ = Eϕ, x ∈ R, (9)

can be written in terms of the confluent hypergeometric
function of the first kind:

ϕ(x) = exp
(
−1

2
ωx2

)[
AM

(1
4
− E

2ω
;
1

2
;ωx2

)
+B ω

1
2xM

(3
4
− E

2ω
;
3

2
;ωx2

)]
(10)

where A and B are constants and M(·; ·; ·) denotes the
Kummer’s function [41].
Imposing the TBCs (6) results in a system of linear

algebraic equations with respect to the coefficients A and
B:

h(E)

(
A
B

)
= 0, (11)

where the elements of the 2× 2 matrix h are given as

h11 = −
(
ωxl + i

√
E − 1

2
ω2x2

l

)
M

(1
4
− E

2ω
;
1

2
;ωx2

l

)
+

(1
2
− E

ω

)
M

(5
4
− E

2ω
;
3

2
;ωx2

l

)

h12 = −
(
ωx2

l−1+ixl

√
E − 1

2
ω2x2

l

)
M

(3
4
− E

2ω
;
3

2
;ωx2

l

)
+ x2

l

(1
2
− E

3ω

)
M

(7
4
− E

2ω
;
5

2
;ωx2

l

)

h21 = −
(
ωxr − i

√
E − 1

2
ω2x2

r

)
M

(1
4
− E

2ω
;
1

2
;ωx2

r

)
+

(1
2
− E

ω

)
M

(5
4
− E

2ω
;
3

2
;ωx2

r

)

h22 = −
(
ωx2

r−1+ixr

√
E − 1

2
ω2x2

r

)
M

(3
4
− E

2ω
;
3

2
;ωx2

r

)
+ x2

r

(1
2
− E

3ω

)
M

(7
4
− E

2ω
;
5

2
;ωx2

r

)
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The existence of non-trivial solutions of the above alge-
braic system (11) leads to the following secular equation
with respect to E

det
(
h(E)

)
= 0. (12)

The roots of Eq. (12) give the eigenvalues of the con-
fined quantum harmonic oscillator with TBCs. These
eigenvalues and corresponding eigenvectors must coincide
with the solution of the whole-space problem restricted
to (xl, xr).

III. QUANTUM GRAPHS WITH
TRANSPARENT VERTICES

A. The scattering approach

The concept of transparent boundary conditions has
recently been extended to the case of evolution equations
on graphs, by considering linear [37] and nonlinear [38]
Schrödinger equations on graphs and the Dirac equation
on quantum graphs [39]. In all cases the focus was on
time-dependent equations.

Here we consider the Schrödinger equation on the star
graph given on each of its bonds as

− d2

dx2
Ψj(x) = k2Ψj(x), j = 1, 2, . . . , N, (13)

where N is the number of bonds. The coordinates x
take the value 0 at the vertex and go to infinity at the
unbounded ends.

The wave function must satisfy certain boundary con-
ditions at the vertices, the imposition of which guarantees
that the resulting Schrödinger operator is self-adjoint.
One of these boundary conditions at the vertex can be
written as a generalized form of the continuity condition

α1Ψ1(0) = α2Ψ2(0) = . . . = αNΨN (0), (14)

and the current conservation

N∑
j=1

1

αj

d

dx
Ψj(0) = 0, (15)

where αj ∈ R are some non-zero coefficients.
Using the scattering approach [3], the total wave func-

tionΨ can be written as a linear combination of functions
Ψi, which are solutions for the case where an incoming
wave enters the vertex from bond i and outgoing waves
from the vertex to all bonds j (including j = i corre-
sponding to the reflected part). Ψi is an N -dimensional
vector with components Ψi,j(x) for all 1 ≤ j ≤ N ,

Ψi,j(x) = δj,i e
−ikx + σi,j e

ikx. (16)

Here σ is the N × N scattering matrix, which provides
a transformation between the incoming and the outgo-
ing waves at the vertex. The continuity condition (14)

together with (16) results in

σi,j =
αi

αj
(1 + σi,i), ∀j (j ̸= i). (17)

Now, the current conservation condition (15) together
with (16) leads to

1− σi,i =

N∑
j = 1
j ̸= i

αi

αj
σi,j . (18)

Then, using (17) we can determine σi,i

σi,i =
(
1−

N∑
j = 1
j ̸= i

α2
i

α2
j

)
/
(
1 +

N∑
j = 1
j ̸= i

α2
i

α2
j

)
. (19)

Since we are interested in non-reflecting waves, we need
to make the reflection probability |σi,i|2 vanish. Obvious-
ly, this can be achieved for the (19) by satisfying the fol-
lowing conditions on the coefficients αj , (j = 1, 2, . . . , N),
in the form of a sum rule

1

α2
i

=

N∑
j = 1
j ̸= i

1

α2
j

. (20)

The satisfaction of (20) corresponds to the case where
an incoming wave from bond i enters the vertex without
reflection and outgoing waves from the vertex to all other
bonds j. Note that this condition (20) was derived earlier
by applying the transparent boundary conditions to the
time-dependent Schrödinger equation on graphs [37].
Now, let us consider the same problem in presence of

some potential Vj(x) given for each bond j :

− d2

dx2
Ψj(x) + Vj(x)Ψj(x) = k2Ψj(x), j = 1, 2, . . . , N,

(21)
with the same boundary conditions (14) and (15). In this
case, the components Ψi,j(x) of the total wave function
can be written as

Ψi,j(x) = δj,i e
−i
√

k2−Vj(x)x + σi,j e
i
√

k2−Vj(x)x. (22)

The boundary conditions (14) and (15) at the vertex
together with (22) can be used to determine σi,i

σi,i =
1−

∑N
j = 1
j ̸= i

α2
i

α2
j

√
k2−Vj(0)
k2−Vi(0)

1 +
∑N

j = 1
j ̸= i

α2
i

α2
j

√
k2−Vj(0)
k2−Vi(0)

. (23)

Again, by requiring the reflection probability to vanish
we get the energy dependent expression√

k2 − Vi(0)

α2
i

=

N∑
j = 1
j ̸= i

√
k2 − Vj(0)

α2
j

. (24)

Under the condition that all the bond potentials have
the same value at the vertex (i.e. V1(0) = V2(0) = · · · =
VN (0)), we can obtain the same constraint given by (20).
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B. Derivation of the sum rule using the
transparent boundary conditions

Here we use the concept of transparent boundary con-
ditions (TBCs) introduced in Section II, to derive the
conditions for the vertex transparency. In particular, we
focus on the solution of Eq. (21) with boundary condi-
tions (14) and (15) imposed on the vertex.

Assuming that the solution of the time-dependent ver-
sion of Eq. (21) can be written as a time-harmonic solu-
tion

Ψj(x, t) = φj(x) e
−iEt, j = 1, 2, . . . , N, (25)

we can write the stationary transparent boundary condi-
tions for all the bonds as

∂nφj = i
√
E − Vj φj , (26)

for the second-order approximation and

∂nφj = i
√
E − Vj φj +

1

4

∂nVj

E − Vj
φj , (27)

for the fourth-order approximation at the vertex (x = 0).
We now assume that the ith bond number is the

computational domain and the other bonds are exter-
nal bonds. Considering the higher order of the given
approximations, i.e., the Eq. (27) and using the current
conservation conditions (15), we obtain

1

αi

d

dx
φi +

N∑
j = 1
j ̸= i

1

αj

(
i
√
E − Vj φj +

1

4

V ′
j

E − Vj
φj

)
= 0,

(28)
where Vj = Vj(0) and V ′

j = d
dxVj(x)|x=0. Using the

continuity condition (14), we can write Eq. (28) in terms
of φi as

− 1

αi
∂nφi +

N∑
j = 1
j ̸= i

αi

α2
j

(
i
√
E − Vj φi +

1

4

V ′
j

E − Vj
φi

)
= 0.

(29)
At this point we assume that (i) Vj(0) = Vi(0) and (ii)
V ′
j (0) = −V ′

i (0) for all bonds. This assumptions lead us
to

∂nφi =
(
i
√
E − Vi φi +

1

4

∂nVi

E − Vi
φi

) N∑
j = 1
j ̸= i

α2
i

α2
j

. (30)

It is easy to see from Eq. (30) that when the condition
(20) is fulfilled, i.e. when

N∑
j = 1
j ̸= i

α2
i

α2
j

= 1, (31)

Thus we obtain the TBC for the bond with number
i. Note that assumption (i) on the bond potentials is

FIG. 1: Finite star graph with three bonds. The
coordinates of the bonds Bj take the value 0 at the

central vertex and Lj at the edge vertices (j = 1, 2, 3).

sufficient for the second-order approximation to derive
the sum rule, while the inclusion of the second term in
the fourth-order approximation additionally requires as-
sumption (ii).
Note that under the same assumptions (i) and (ii)

above, the condition for transparent vertex boundary
conditions (31) can be generalized for the case when there
are M < N incoming leads (e.g., bonds j = 1, 2, . . . ,M)
and N − M outgoing leads (bonds j = M + 1,M +
2, . . . , N). For this case we can write

∂nφi =
(
i
√

E − Vi φi +
1

4

∂nVi

E − Vi
φi

)
·−

M∑
j = 1
j ̸= i

α2
i

α2
j

+

N∑
j=M+1

α2
i

α2
j

 , for i = 1, 2, ...,M. (32)

Then, the general form of the constraint reads

M∑
j=1

1

α2
j

=

N∑
j=M+1

1

α2
j

. (33)

We note that extending the above treatment to the
case of other graphs (e.g., tree, loop, triangle, etc.) can
be done along the same lines as for the star graph.

IV. THE SPECTRUM OF THE DRIVEN
QUANTUM STAR GRAPH WITH

TRANSPARENT VERTEX

Consider the Schrödinger equation (13) on the star
graph with the boundary conditions given by the equa-
tions (14) and (15) at the central vertex and the Dirichlet
boundary conditions at the edge vertices. These bound-
ary conditions ensure that the Schrödinger equation is
self-adjoint and thus that an unbounded discrete spec-
trum exists. At each boundary j (j = 1, 2, . . . , N), the
wave function Ψj can be written as

Ψj(x) =
Cn

αj sin kLj
sin k(Lj − x), (34)
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where the normalization coefficients are given by

Cn =
√
2

(∑
j

Lj + sin (2knLj)

α2
j sin

2 (knLj)

)− 1
2

(35)

The eigenvalues of the considered star graph are found
by solving the secular equation

N∑
j=1

1

α2
j tan kLj

= 0. (36)

Let us give an example. We consider the simple case
of a star graph with three bonds of lengths L1 = 5.1,
L2 = 4.3, L3 = 3.5 (see Fig. 1). We will compute the
spectrum of the quantum star graph with boundary con-
ditions (14) and (15) in the central vertex and Dirichlet
boundary conditions in the edge vertices. To make the
central vertex transparent, we choose parameters such as
α1 = 2.4, α2 = 3, α3 = 4 that satisfy the sum rule (20).
The eigenvalues of such a graph are found by comput-
ing the zeros of the secular function on the left side of
Eq. (36). The graph of this function is shown in Fig. 2.
The first five eigenvalues are listed in Table I. The cor-
responding eigenfunctions are plotted in Fig. 3.

n kn

1 0.34519971576497

2 0.61599855952741

3 0.83908748094051

4 1.04930134453149

5 1.35717565248649

TABLE I: Values of the first five eigenvalues of the
considered quantum star graph.

V. CONCLUSIONS

We considered the problem driven (interacting with
external field) quantum graph with transparent (reflec-
tionless) vertex is considered within the concept of trans-
parent boundary conditions and within the scattering
approach. Transparent vertex boundary conditions for
the time-independent Schrödinger equation on the graph
containing external potential are derived.

Within the scattering approach, it is shown that such
conditions ensure the absence of backscattering at the
vertex, provided that certain constraints on the system
parameters are satisfied.

A more rigorous mathematical study of quantum
graphs has been carried out considering vertex boundary
conditions leading to a self-adjoint Schrödinger equation.
Although the above results are obtained for the case of
a star-branched graph, the extension of the approach to
other graph topologies is rather trivial.

0 0.5 1 1.5 2

k

-6

-4

-2

0

2

4

6

FIG. 2: The secular function (36) for the star graph is
shown in Fig. 1 with L1 = 5.1, L2 = 4.3, L3 = 3.5 and

boundary condition parameters α1 = 2.4, α2 = 3,
α3 = 4.

0 5.1

X
1

k
1

k
2

k
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k
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X
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3

B
3

FIG. 3: Eigenfunctions corresponding to the first five
eigenvalues.

The model of transparent quantum graph presented in
this study can be directly applied to describe reflection-
less quantum transport in various low-dimensional sys-
tems, such as branched molecular chains and conducting
polymers, semiconductor quantum wire networks, multi-
branched topological insulators, etc. The extension of
the approach to other quantum mechanical wave equa-
tions, such as Dirac, Klein-Gordon and Bogoliubov de
Gennes equations, is of importance and is the subject of
future research.
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