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Abstract

In this paper, we present a fully discrete finite difference scheme with a fast
convolution of artificial boundary conditions for solving the Cauchy problem
of the one-dimensional linearized Benjamin-Bona-Mahony equation.

The Padé expansion of the square root function in the complex plane
is used to implement the fast convolution thereby significantly reducing the
computational costs incurred by the time convolution.

By introducing a constant damping term into the governing equations,
the convergence analysis is performed when the damping term satisfies cer-
tain conditions. The theoretical analysis is supported by numerical examples
that demonstrate the performance of the proposed fast numerical method.

Keywords: Benjamin-Bona-Mahony equation, artificial boundary
condition, fast convolution quadrature, Padé approximation, convergence
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1. Introduction

The Benjamin-Bona-Mahony (BBM) equation is a classical nonlinear
dispersive equation governing the unidirectional propagation of weakly non-
linear long waves in the presence of dispersion. The theoretical and numeri-
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cal aspects of the BBM equation have been studied in some important works
[1, 2, 3]. In this paper, we mainly focus on the following linearized BBM
equation, cf. [3], namely,

Ou + cOpu = KOz, x E€R,E>0 (1)

The original system (1) is derived and defined on the whole space. How-
ever, the domain of numerical investigation is restricted to a bounded do-
main and one must prescribe appropriate boundary conditions. To obtain
a reliable computational method, a standard approach is to truncate the
infinite domain around the region of interest and introduce an artificial
boundary condition (ABC) at the fictitious boundary. There are quite ex-
tensive studies [4, 5, 6, 7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22]
on ABCs for some types of wave equations such as the classical Schrédinger
equation. In general, the exact ABCs for the wave equations are nonlocal
in time and contain some temporal convolutions in the formulations. Noble
proposed the exact ABC for the linearized BBM equation in [3]. The ABC
for the linearized BBM equation is also studied in [4], where the boundary
condition is treated by numerical convolutions.

However, the nonlocal convolutions in the exact ABC cause a huge com-
putational cost for the truncated problem in bounded domains (this occurs
in the long term evolution: at the n-th time step O(n) operations are re-
quired to compute the convolution integral). Therefore, fast algorithms are
introduced to reduce the computational load. Some types of fast approxi-
mation for kernel symbols are studied in [23, 24, 25, 26, 27, 28]. In most fast
algorithms, summation of exponentials is used to approximate the convolu-
tion kernel, which can reduce the computational load from O(n) to O(1).
To reduce the computational cost incurred by the exact convolution in time,
we have proposed in this paper a convergent numerical method for solving
the Cauchy problem of the one-dimensional linearized BBM equation (1),
which integrates a fast evaluation of the exact ABC.

To this end, we first reformulate the BBM equation (1) into an equivalent
form by introducing a constant damping term, and then construct a Crank-
Nicolson scheme to discretize the equivalent problem in time. Specifically,
for the reformulated Crank-Nicolson scheme, we derive a semi-discrete ABC
for the temporally discretized problem by applying the Z-transform, and
then we propose a second-order finite difference scheme for further spatial
discretization. A fast algorithm is introduced to approximate the discrete
convolution kernel involved in the exact semi-discrete ABC by using the
Padé rational expansion of the square root function [27] where the symbol



for the exact semi-discrete ABC can be approximated by a rational function
that allows a fast convolution calculation, as the multi-pole method does.
The damping term is chosen to preserve the convergence of the resulting
fully discrete numerical method [31]. Finally, a stability analysis for the
proposed numerical method is presented.

The remainder of this paper is organized as follows. In Section 2 the
problem formulation is introduced, a damping factor in time is introduced
to reformulate the problem, and the exact ABC for the semi-discrete refor-
mulated scheme is obtained. In Section 3 a semi-discrete exact ABC for
the time discretized Crank-Nicolson scheme for the reformulated problem is
derived by applying the Z-transform. Then the time and space discretiza-
tions for the reformulated system on a truncated computational domain are
proposed. In Section 4 we introduce a Padé approximation for the exact
discrete kernel and the resulting fast algorithm for practical computations.
In Section 5 we give the properties of the approximation for the exact dis-
crete kernel and determine the order of the Padé expansion. In Section 6 we
give the convergence analysis of the fast numerical solutions. In Section 7,
numerical examples are given to illustrate the effectiveness of the proposed
numerical method. In Section 8 we draw a conclusion.

2. Exact ABCs for the one-dimensional linearized BBM equation

We consider the initial value problem (IVP) for the linearized Benjamin-
Bona-Mahony (BBM) equation defined on the whole real line,

Owu(x,t) + cOpu(z, t) = KOpzru(z,t), Yo e R, Vi >0,

u(z,0) = u(x), Vz eR, (2)
lim w(z,t) =0, vVt >0.
|z| =400

Let us introduce the new function
v(z,t) = e "tu(x, t),

where ¢ > 0 denotes an auxiliary parameter for controlling the stability of
a fast algorithm to be introduced later in this paper. It is straightforward
to verify that the function v(x,t) solves the following IVP:

v (x,t) + ov(w,t) + cOpv(x,t) = KOpy (Opv(z,t) + o0 (2, 1)), Yo €R, V>0,
v(z,0) =u(z), VzeR,
lim wv(z,t)=0, Vt>O0.

|z| =400

(3)



To obtain exact ABCs for the problem (3), we first consider the following
exterior problem on the semi-infinite interval [z, +00):

Owv(x,t) + ov(x, t) + cOpv(x,t) = KOpy <8tv(a:, t) + ov(z, t)),

Va € [ry,+00), VE>0, (4a)
07 Vi € [QT+,—|—OO), (4b)
, Vt>0. (4c)

v(z,0)

xEI—lr—loo U1 (aj’ t) -

The Laplace transform of (4) in time yields

(s 4+ o)v(z,s) + cOzv(z,s) = k(s + 0)020(2, ),
Vo € [zy,0), Vse Cy, (5)
ILm v(x,s) =0, VseCqg, (6)
where C, stands for the right half part of the complex plane. Thus, the
general solution of the equation (5) reads

0(x,s) = c1(s) exp (xﬁ_(s)) + ca(s) exp <x§+(s)),

with
c

- 2k(s+0)

£4(s) W)

(1 /14 =25

c

where /- denotes the branch of the square root with non-negative real part.
Clearly, the infinity boundary condition (6) implies ca(s) = 0. Consequently,
by differentiating the last equation we obtain

0.0(x, ) = £_(s)v(x, s)

2
_ c (1_ 1+4n(5—|—a)

m ) >U(x75)7 Va € [ry,+00), Vs e Cy,

C

whose inverse Laplace transform yields an ABC at x:

Dyv(zy 1) = m(l - \/1 + W)v(w+,t), Vt>0. (7)

In the above equation (7), The factor

c 4k(0f + 0)?
2k(0; + o) \/1 * c?

4



stands for the multiplier operator (in time) associated with the symbol

c 4k(s + 0)?
- 1 + _—
2k(s + o) c?
namely,
c 4k(0y + 0)?
t
2k(0; + 0) \/ * 2 v2(,t)
_ c k(s +0)? .
=L — 1+ ==L t vVt >0
[QI{(S—FO') + c2 UQ(:’U+7S)]( )a >0,

with £~ denoting the inverse Laplace transform with respect to the s-
variable. A similar boundary condition can be derived at z_:

Dov(z_, ) = ch)@ + \/1 + W)v(x_,t), ¥t>0. (8)

In view of (7) and (8), the solution of (3) is the same as the solution of
the following problem posed in a bounded domain:

Owv(x,t) + ov(z,t) + cOpv(z,t) = KOpy (@v(aﬁ, t) + ov(x, t)),

Vo € (z—,zy), VYt >0, (9)
auU($i,t)=iM<1¥\/1+W)U($i,t), Vit > 0.
(10)

v(x,0) =u(z), Vzer_,zq], (11)

where 0, denotes the outward normal derivative at the boundary points z.

3. Discretization of the one-dimensional linearized BBM equation
with exact semi-discrete ABC

In this section, we discretize the one-dimensional linearized BBM equa-
tion in time using the Crank-Nicolson scheme and derive an exact semi-
discrete ABC. Then we propose a second order finite difference scheme for
further spatial discretization. To do this, we first introduce the necessary
notations related to the Z-transform.



3.1. Z-transform of a sequence of functions
Given a Hilbert space H with inner product (-, )% and induced norm
| - ll#, we introduce the semi-infinite sequence spaces:

o0 1
2
200 = {u= N s lulegy = (X 10?)” < ool
n=0
(H) = {u ={u"}e2 € A(H):u’ = 0}
equipped with the inner product
(u,v)p2(3) = Zﬁv", Vu,v € 12(H).
n=0
Next, we define the Z-transform as
u(z) = Zu”z" for u={u"}>%, € 1*(H). (12)
n=0
It is well-known that the following Parseval’s identity holds:

(u,v)p2(30) = /aD W(2)0(2) p(dz), Vu,v € C2(H). (13)

For a sequence u = {u"}°_, € (?(H), the shift operator S is defined by Su =
{u"“}fﬁzo. The average operator E and the forward difference quotient
operator D, are defined by

S+1 S—1

E:T and D, = -

respectively. It is convention to define that
Su" = (Su)", Eu" = (Eu)", D;u"=(D;u)".

3.2. Ezact boundary conditions for the semi-discretized linearized BBM equa-
tion
Let 7 > 0 denote the time step where N7 = T with T being the total
computation time. Let us set t,, = n7. We discretize (3) as follows

(D; + cE)v"™(x) + O, Ev"™ () = kOypy (D + o E)V" (),

Vr € R, Vn >0, (14)

(x) = u(z), VzeR, (15)

lim o"(z) =0, lim vy(x)=0, Vn>1, (16)
|z|—+o0 |z|—=+o0



where v(z)" = v(z,t,).

Suppose the initial data ui(z) and us(x) are compact on the finite in-
terval [x_,x1]. On the interval [x;,+00) the semi-discrete problem (14)
reduces to

(D7 + 0 E)Yv"(x) 4+ cO, Ev" () = KOy (Dr + o E)v" (),
Vz € [x4,+00), Vn >0, (17)
W0(x) =0, Vo€ lzy,+o0), (18)
lim o"(z) =0, Vn>1. (19)

Let @(z, z) denote the Z-transform of the sequence {u"(x)}2>,. Applying
the Z-transform to (17), we obtain

er(1+ 2)
/@(2 —2z+o07(1+ z))

1 ~ ~
Eﬁ(x, z) + 0(x, 2) — Opz¥(, 2) = 0, Vo € [14,400),

lim v(z,z) =0,
r—r+00

whose solution can be generally expressed as

0(z,2)s = ¢f exp(an—(2)) + f exp(zn4(2)),
with
B cr(1+2) 4k(2 =2z 4+ o7(2 + 1))?
() = S 9 v or( 4 2) <1i \/1+ 221+ 2)? >

The decay condition Er}rl o(x,z) = 0 implies ¢ = 0. This leads to the
following identity (by differentiating v(z, z) with respect to x):
Bp0(xy,2) = n_(2)0(zy, 2) = By (2)0(ay,2), VzeD. (20)

We note that the function E+ (z) is analytic in the unit disk D, i.e. it has a
power series expansion

Bi(2) =) (By)27, VzeD. (21)
j=0

Substituting (21) and v(z, z) = Y o2, v"(z)z" into (20) yields an exact ABC
for (14) at the right artificial boundary point z = x:

(By#v)"(xy) = O™ (x4), VYn >0,



where B+ denotes the convolution quadrature operator corresponding to
the symbol B4 (z)

n

(Bysva)" = 3 (B vy, (22)

J=0

For simplicity, for a function v(x,t) we use the notation
By xv(z,ty,) ZB] v(x, ty—j).
Analogously, by analyzing the problem (14) on (—oo,z_], we derive an
exact ABC at the left artificial boundary point x = x_:
8I5($—7 ) - TH‘( ) (I'_,Z), Vz e D.
thus

er(l+2)
2k(2 =224+ 07(1 + 2))

(1 + \/1 LC ;f:zzrlfgj 1))2) 3(x_,2), VzeD, (23)

0:0(x_,2) =

which leads to
O (x_) = (B_xv)"(z_), Vn>1,

with

B ()= CT(1+2)1+Z)) <1+\/1+ 4/1(2—2z—|—a7-(z—|—1))2>'

2k(2 — 2z + o7 ( AA2(1+ 2)?

Hence, the semi-discrete problem (14) defined on the the whole real line,
can be reduced to the following semi-discrete problem on a bounded interval:

(Dr 4+ cE)v"(x) + 0, Ev" (x) = kOyo(Dy + o E)0"(2),
Vo e (x_,zy), Yn >0, (24)
O™ (xy) = (BLxv)"(xy), Vn>0, (25)
v(z) =u(x), Vazelr_,zq]. (26)
Comparing (24) with (9), we see that the equation is discretized by

a Crank-Nicolson scheme subject to a perturbation of order O(7?), with a
convolution quadrature approximation of the fractional order time derivative



at the boundary points x+. Since the time discretization (14) is of second
order in the whole space, it follows that the induced convolution quadrature
at the boundary points x4 in (24) is also of second order:

(B #v)"(22) F Wcﬂ)(l =S \/1 + W)v(wi,tn) <0

A proof of the above estimate is given in Section 6.1.

3.8. Spatial discretization

Let M be a positive integer, h = (r4 — x_)/M be the mesh size, and
7 > 0 be the time step. We define the mesh points

xr =x_ + (k—1/2)h, k=0,1,...,M +1,
t, = nT, n=0,1,..., N,

with ¢ and xp;41 being two ghost points.

In the time-stepping scheme (24) v}! denotes the numerical solution of
v™(xg) with 0 < k < M + 1. Let v" = (vf,...,v},,). Given a vector
w = (wo,...,wrpy1) € RM*+2 we introduce the discrete gradient V,w by

W] —wWp w2 — w1 WM41 — WM
Viw =

T, "

The linear operator P maps the (M +2)-dimensional vector w = (wp, . .., wnr+1)
to the M-dimensional vector (wi,...,wnr). Next, we define the Neumann
and Dirichlet data associated with the (M + 2)-dimensional vector w as

_ wo — w1 WM+1 — WM wo + w1 WM41 +wpm
O, w= h 76;_(*‘): +h Y W= 9 ,’7+’LU: +2 .

We introduce an inner product for M-dimensional vectors

¢1=((¢1)1,---,(¢1)m) and @2 = ((¢2)1,---,(d2)m)

as

M
(b1, 62)n =10 >_ (¢1)k(d2)k,

k=1

an inner product for (M + 2)-dimensional vectors

w1 = ((wl)o, ey (W]_)M+1) and Wy = ((WQ)(), SN (WQ)M+1)



as
M
h

(1,020 = 5 Tonlole)o + b D Gkwa)i + @01 @)1
k=1

Correspondingly, the induced norms will be denoted by

9lln = v/ (6, D)ns wln = v/ {w, w)n.

We introduce a second-order spatial discretization Ay, which maps the
(M + 2)-dimensional w to the M-dimensional vector space:

(wo — 2wy + wo wy—1 — 2wy + UJM+1)
Apw = .

02 Yo 12
Thus we have

(PWQ, Ahwl)h = —<Vhw2, Vhw1>h + ’YJFU.)Q . 8+UJ1 + YW - 3_(.01. (27)
We also introduce a second-order centered spatial discretization V}', which

maps the (M + 2)-dimensional w to the M-dimensional vector space:

m, _ (W2~ Wo wMJrl*wal)

Thus we have
Re(Pw, Vi'w)n, = Re(Wprwary1) — Re(wiwp). (28)
The vector Vi'Hv" can be defined by

Huy — Huy Hoyp — Hojpy
2h T 2h )’

where H is any operator that only works on the time direction. We can also

define the vector ApHvy by

Hoy — 2HoT + Hoy Holy_y — 2HUy, + 7—[117]\‘/[+1)
% ey e .

VI H" = (

ApHV" = (
It is easy to see
VhHUn = ’thv", AhH’Un = ’HA}L’U”.

Replacing in the time-stepping scheme (24) the function v™(z) by the
vector v" = (v, ..., v}, ) and replacing the continuous operator d;; by its
discrete analog Ay, we obtain the fully discrete finite difference scheme

(Dr + cE)Pv" + V'Ev" = kAp(Dr + cE)", ¥n >0,
(B yFv)" — 9F0™ = 0, Vn >0, (29)
00 = (u(x0), ..., u(zrr41))-

10



4. Fast approximation of the discrete convolution (B4 * 'yivz)"

In this section, a fast algorithm for approximating the boundary convo-
lution (B * yFve)™ in (29) is presented. The stability of the proposed fast
algorithm is shown in the next section.

4.1. Rational approximation of the convolution quadrature

In [27] it was shown that for non-negative integer m > 0 the Padé ap-
proximation for the function v/1 4+ s can be expressed as

1+s~1+§:1+6
J

where

2 .9 Jm
a; = Sin
T oam+1 2m +1’

Bj:cos2 j=1,...,m.

g
2m + 1’

Based on this Padé approximation, a rational approximation for the square
root function /s on the closed right half complex plane can be written as:

Vs = v1+s—1~1+§:13%f;?05f%@x Re(s) > 0.
.7

Thus,

m 1 m
Ru(s)=A=> ——— A=1+> a;5; ",

= gjs—i—hj =
hj:a;lﬁj(l_ﬁj)a g5 = @y P ]25 J=1...,m

We define k1 = 4r/c? for convenience. For all 7 > 0 and o > 0, by
defining s(z) such that,

(30)

B ct(1+2)
5(2) = 26(2—-2z+07(1+ 2))’ (31)
and
8(2)—( ct(1+42) )2(14—/1 (2—2z+07(z+1))2>
S \2k(2 -2z +07(1+2)) ! 72(1 4 2)?
=s5(2)%+ %, (32)

11



let us introduce the rational approximation gsrm)(z) of the symbol By (z):
Bim)(z) =5(2) — Rm, <S(z)), V'm > 0. (33)

We denote by Bim)* the convolution operator defined analogously to (22) by
replacing the convolution coefficients (B4 )’ in (22) by the series expansion
coefficients of the function B(™ )(z). After replacing the convolution operator

Byx in (29) by its rational approximation Bim)*, we obtain the following
fully discrete scheme:

(D + UE)PU + V' Ev" = KAR(D; + cE)", Vn >0, (34)
(B 5 yF0) — oo™ =0, VYn>0, (35
UO ( (LL‘()), s 7u($M+1))' (36)

Eq. (35) can be solved by the fast algorithm described in the next Section 4.2.

4.2. Fast algorithm
By applying (30) to (33), we derive

B (2) F 5(2)

I
|
oy
3
/N
“
&
~——
I
|
|~
=
3
/N
X
/N
Vo)
O
~—
[\
_l_
—
N—

1 - 1
N [A B Z ()

P

2
4/1(2 +o7+ (o1 — 2)2)

|

2
j=1 4kh; (2 +or+ (o7 — 2)z> + gjc?12(1 + 2)?

17 - ejz+ f
__ﬁ_)\ jzzjl(/\j—l_(az—i-b)j (cj]z—l—d))]
:_ﬁ)\ ;)\J ;(afrcj z+bj+d; (J—Cj)zj“‘bj—dj>i|’

(37)

12



where we have set
dk(To — 2)?
dkhj(To —2)% + 9'62727
ej = 8k(1 — hj); )(a 2 4) — 2027'2)\3'93',
fi=4r(1—h;\;)(2+ or)? — 027'2)\jgj,

A\ =

a; = 2+/khj(oT — 2), b; = 2/kh;(0T +2),

cj = 1,\/gjcT, d; = i./gjcT,

—ejcj +bifj —eja; + fid;
Q?er?*C?*d? ’

ejci +bif; — ejaj — fid;
a?%—b?—c?—d?

A; =

B; =

Therefore, we have

)L S S A
By (Z)__\/E{)‘_;Aj_z<(aj+c])z+b ¥d;

1 = 1 & 4 & aj +ci\" ,
= mO X g S ()

J n=0

1 <& B; > aj; —c;j\" ,
+72b4—jdjz _bj-—dj-) :

cT 2ct 1
(2/-;(07’ —-2)  k(2- 0'7') (2 +o7) + (o1 —2)z )

1 = aj +c "
VA ZA \sz +d; 4 ( bj+d]) :
1 <« B, > aj; —c;j\" ,
+\/E;bj—jdj;)(_b;—dj) :

(Q—UT)"Zn
2401 '

cT 2ct
+ +
2k(oT —2)  K(4—0%72)

INgE

1

J

13



Thus, ggcm)(z) can be rewritten as

3m+1 oo
BIV ()= Y Sy,
k=1 n=0
which implies that
' 2m+1 )
(BLY = > CEGEY.
k=1

Therefore (Bim) * ) = > i—0 (Bgtm))j (y*v2)" 7 can be implemented by
fast convolution in (35).
5. Properties of the rational approximation B:i: )(z)

In this section, we prove the following Proposition 1 for the properties
of (BE_Lm))j used later for the error estimation:

Proposition 1 Under the condition o > 1/\/k1 and for a time step T small
enough, if m is large enough such that

2m+1> ln(llnjé)’ for some € € (0, #73 , (38)
the following inequalities hold:
max B (2) — B ()] < (39
z€dD 2
Re im(m +oE)(BIMxu)F <0, (40)
k=0
for all complex sequences u = {u"}5°, with u® = 0. Here

(K, o) = min [ ne \/%) cos ( m (K, a)),

o? i
% (W) cos <9m(/@, 0))} ,

V28; V28, )
(S1)2+ V281 + 17 (82)2 4+ V28, +1/°

and

d(k,0) = min (

14



where

S _evVkio? +1 S _i( 4r3o? )i
1 2Kk0 ’ 27 9k 1+ 4Kk102/
and O (K, o) satisfies 0 < O, (K, 0) < /2.
Now, let
Vs—1
r(s) = NESE (41)

one can prove that the symbol gi(z) satisfies the following inequalities:

Lemma 1 Under the setting of Proposition 1,

20 ~ 2 /14 4k10%\ %
<|Bi:(2)| < —(——=——] , or z € dD. 42
T S I )< =( o ) (42)
2 402 15 14+ V1 + K102
- < |B_ <c——— D. 4
(nl(l +4/<102)) SIB-(a)l e 2ko ’ Jor z€9 (43)
Furthermore, under the conditions o > 1/\/k1, we have
max |[r(S(2))| < 1—6(k,0), (44)
z€dD
max Re (B4 (2)] < —pu(, 0), (45)
z€0D
1 (zt=1)/r+o(zt+1)/2 5
—arctan(—) < _
arc an(\/?_) = arg.com (271 — 1) ¥ O'(Zil + 1)/2 B:‘:(Z)j|
1
< arctan(\ﬁ), (46)
where S(z) is defined in (32).
2(1 —
Proof 1 Let p = flg for z € OD. Then we have
T(1+ 2)
2 p+o p+o
max | B, (z )]:fmaxl ‘_ ’
2€0D ¢ peR 11+ /1 +rk1(ip+0)2! ~ ¢ ek V1+k1(ip+0)?

9 (pz _|_02)2 1
c\K2(p? +02)2 + 1+ 2k10% — 2p%Ky

2 1 1
T <n% + (1 +2m10% — 20%%0) (9% + 02>2>

1

)
o\t + g )

p2+o-2

15



Thus,

~ 2/1 + 4:%10’2 i
|B+(Z)’ S C(W) y fOT' z € 0D.
This leads to
~ 1 2 40 1
|B_(z)|:‘— — ’27(%)4, for z € OD.
HB+(Z) /'431(1 +4ri0 )
In the same way, we have
1 1 1 ) 2
max B (2) = x| | = e | LY Ll + )
z2€0D z2€0D HBJF( ) 2K peR 1+ o
Simax‘. ‘ ‘\/1+/€1 i to) )
2K peR lip+ o 2k pG]R p+o

c c k2(p? + 02)2 + 1+ 2k10% — 2p°K1 i
= — 4+ —max
2k0 2K peR (p? + 02)?

AN

=5~ 5 max (m% + (14 2r10% — 2p%k1)/(p? + 02)2>

_ Cl +V1+ k10?2
B 2Kk0 ’
which leads to
Bl =] - |2 f zeoD
) =|——= > , if z ,
i WB_(z) 1+ VIt rio?)
which finishes the proof of (42) and (43).
- 1 1 ; 2
Recalling B_(z) = —c V1t mlip+0) , we take in the sequel p > 0

2k1(ip + o)
for our discussion. It is clear that 0 < arg [(w + 0)2} < m. Thus, we have

arg [1 +V1+ 'fl(ip+0)2] < arg [\/1 + m(z’p+o)2],

which leads to

ip+o S ip+o
| o) 2 Ao
1+ +/1+ k1(ip+ o) V1+ki(ip+o0)

2 2
> 1 arg 2@—1—1(,0 o?) 0.
2 200+ i(p? — 02 — 1/K1)

There are two cases for p > 0.

16



e p<o.

arg[ Zp—i_U. } < arg [z’p—l—cr} < arg [ia+a} = 7/4.
14+ /1+ k1 (ip + 0)2

e p>o. Taking A(p) =1 +/€1(ip+0)2‘%;

ar { pto }<ar [—ip_ﬂj }
& L++/1+ri1(ip+o)2d — 8 1+ eim/4A(p)

= arg [0 + \fA(p) 0+ \fA(p) pt i(ﬂ + \fA(p) p— \fA(p) : 0)}
p+ 2 Ap) p— BAp)

o+ LR A(p) -0+ <p>-p}'

q

= arctan {

It is clear that

p+Lp- Alp) — Yo - Alp)
a+§0-A(p)+§

and
i p+ 2o Alp) — Lo Alp)
e 2 V2
o+ %o Alp) + 5p - Alp)

S

p+ 2o Alp) — Lo Alp
o+ %20 Alp) + o Alp)

Thus, for p > o,

can obtain mazximum

Ap(o,K).

Combing the two cases for p > 0, one obtains

p+o }
L+ /14 k1(ip + 0)2

< O (K, 0) = max <7r/4,arctan(Am(a, /@))) <7m/2. (47)

it

In the same way for the case of p < 0 we have

wp+o

14+ /1+ r(ip + 0)2] 2 P, (48)

0> arg,< [

17



which leads to

= Om(r,0) < arg.cop[=T-(2)] < On(k,0). (49)
By the same manner, for B4 (z) one obtains
— Om(k,0) < argze&D[—g_,_(z)] < Op(k,0). (50)

In addition, recalling (42) and (43), above two estimates yield

20

Re [B(2)] < _c(l +V1+ Kk10?)

cos O (K, ).

and

=

Re[B_(z)] < _i<ﬁ1(1i4/€10’2)) cos O (K, 0).

This proves (45).

, (14 2) 2 (2—-2z+o071(2+1))?
Recalling S(z) = 1
ecalling S(2) (%(2 — 2zt or(l+ z))) < TR S )2 )
for z € OD,
c\21+ki(ip+0)?
S(z)=(—
(2) (2/{) (ip+0)2
2(1 —
with p = i_lTil n 3 € R. It is easy to verify
1/4 Vii02 + 1
VG = 5= (W + (1 +2m0 ~2p20) /(02 +0%)°) | < 81 = DT
2K 2ko
(51)
and 5 5 )
c 4rjo 1
Vv > =—|—7s) . 2
VS(2)[ 2 S 2/{(1—}—4/{102) (52)
It is also easy to for p >0,
_ _(20p+i(p* —0® —1/m1)
0 = arg(S(z)) = arg< 20p+ilp?—o?) ,
from which we have
20p/K1
0 = —arct
arc anp4+(202—1/;11)p2+04+02/f€1 (53)
20p/k1
= —arctan ,
©(p)

18



with ©(p) = p*+(20% —1/k1)p? + 0t + 0% /k1. It is straightforward to derive
1 1
that © >0, foro > — o> > —). There ore, from (53) we derive
(0) 20, for 0 = = (6% > ). Thercfore, from (53)

that —m/2 < 6 < 0 for p € [0,400), which means —7/4 < §/2 < 0. In
the same manner, one derives 0 < 0 < 7/2 for p € (—00,0], which means
0<0/2 <m/4. Therefore by

VS(z) = \/|S(z)|<cos (g) + isin (g)),
V2
2

0
and cos (5) > , for z € 0D we have

N 41/]8(2)| cos (6/2)
S(2)] +2¢/|S(2)| cos (6/2) + 1

L 2/SEI
T SEIH VRIS T

where the last inequality is due to Taylor’s expansion (1 — x)% =1- %:c —
t22 4 ... <1—%a. Recalling (51) and (52), by considering

B VS(z) =1

Vor V2
r242r 41 r V241
V2\/18()|

s attained at

we see that the minimum value of

[S(2)| +V2/I8(2)[ +1
1S(2)| = (81)? or |S(2)| = (S2)?. Thus, we obtain

V2/18()] - i V25, V25, )
S|+ V2SR +1 (S1)2 4+ V281 +17 (82)2 + V28, + 1
=0(k,0) <1,

which completes the proof of (44).
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We define T (p) and T? (p) in the following way,

|:_2/€(Z_1—1)/’7'+0'(Z_1+1)/2~ (z)]
¢c (z7'=1)+o(z1+1)/2

2(z—1-1) 2
N (G Vi S L C T e o) } :
B -1 _ -1 2(z=1-1 2(z=1-1
(2 )4+o(z1+1)/2 ﬁ to ((Zfl+1)) s
2
_[pi+a\/1+m<lp+a)}+ 1
- lrpito p+o iITp+ o

= BL(p) + B2 (p).

Recalling (53), we can define F1(p) and Fa(p) in the following way,

1 20p/K1 pi+o
1 — | —
arg [BZ(p)] = 5 [ arctan o) + 2arg i T U]
—2op/t1 + arctan 70(21 — T)Qp,
V(©)2 + (20p/k1)* + © 0% +7p
Fi(p) + Fa(p)
1= Fi(p)F(p)

(54)
= arctan I (p) + arctan Fy(p) = arctan

It is easy to verify that,

20°p* /K1 p*/k1 p* /K1
Fi(p)F ‘< = <
FORG)| < 580 =6 < S a T T e o
1//-61 1

< < —.
o (202—1/:‘4?1)4-2\/0'44-02//11 - \/g

Then for p > 0, (54) and (55) indicates that,

o(1-7)p
F F 0+ Z
arg[B{(p)] = arctan,cg+ 1(p) + Fa(p) [#]

1 — Fi(p)Fa(p)

o(1-7)p 9 (1 )

2 2 —
< arctan {70 +T’1 } < 9; = arctan [702 TQP} > 0,
1 o+

2

20



and

arg [Bl_(p)] = arctanp€R+ M

DA+ h0) - arctan [Fl(p) - 0}

1

V3
> arctan [F1(p1)} >0, = —arctan { dop/k }
-3 \/(@)2+(20p/l€1)2+@
4
> — arctan { Jp/m} = —arctan(2). (57)
20p/K1
In addition,
d,. d [arctan 20(1 — T)p} _ o(1 —7)(0? — 1p?)
dp ?  dp o2 +7p2 1 (02 +71p2)2 +02(1 —71)2p?’
. . , o .o
where 0 increases with respect to |p| in [0, \7] and decreases in [\7, 00),
such that 0 < 0%, = arctan(15Z 1

ﬁ) < arctan . Thus, by (56) one obtains

26 (27 = 1) /7 +o(z7 4+ 1)/2 5
A8p>0 [_ ¢ (z1=1D+o0(z141)/2 87(2)}

iar L 1
= a1, [BL() + B2 (p)] < angng |[BL (o)t o004 "

= axg, |[BL(p)] cos ((arg[B (p)]) + wzpzﬁ
+ Z(|]31_(p)| sin (arg [Bl_(P)D - \/%)]
IBL (p)|sin (arg[Bi(P)]) B .
< arctan,o [|B1_(p)|COS (arg[Bl_(p)]ﬂ = arg[BZ (p)]

(58)

} < arctan(i).
- VT
In the same way, by (57) one gets

26 (7' —1)/T+o(z ' +1)/2 5 _ 1 2
argp>0 [_ ? (Z_l _ 1) + O‘(Z_l + 1)/2 B*(Z)] - argp>0 [B_(p) + B—(p)]
> arg,g | IBL(p) e +

iTp—i—a]
_ o . .o TP
= arg, [|B1_(p)\ cost, + 27 o2 +i(|BL(p)|sin 0, — m)}

21



which leads to
IBL(p)||sind, | +

1 2 m
arg [B_(p) + B_(p)] > —arctan
BL(cosby + o
. Tp—|siné, |o/cosb,
—aretan {| sind | e
cosf, IBL(p)| cos b, + ﬁ;;gﬁ
sinf
= —arctan {|p|
cos b,
— |sind, |0/ cost; }
\/Iqlp + 21 (k102 — 1)p + kot +2k102 4+ 1 - cos b, + Wy
|sind |
> —arctan [7_
cos b,
TP }
\/,1 P+ 2k1 (k102 — 1)p? + K304 + 2K102 + 1 - cos O, + \/Tﬁ
sinf
= —arctan [‘ fi|
cos b,
+ . ]
VKT + 261 (k102 = 1)/p? + (k30* + 2K102 + 1) /p* - cos O
sinf; 241
> — arctan [‘ ’i| 7(2102 + )_} = arctan(—C1),
cos b, V4302 - cos 6,
(59)

where C1 is a constant depended on k and o.
Therefore, by (58) and (59) one has

arctan(—C1) < arg, [Bl,(p) + B%(p)} < arctan(i),

VT
and in the same manner, we can estimate the case for p < 0:

— arctan(\%) < arg, [Bl_ (p) + B2 (p)} < arctan(CY).

Combing the above two estimates, one derives

(' =1)/r+0(z1+1)/2 5
z1-1)+o(zl+1)/2 —(’")]

1
- arctan(\—ﬁ) < arg,con {—

1
< arctan(ﬁ),

22



which gives a half part of (46).
To prove another half part of (46), we have

B 26z =)/t +1)/2 %
| (2

¢ (1= +o(z1+1)/2

= [(zl 1)/t +o(z71+1)/2 \/1+K1(m+0)2]

-1 ) 2(z-1-1)
(z +o(z7t+1)/2 L +o
1
T 2(z 100
) 1O
. 2 . 2
_[pi—i—U 1—|—m(2p+a)} 1 _[ 1+/<c1<zp+0> —1}
- lrpito ip+o iTp+o iTp+ o '
We assume
2
\/1+I€1<ip+0) =a+ bi,
such that
2 1+ k102 — k1p? + /(1 + K102 — K1p2)2 + dKkFo2p?
2 )
and o
p= P
a

We can prove that a > 1. In fact, if a < 1, one has

2 _ 1+ k102 — Kk1p? + \/(1 + k102 — K1p?)? + dK202p?
2

a <1.

The above equality is equivalent to

VA + k102 — K1p%)2 + dK202p? o L=mo® + kp
2 - 2 ’
from which one obtains

kio2p? < p? — o2,

On the other hand, by o > 1/\/k1 one derives

k1070 > p?,
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which is impossible.

Then it is easy to see = 9P has o mazimum Im(k,0) for
a—1 ala—1)

p € [0,00). Thus,

l=1)/r+o(zt+1)/2 5
arg,~o { B (2_1 —1)+ 0(2_1 +1)/2 +<Z)}

2
\/1+H1<ip+a) -1

— 48p>0 [ iTp+o } (60)
—14+W

= arg [u} < arg [a -1+ bz}
TP+ O

< arctan(a — 1) < arctan(dy, ).

On the other hand, one has

B ' =1)/r+0(z1+1)/2 5
arg[ G T-1)+o(z1+1)/2 +(Z)}
_ _ 2(z71-1)
B o VLSS Ca | M = AN
(z71=1)+o(z71+1)/2 9(s-1-1) 2
L+4/1+ H(T(z_l—&-l) + U)
w+o pi+o
= ar + ar - .
g[1+‘/1+ﬁ(¢p+g)2} g[pTH—a}
and
w+o w+o
ar > ar
g[l—F\/l—i—f@(ip—i-a)Q} - g[ 1+ﬁ(z’p+a)2}

> arg 20p + i(p* — o°) >0
- 20p+i(p?—0%2—1/k)) — 7

which leads to
zl=1)/r+o(zt+1)/2 5

gy | (= T=1) +o(z1+1)/2 (2)

pi+o

pTL+ O

> arg, [ ] = arg, [02 +7p* +ioc(1—1)p| > 0. (61)
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Combing (60) and (61), for small T one gets

(zr=1/r+o(zt+1)/2 5 ]

0 < arg,ny | - T to( 1112 o)

< arctan(v,,) < arctan(

In the same manner we have

zr1=1/r+o(zt+1)/2 5
(z =1 +o(z1+1)/2 ©

1
—arctan(—=) < arg, [—

\/,7_

Finally we have

zl=1/r+o(zt+1)/2 5
(z71=1)+o(z"1+1)/2 B+(Z)]

1
< arctan(—=). O

\/7_

For R,,(s) defined in (30), the following error result was proved in [27].

1
— arctan(\—ﬁ) < arg,eap {_

Lemma 2 For the error of the rational approximation for the square root
em(s) :=vs—Rpn(s), m=0,1,2,...
the following identity holds:

T2m+1 (S)
1+ r2mti(s)’

em(s) =2/s if Re(s) >0 and s #0, (62)
where 1(s) is defined in (41).

Lemma 3 Under the conditions o > \/% and the setting of Proposition 1,
for small T we have

R(m)
max Re By (z) <0, (63)
(l=1)/r+0o(z1+1)/2 5m)
e R T Dt oz 11 1)/2 P* (Z)] <0. (64)

Proof 2 From (44) of Lemma 1 we have following inequality

max [(S(2)] < 1= 8(s,0).
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If o > \/% and m satisfies (38), then |r(S(z))|2™+! < [1—6*" T < 1/2.
As a result of (62),

V3@ -8 )|

max

2r2m1(S(2)) ‘ < 2|r(S(2) !
z€0D

1+ 7r2m+L(S(2)) | ~ 2€0D 1 — |r(S(2))*™ 1
(S,

S(z)  zedD

<4 max|r
z€0D

then (42) and (45) implies

max Re [B0"(2)] = max [Re B (2) — Re (Ba(2) — BY"(2) |

= max [Re gi(z) + Re (\/‘% — Rm(8(2>)):|

z€0D
3
UOKT UOK
4 —————max /S| < —p+ ————S
a cVK10?2 + 1 z€0D [S()] a cvVrio? +1 !

< —p+p/2<0,

which proves (63).
In addition, by (42) and (43), for T small enough we have

IN

[~
wsan [ B )
— e [~ ST R )]
~ e [ - TR )]

| VS - R (s<z>))

B

+ arg.com (1

cpu(l+ V1 + Kki0?)
4o ’

)7

).

1
< arctan(ﬁ) + arg,can [1 + i max <

/{1(1 + 4%102)
402

e
4

N

—

)
4
\/,7_

) < arctan(

o5

1
< arctan(—=) + arctan(
T
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Thus, for 7 small enough,

4 (= = 1)/T+ o+ 1)/21 5m)
— arctan(ﬁ) < arg,can (— e pe ey [Bi (Z)D

4
< arctan(\T),

\]

which completes the proof of (64). O

We give the proof of Proposition 1 with the consequences of (63), (64).

Proof 3 Firstly, for smallT, ifo > \/% and m satisfies (38), then [1 — 0> <

€ < 1/2. As a result, Lemma 2 implies

max ’gi(z) — gim)(z) = max ‘\/E(z) — \/E(m)(z)

z€0D z€0D
2m+1
BRI EP
= max ImAl > ’
1 (s 2

which proves (39).
We assume (D, + ocE)uf =0 for k > n. Thus, we have

k+1 _ l—o7/2 4

_ k>
“ Txorp? Jor kzn

which generates the sequence {u*} such that (D, + ocE)u* = 0 for k > n.
From (63) we have

Re Z (D; + cE)u*((D; + UE)’TjEm) s u)k
k=0

= Re((Ds + oE)u, (Dy + 0 E)TL™ # u) e ¢

- Re/ a(z) T —1+or(z 1+ 1)/2B ()= — 1
oD

For(e 4 1)/ u(dz) /7

= Re/ 12| 72u(2))?[2 — 22 + or(1 + z)}g(im)(z) 2 =22+ or(1 + 2)| v(dz)/(472)
oD
- Re/ 12| 2[@(2)2BY™ ()12 — 22 + o7 (1 + 2)] 2 v(dz) / (472) < 0.
oD
Analogously, we assume (T1D; +oE)uf =0 for k> n. Thus, we have

1—0/2
1+0/2u for =T
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which generates the sequence {u*} such that Eu* =0 for k > n. We have

Rez (1D; + cE)uk((D; + JE)Bim)* u)k
k=0
=Re((rD; + cE)u, (D, + JE)Bg[m) *U) g2(C)

~ Re /QD @B ()T - D+ o T+ D2t — 1)/
+o(z7t +1)/2]v(dz)

_ Re/aD 1)+ o+ 12
B (2)]ii(2)? v(dz) < 0.

=1/t +o(z"t + 1)/2)
(z7l=1)4+o(z71+1)/2

This finishes the proof. O

6. Error estimate

Let " = (v —v(x0,tn), . - -, Vi —0(Tar41,1n)). We first give the main
result on the error estimate:

Theorem 1 Suppose that the solution uy(x,t) and ua(xz,t) of (2) is suffi-
ciently smooth, or equivalently that the solution vi(x,t) and va(x,t) of (3)
is sufficiently smooth. For o > \/%71 and a time step T small enough, if m

satisfies (38) with p and § given in Proposition 1, then we have the estimate:

n|2 n|2 < 2 2
s (P4 D) SOG40, (@)

for a given computational time T .

It is easy to verify that the error vector €™ defined in Theorem 1 satisfies
the following equation:

(D; + 0E)Pe™ + ¢V Ee" = kKAR(Dr + ocE)e" + f,  ¥Yn >0, (66)
(BT« yEe)" — 9Fe™ = g7, Vn >0, (67)
e =(0,...,0), (68)
where f* = ( s f]’f/[) and ¢!} are given interior truncation errors and
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boundary truncation errors of the time and space discretizations, i.e.

fi'=—(Dr + o E)v(zj,tn) — (8tv(xj,tn+%) + av(xj,thr%))]
— [E(’U(QS‘]'_H, tn) —v(zj_1,tn))/2h — Opv(xj, tn+%)]
+ k[(Dr + 0B)(v(zj-1,t) — 20(xj, tn) + v(Tj11, tn)) />
=@+ oyu(ayit, 1)), 1<j<M,

(69)

gt = — (BI™ — BL)xvFo(t,)

— [Bexytu(tn) F WCH) (1¥ \/ 1+ W)viv(tn)}

- [+ 72/-@(@; 5 (1 ¥ \/1 + 4R(8’;2+ U)Q)Viv(tn) (70)

c 4k(0 4+ 0)2
+ m(l F \/1 + (C;_)>/U($:|:vtn)]
— [ =7 v(tn) + dv(as, t)],

with v(t,) = (v(x1,tn), -, v(Tar, tn)).
The proof of Theorem 1 is presented in the following two subsections.

6.1. Estimate for the truncation errors

In this section we give the estimate for the truncation errors of the bound-
ary scheme and the interior scheme.

Proposition 2
1/l + 19|+ Drgt| < C(7° + 1?). (71)
Proof 4 Estimate of |¢/.|. Here we will prove
gt =0(T* + h?). (72)

We divide the proof into two steps.
Step 1: First we prove

By xv(zs,t) — ch)(l - \/1 + W)v(m+,t)‘ < O(2).
(73)
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Let us recall that

By (e = G<M>

T(1+ei7€))’
, c 4k(s 4 0)?
= ¢ (114 ETONN
with G(s) m( T 0) ( + =2 > herefore, we have
tan(7£/2)
~ . . 2tan(7&/2 72 d
B - 6lig)| = |atie) — a2 Rt
| [ 1 i
i€ c\/1+ki(s+0)? 1+\/1—|—/@15+a
tan(r¢/2)
< <
= C‘ T2 5) C‘/ 251 1)@‘

2

31 T2
o[ %@d&\ <07 [“eag < orier
0 1478 0

Thus, one has

~ . C r(7 (o 2
B (') — m(l - \/1 + 4(5;))’ < Cr2EPP. (74)

From (4a) and (4b) we have

O(x,0) = KOyy (&w(ﬂs,O)), Ve |rg,+00), (75)

this implies that Oy (x,0) = Ce™ V% for x € [x4,+00). Then we have

Cc _zt
010zv(x4,0) = —ﬁe Ve, (76)
On the other hand, from (7) one has
B c 4k (0 + 0)?
Ouv(wst) = oo (1 - \/1 + )vg(x+,t)
— (f + o4, ) /ft—s ooy, 5)ds,

with
fy=r"1 [2;@(510)(1 1+ Wﬂ
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This implies that
8x8t'l)(37+, O) = f(O)U(IE+, 0) + (atf * 'l)(.T+, ))(O) = O,

this means that the C' in (76) is 0. Thus, Opv(x4,0) = 0. Repeating
this procedure, we can easily find that v(x,t) and its time derivatives
are zero at t = 0. Consequently, we obtain a sufficiently smooth func-
tion v(x4,t) defined for t € R by extending v(xy,t) so that it is zero
ont € (—o0,0]. We define

By sv(zg,t) = Blo(wy,t—jr), VteR, (77)
j=0

which is consistent with the definition (22) at t = t,. The Fourier
transform in time of the last equation is

Fi[By xv(z4,t)](§) = /RB+ s v(xy, t)e dt

= Z/R[ﬂ”(lﬁnt —jr)e ™ dt = By (e7) Fo(ay, §)
=0

= %(1 - \/1 + W)ftv(m,g)

- 2%(i€+ o
A
c 4k(0y + 0)?
= Al v o) (1- \/ 1 =2 Yol 0)(©)
+ (Bele ™) - i (1 - \/ 14 PR e )
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which implies that

’B+*v(x+,t) 8t+0 \/1—{— at—i_o— ) (:c+,t)‘
= [ B - gy (- T e 010

c2

< /]R ‘g+(€7i75) - m(l - \/1 + K(chjg) "ftv(x%é)‘ dg
<cr [ JefiFoter )l de
R

2 1 4
<c | 15\“ + Il Fio(es, )] de

<o [ e g)( / <1+\f|4>2rﬂv<x+,s>%15)5

1

=2 [T(uter 0P + atotar 0Pt )

according to (74). The estimate at x_ is the same and we obtain (73).

Step 2: Inequality (39) of Proposition 1 implies |l§§[m)(z) — Bi(2)] <
C73 for |z| = 1. Then

(BIY = | BI(2)zp(dz) and (Br) = | Bi()zp(dz)
oD oD
imply that

(BEY) — (BLy| < / IBU™ () — Bu(2)|pu(dz) < C73.
oD

Thus it holds that

(B ultn-s) = (B vltn-)
Jj=0 j=0
<3 IBU = (B [[u(te—)| < > O < O,
Jj=0 j=0

which implies

(B — Bi)x v u(tn) = O(72). (78)
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Besides, (73) implies that

B yFo(ty,) — (i %(1 T \/1 + W)viv(tn))

QH(at + o
= 0O(r?). (79)
Since v = w and T4 = w =Tyt it follows
¢ 4r(0i + o)\ 4 c \/ 4k(0f + 0)?
m(l \/1"‘02)7 U(tn) m(l 1+T>v(g§+7tn)
K 0)? c K 7)?
ey (1 VU 22 o, tn) + iy (1 1+ 2257 Yoo, 1)
2
¢ 4k(0¢ + 0)? B )
m(l \/1 + T)U(l’m%vtn) = O(h%), (80)
and

v(xrrgt,tn) — (@, tn)

Ofv(ty) — Oyv(xy,ty) = — 8xv(xM+%,tn) = O(h?),

h
O o(t) — vl ) = — L ) - V(@0 tn) | Doy ) = O(h).
(81)
Substituting (78)-(81) into (70) yields (72).
Estimate of || f"|,. Here we will prove
1£"ln < O(% + ). (82)

Recalling (69),we estimate the three terms in the expression of I sep-
arately. Firstly, we have

(D + o E)v(zj,t) — (Opv(zy, tn+%) + ov(zxj, tn+%))

'7t?’L - '7tn

-
it it
+0<v($], n) +v(xj, thyr) —U($j7tn+é)>

(83)

2
= O(7?%).
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Secondly, it holds that
[Eu(@js1,tn) = v(zj-1,t0))/(2h) = Bav(wj, t, 1)) = O + 1?).
In the same manner, recalling (69),

v(zj-1,tn) — 20(xj, tn) + v(Tj41, tn)

(D;+0E) 3 ~(0+0)0va(2, 1,1 1)
= O(12 + h?),
Thus,
fl=0r"+n%, 1<j<M. (84)

Finally, from (83)—(84) we obtain
1£"ln = O(* + h?).
Estimate of |D.g"t|. Since
Diglt = ~(B™ - B)«v*Dyu(t,)

- [B* 'YiDTU(tn) F m(l F \/1 + W)’YiDrv(tn)]

:
g (1 24 o)

- m(l T \/1 + W)Dw(%,tn)}

— [ — 8;tDTU(tn) + a,,DT’U(Qf:I:a tn)]’
(85)

it follows that (85) can be estimated similarly as (70) (replacing v(x,t,)
by Dyv(x,ty)), then we derive that

Drg} = O(7% + h?). (86)
Combing (72), (82), and (86) we prove (71). O

6.2. Error estimate

Let us give the error estimate for (65). Firstly we prove the stability for
the scheme (34)-(36) by the following estimate.
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Lemma 4 If o > 1/./k1, and the order m of the Padé approzimation sat-
isfies (38) with p and 6 given in Proposition 1, the solution of (34)—(36)
satisfies the following stability estimate:

L (1P + (9007 F) < Cr(IPl +190°). (87

where C is a constant depending on T .

Proof 5 Due to

ot —on upt ol ot — o2

D v, - Evy), = - 5 or ,

Thus,
Re (D, Pv", EPV"), = D, (|Pv"[})/2.

Performing the inner product of (66) with (1D; 4+ cE)Pv"™ and taking
the real part,
Re ((1D7 + 0 E)Pv", (D; + 0 E)Pv" + Vi Ev"),
=Re ((7Dr + 0 E)YPV", kA}(D; + 0E)v),. (88)

The left of (88) can be written as

o(l+7)

D P+ T

D-(|[Pv"|[;) + o®|| EPv" |7
+Re (D7 + o E)Pv", V' Ev"),. (89)

By applying the discrete Green’s formula (27), the boundary conditions (35)
and (40), the right of the above equality can be written as

—k(Vp(TDr + o E)0",Vi(Ds + cE)v"),
+ kRe <’}/i(TDT + oE)v"d* (D, + aE)v”)
= —k(Vp(TD; + cE)0", V(D + cE)v™)p
+ kRe ((TDT Y oBEnEon(D, + aE)aiv”) (90)
= —k(Vp(TDs + 0o E)v",V,(Dr + o E)v"™)),
+ Kk Re ((TDT + oE)y*v(D; + UE)(Bim) * 'yiv)">
< —k(VRr(TD; + o E)0",V(D; + o E)v" ).
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Combining (89) and (90) we have

71D P [ + ———=D-(IIPv"[}) + o* | EPv";

+ k(Vp(TDs + e E)0",V,(Dr + o E)v"),

1+
D) b (Po ) + o 2P

ko(1471)
2
< —Re ((TDT + o BE)Pu, thEv")h,

= 7||D.Pv"||? +

+ k7| DV 0" + D, (IVpo"[3) + ko EV0" 3

— Re ((TDT ¥ UE)U{‘EUS) /2~ Re ((TDT +oE) vy +1> /2,
from which we derive that

D-([Pv"|[7) + D+ (IV ")
< O() (E(7v ™) + E(lvg?) + E(jop *) + E([vi[*) + B([vir[*) -
Summing up the above inequality from the 0-th step to the n—1-th step yields

IPo™ |7 + Vi3 < [P + [Vio® 3

n
+0() > (0" + o 2+ 7P + [l + [ohra ). (91)
k=0
Recalling the discrete Sobolev imbedding theorem

P < Cl[Pon I + CIVR" 7,

from (91) we derive

3

IPnl2 + Vo < IPOIR + 194+ O() 3 (P I + 940 )
k=1

Applying the discrete Gronwall’s inequality to the above estimate, we derive
(65). The proof of Lemma 4 is complete. O

Lemma 4 assures that the numerical solution is bounded for a finite
computational time.
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Lemma 5 If o > 1/./k1, and the order m of the Padé approzimation sat-
isfies (38) with p and 6 given in Proposition 1, the solution of (34)—(36)
satisfies the following estimate:

n|2 n|2
Kglsaf%/ﬂ(lﬂ’e 5+ 1Vre[r)

< k2 D k2 k2 )
—CT[0§?2§,1(|’f lh + 1Drgillh) + max |g=l"], (92)

where C is a constant depending on T .

Proof 6 Due to

@mt = @n  @n 4 En _ @R = 1E@)n

T 2 27 ’

Thus,

Re (D, Pe", EPe"), = D;(|Pe"||}) /2. (93)
Using the inner product of (66) with (D, + ocE)Pe™ and taking the real
part, yields

Re ((1D; + 0 E)Pe", (D; + 0 E)Pe" 4+ Vi Ee™),
=Re ((1D; + 0 E)Pe", kAR (Dr + 0 E)e + f7),. (94)
By (93), the left side of (94) can be written as

o(l+47)

D P+ T

D-(|[P"(I) + o | EP"|[}
+Re (D7 + 0E)Pe", Vi? Ee"),. (95)

By applying the discrete Green’s formula (27), the boundary conditions (35)
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and (40), the right of (94) can be written as
— k(Vp(TDs + dE)e", V(D + cE)e™)y,
+ kRe (fyi(TDT + oE)end* (D, + O'E)En> + Re ((TDT + oE)Pe", f")h

= —k(Vy(rDs + 0E)e", Vy(Ds + oE)e"),
+kRe ((rD; + 0B} Fe"(D; + 0B)9*e" ) + Re ((Dr + o B)PE", )
= —k(V(rD; + 0E)e", Vi (D, + crE)s”)
wRe (7D + oE)y=en(D, + o B)(B" «7%e)")
wRe ((rD; + oE)y=e"(D; + 0E)g} ) + Re ((rD; + o E)Pe", f”)h
< —k(Vp(TD; + 0E)e",V(Dr + o E)e™)p,
— &Re ((rD; + 0E)y=e"(D; + 0E)g}) + Re ((rD; + o E)P=" ,f”)h

96)
Combining (95) and (96) we have

1+
2D b (1Pen}) + 02 EP"

+ k(Vp(1D; + oE)e",Vi(Dr + cE)e™)p
o(1+ 7‘)
2

7| D P, +

= 7| D,Pe" |} + 2 D-(IIP<"[7) + ol EP" 7+
/4;0(1 + )
2

< ~Re((rD; +oB)Pe", thEan)h +Re ((rD; + oE)Pe", f")h,

+ KkT|D;Vpe™ \ T(\Vh&?"ﬁ) + /WQIEV;LE”]%

— kRe ((TDT + oE)y*e™ (D, + aE)gl),

— Re ((TDT + o E)Pen, f")h — kRe ((TDT +0E)y¥e" (D, + aE)gi)

+ Re (mEd}) /2 —Re ((TDT + aE)s%Esrj\‘/Hl)/Z
from which we derive that
D-(IIP<"[13) + D-(IV1e"7)
< O) (E(v®e" ) + E(leg”) + E(Ie11?) + E(leb*) + E(lehra )
+ O (I3 + Drgi P + E(lg1 ).
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Summing up the above inequality from the 0-th step to the n— 1-th step, one
obtains
[P 2 + Vue™2 < [PO)2 + V502

n

+ 00 (WP + 1 + e + lehsl? + Iehraa?)

k=0
n n—1
+0() Y1652+ 0(r) Y (I1FIF + 1Drgk ). (97)
k=0 k=0

By the discrete Sobolev imbedding theorem
Ve P < ClPe" i + CIVae"r,

from which and (97) we obtain

n

[P +19ae" 3 < PN + V4e +O(r) 3 (IIPEHI3 + [Vae )
k

—

n 1
+0(r) Y 1652+ 0(r) Y (IR + 1Dsgk )
k=1 k=0

3

(98)

Applying the discrete Gronwall’s inequality to the above estimate, we derive
(65). The proof of Lemma 5 is complete. O

Now, by Lemma 2 and Lemma 5, it is easy to prove Theorem 1.

7. Numerical results

We now perform numerical tests to confirm the theoretical results pre-
sented in the previous sections. In the calculations we determine the number
of Padé expansion terms with the help of the following criterion:

Ine HOK 3
m= —-, €= —F——e=T",
2In(1 —9) devkio? + 1

with 1 and § given in Proposition 1. When m is fixed, the computational
cost of the fast convolution is of order O(mN) = O(N In(N)) for N7 < T.
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7.1. Example 1: Gaussian Initial Condition

We first consider an initial Gaussian distribution for the free surface
elevation
up(z) = exp(—400(z — 1/2)?).

The computational domain is (¢,z) € [0,1] x [0,1], and the parameters are
taken as ¢ = 2, k = 0.1. We let 0 = 10, which meets the condition o >
1/y/k1 in Theorem 1. The mesh sizes are h = 107°, 7 = 10~ respectively.

The displacement solution is depicted in the left panel of Figure 1. The
influence of the wave has reached the boundary, where we do not see any
significant artificial reflections, nor any numerical instability. A reference
solution wu.et is computed with the same grid sizes but a much larger spatial
domain (x € [—40,40]) to avoid any boundary reflections. The result is
plotted in the right panel of Figure 1. It can be seen the computed solution
matches upor well.

1.0 7

»»»»»

,,,,,

((((((

((((((

xxxxxx

Figure 1: Solution to Example 1: (left) by the proposed method; (right) by using a large
spatial domain

To study the performance of the proposed method, we fix the spatial
mesh size h = 107°, but employ different time step sizes 7, ranging from
10~* to 1072. The error of our solution is assessed by the relative difference
between the obtained displacement vector at the final time step (¢ = 1.0)
and the reference solution

orr — Hu(a;, 1) - uref($7 1)”00
l|tret (2, 1) 0o

The errors are then plotted vs. the time step size in the left panel of Figure 2.
From the log-log plot, it can be seen that most data points are almost on a
straight line with a slope of 2. It indicates a second-order convergence with
respect to time step size. This agrees with our previous discussions.
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Figure 2: Performance of the proposed method in Example 1: (left) relative error versus
time step size 7 (h = 107°); (right) relative error versus spatial mesh size h (r = 107*)

Similarly, we fix 7 = 10~% but change the spatial mesh size h. The
displacements at the nodes that overlay with the original mesh nodes are
extracted and then compared with the reference solution. The relative error
is shown in the right panel of Figure 2. We see a second-order convergence
with respect to the spatial mesh size, which also agrees with our conclusion.

7.2. Example 2: Small Wave Packet

In this example, we further consider the following initial datum,
up(z) = exp(—400(z — 1/2)?) sin(207z).

To evaluate the long term performance of the proposed method, the equation
parameters are taken as ¢ = 0.2, x = 0.0001 and the computer domain
(t,x) € [0,10] x [0,1]. According to Theorem 1, we let 0 = 10. The step
sizes are taken as h =5 x 107%, 7 =2 x 1074

The result is shown in the left panel of Figure 3. Since about t = 3,
the wave packet has reached the right boundary, but no significant artificial
reflection is observed throughout the computing time domain. The reference
solution, which is computed in a much larger spatial domain (¢, x) € [0, 10] x
[—40,40] with the same step sizes (h = 5 x 107°,7 = 2 x 107%), is given in
the right panel of Figure 3 for comparison. As can be seen the two solutions
match well.

The relative errors to the reference solution when employing a different
h or T are presented in Figure 4. Again we observe second-order convergence
with respect to both spatial and time step sizes.

We now consider the computational cost. The CPU time is examined by
increasing the total number of time steps N from N = 1000 up to N = 50000

41
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Figure 3: Solution to Example 2: (left) by proposed method; (right) by using a large
spatial domain

relative error

1E-6 4 e pf‘oposez{ method)|

proposed method|
~ —— 168 i

T T T T 1
1E4 0.001 0.01 1E-5 1E-4 0.001 0.01
h

Figure 4: Performance of the proposed method in Example 2: (left) relative error versus
time step size 7 (h = 5 x 107°); (right) relative error versus spatial mesh size h (7 =
2 x 107%)

with fixed m and h = 5 x 107°. Figure 5 shows the CPU times for the fast
convolution. One can observe the slope of 1.

7.8. Example 3: Using a Small o

In previous section we proved the convergence of the proposed method
under the condition o > 1/,/k1. However, in this example we show it is not
a necessary condition. We employ the same initial condition and computing
domain as in Example 1, but a different parameter set ¢ = 2, x = 0.0001.
Then the previous condition leads to ¢ > 100, which is not favorable because
a large o will pollute the numbers when doing the transform u = v exp(ot).
In fact, by using a much smaller value, i.e., 0=0.01, we will see the proposed
method still applies, even though right now we cannot prove its convergence
theoretically in this condition.
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Figure 5: (Example 2) Ln — Ln plot for the CPU time by fixing m with different N.

When mesh sizes of h = 5 x 107°,7 = 5 x 107° are employed, the
displacement solutions by the proposed method and the reference method
are shown in Figure 6. The two agree with each other well. In both solutions
the main wave has reached the boundary at about ¢t = 0.25, but no artificial

CPU time (s)

100000 5

10000 f

1000

100

Fe— Proposed method|
N

100

T
1000

T
10000

reflection or numerical instability is noticed.

The error evolution with respect to different A and 7 are shown in Fig-
ure 7. Second-order convergence can be observed from the log-log plots.
The result suggests the proposed method works in a much wider condition
than the assumption of Theorem 1, although the strict proof is currently

beyond the scope of with work.

0.0 02 04

Figure 6: Solution to Example 3: (left) by proposed method; (right) by

spatial domain

8. Conclusion

A convergent fast numerical method for solving the Cauchy problem
of the one-dimensional linearized Benjamin-Bona-Mahony (BBM) equation
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Figure 7: Performance of the proposed method in Example 3: (left) relative error versus
time step size 7 (h = 5 x 107°); (right) relative error versus spatial mesh size h (7 =
5x 107°)

is proposed to reduce the computational cost incurred by the exact con-
volution. To this end, the BBM equation in an unbounded domain was
reformulated into an initial boundary value problem in a bounded domain
of computational interest. A fully discrete Crank-Nicolson finite difference
method has been proposed to solve the reformulated initial boundary value
problem with an exact semi-discrete artificial boundary condition (ABC).
A fast convolution algorithm is introduced to handle the convolutions for
the exact semi-discrete ABC using the Padé rational expansion. A criterion
for determining the damping term was proposed to guarantee convergence.
In this case, it was theoretically proved that the corresponding numerical
scheme can achieve second order accuracy. Numerical tests confirmed the
effectiveness of the proposed numerical method.

The problem that remains to be solved is that the damping term e~7*
should satisfy the stability condition ¢ > 1/,/k1. For small dispersion pa-
rameters s, a too fast decaying damping term e~?? leads to numerical errors.
We will deal with this problem in a forthcoming paper.

Finally, we also have to deal with nonlinear systems, which is still an
open problem. We would like to address these problems in the near future.
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