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Abstract

The Heston model is a well-known two-dimensional financial model. Since the Heston
model contains implicit parameters that cannot be determined directly from real market
data, calibrating the parameters to real market data is challenging. Moreover, some
of the parameters within the model are nonlinear, which makes it difficult to find the
global minimum of the optimization problem. In our paper, we present a gradient descent
algorithm for parameter calibration of the Heston model. Numerical results show that our
calibration of the Heston partial differential equation (PDE) works well for the various
challenges in the calibration process. Since the model and algorithm are well known, this
work is formulated as a proof of concept. This proof of concept will be incorporated into
the space mapping approach in the future.

1 Introduction

In finance, calibrating the parameters of models to fit real market data is challenging
because most model parameters are implicit in real market data [9]. Therefore, improving
models by introducing additional processes increases the difficulty of the calibration
process. We consider the well-known two-dimensional Heston model, which contains
at least four parameters implicit in the market data. In contrast to recent research in
this area, we focus on optimizing the parameters within a PDE approach instead of a
stochastic differential equation (SDE) approach [7, [9]. The parameter calibration results
in a constrained optimization problem to minimize a cost functional. The cost functional
describes the difference between the reference data and the data obtained by numerically
solving our model. We solve the optimization problem using the gradient descent algorithm.
In addition to our financial model, the gradient descent algorithm requires the adjoints
of the model. Therefore, we first derive the adjoints of the Heston model formally and
construct the gradient using well-known techniques from PDE optimization [3, [I0]. The
gradient descent algorithm has been previously applied to the Heston model using neural
networks, so it has not been explicitly computed [6]. In this work, we focus on the
optimization of the calibration rather than the numerical solution of the model, i.e., our
obtained results can be further improved by using more accurate numerical methods.

In Section [2, we introduce the Heston model and our approach to solving the resulting
log-transformed Heston PDE. We then focus on the parameter calibration. In Section [3]
we derive the adjoint of the log-transformed Heston model and the corresponding gradient.
With the help of the gradient we calibrate the parameters of the second dimension, which
are implicit in the real market data. In more detail, a gradient descent method is proposed
to compute the best-approximation of the parameters. Finally, in Section {4 we focus
on numerical results for the application of the gradient descent algorithm to the Heston
model. We analyze the behavior of the algorithm in various problems. The paper ends
with a conclusion and an outlook in Section [Bl



2 Financial modelling

A financial derivative is a contract between parties whose value at maturity 7" is determined
by the underlying assets at or before time T'. Examples of financial derivatives are options.
An option is a contract that gives the holder the right (but not the obligation) to exercise
a specified transaction at or before time 7" at a specified price K (strike). A distinction is
made between call and put options. A call option holder has the right to buy from the
writer, and if he holds a put option, he has the right to sell it to the writer. The time of
exercise is determined by the type of option. The standard options are European options,
where the holder can exercise only at time 7', and American options, where the holder can
exercise at any time before and after 7. The simplest choice of option is the European
option Plain Vanilla, where Plain Vanilla means that the exercise time is limited to 7.
The payoft function ¢ is given by

o(S) = max(S — K,0) = (S — K)*, for S >0 (call), )

| max(K — S,0) = (K — S)*, for S >0 (put),

where S is the price of the underlying and K € R*. The dynamics of the price of the
underlying can be described via a SDE which corresponds to a PDE. In the following we
limit ourselves to Plain Vanilla European put options modelled with the Heston model.

2.1 The Heston model

The Heston model was developed by Heston in 1993 [2] and describes the dynamics of
the underlying asset through a two-dimensional SDE that includes a stochastic process
for the underlying asset S and one for the variance v. This model is an extension of the
well-known Black-Scholes-Merton model, which considers only one stochastic process for
the asset

dS; = (r — q)S,dt + oS, dWS, Sy >0, (2)

where r denotes the risk-free rate, ¢ denotes the dividend rate, og denotes volatility, and

dW? is a Brownian motion. By definition, the variance is the square of the volatility of

the asset, v = 0%. Heston considered a Cox-Ingersoll process for modeling the variance

leading to the SDE system of Heston’s model under risk neutral measure given by
dS; = (r — q)Sedt + /115, dW5, So >0, 3)
dvy = Ky (p — 1) dt + o/ AWY, v >0,

where k, is the mean reversion rate, pu, is the long-term mean, and o, is the volatility-of-
variance. The Brownian motions dW;° and dW} are correlated by p € [—1,1]. For the
variance process to be positive, the Feller condition 2k, 1, > 02 must be satisfied. If the
condition is violated, problems arise in the calculation of the square root, because it is
complex.



We apply the log-transformation x = log(S) to the pure Heston model and obtain the
SDE system

{dxt = (r—q = ju)di+ ymdWE, o =log(Sy) @)

dvy = Ky (p — 1) dt + o\ /v AW, vy >0

Before deriving the Heston PDE, we invert time by introducing 7 = T — t and obtain an
initial condition from the payoff function. Using Kolmogorov’s backward equation, we
derive the log-transformed Heston PDE under risk-neutral measure

1
‘Zr = ‘/JT.Z‘+ 2UVVVVV+(T_q_g)vx—f_/iy(,uy_y)‘/;/—'—o-yypvxu_TV7 (5)

where V(x,v,7) denotes the fair price of the European Plain Vanilla Put option. The
initial condition is given by the log transformed payoff-function for put options

V(0,v,2) = ¢(x) = max(K — exp(z),0). (6)
Further the following boundary conditions are considered

V(r,v,—o0) = Kexp(—rT),

V(r,v,00) =
rV(r,0,z) = =V (7,0,2) + (r — q)Va(7,0,2) + K1, V, (7,0, 2), (7)
rV(r,00,2) = =V, (1,00, 2) + Vm(T,oo,x)—l—(r—q—g)Vm(T,oo,x).

The boundary condition for ¥ = 0 is derived by substituting into the equation and for
v — oo we assume that a steady state is reached, i.e. the change within the derivative to
v is zero. Therefore, we obtain an asymptotic boundary condition for vy, instead of an
analytical one as in the other cases.

2.2 Discretization

Since this is a proof of concept, simple and well-known discretization methods are used
to present the approach. We consider uniform meshes in each direction and obtain for
the spatial directions z; = Ty, + 14, for i =0,..., N, with A, = (Tmax — Tmin) /N and
v = jA, for j = 0,...,N, with A, = 2= as well as 7, = k- A; for k = 0,..., N,
with A, = N% for the temporal direction. Second order central difference stencils are
used for spatial discretization. Second-order forward or backward stencils are used on
the non-zero boundaries. An exception was made for the first derivative in v, since the
prefactor k,(u, — v) induces a sign change over the domain. We use an upwind method
to reduce the effect of the sign change in the drift term of the variance. In the context of
the upwind method, we use the following stencil

1 1
—galujn = i) + Slal(wjer = 2u; + ), (8)



where a = £, (1, — v) [5]. Let vf; = V(x;,v;,7) and simplify v* ~ V(z,v, 7). For the
time discretization, we use the well-known alternating direction implicit (ADI) method,
the modified Craig-Sneyd scheme (mCS) [4]. In a first step, we split the operator of the
Heston PDE into three operators. The splitting of the operator of the Heston PDE is

F(1) = FolT) + Fa(r) + Fu(T), (9)

where the mixed derivative is represented by F; and F, contains the derivatives in the
x-direction and JF, contains the derivatives in the v-direction, respectively. In each time
step, we have to solve the following system of equations

Yo = oF + ATF (13, vF),
Yo = Yo+ 0AT (Fo(min, Va) = Falmi o))
v, - Y'+9AT(E4W+MY)—aF(m,kD,
Yo +0AT (]:0 Tht1, Yo) = Fo(Tw, v )) ; (10)
Yo +(2-0)A ( (Tk;+1,Y) I(Tk,vk» ,
Y, = Y6+9AT< 2(Th1, Y, fﬂfﬂv@),
Y, = Y:c + 0AT (F, ( v Tk+17YV) - Fu(Tkvvk)) )
vkt — }711

We choose 6 = 2/3 and improve the implementation as we use the approach in [g].

3 Parameter Calibration

Starting from some given data, we calibrate the parameters of the Heston model using a
constrained optimization problem. For a given data set Vj... and reference parameters
Uref, We try to minimize the cost functional

1 T 2 >\ 2
AMM:2AHV—%mHﬁ+2M—mﬂ.

In the case where no reference parameters u,.; are available, we set A = 0. In the
following, we derive a gradient-based algorithm that allows us to calibrate the parameters
numerically.

3.1 First-order optimality conditions for the Heston model

We formally compute the first-order optimality constraints using a Lagrangian approach.
We define the operator e, which serves as a constraint in the Lagrangian approach and
thus contains the Heston equation and the corresponding boundary conditions. In detail,
we denote the Lagrange multipliers by ¥ = (¢, @4, ¥b, @, Pa), set = (0,00) X (—00,0)
and split the boundary 0f2 into

[, =00n{z=—o0}, [y =00N{x = oo},
I'.=00n{v=0}, I'g=00N{v =o00}.



Moreover, we define

1 2 _ _ 1.2
A: Yy O-Z/ va , b: ’{V(/J“V V”) 120’1’ .
2 \op 1 rT—q—35 = 30up
Then the log-transformed Heston equation can be written as
ov

— — V- -AVV —b-VV 4+ 7V = 0.
or

Next, we define the operator e which will represent the constraint in the Lagrangian. It is
implicitly defined by

/ /{—v AVV — b VV—H“V]godsz
—|—/ / V—Kexp(—rT)}gpadsdT

+ / Vi dsdr
Iy

oV oV
+/ /er—l——(r—q)ax /<;,,,u,,a ]gpcdsdr
vo*V v OV
of r, 5 53— == )G+ V]udsdr

=T +To+T5+ T, +Ts.
The Lagrangian for the constrained parameter calibration problem is then given by
L(V,u,¥) = J(V,u) = (e(V,u),v).

We formally compute the first-order optimality conditions by setting dL = 0, for details
on the method we refer to [3, [10]. Before computing the Gateaux derivatives of L [3] in
arbitrary directions, we note that by Green’s first identity it holds

/Qgp(b-VV)dz:/m(b-ﬁ)Vgods—/QVV-(bgo) dz. (11)

Therefore, we can rewrite

T ov 1 1 1
T1=/ /<p—+AVV-Vg0—fb~VV<p+*Vb‘V<P+(T+*V‘b)vsﬁdz
o Ja' Or 2 2 2
— 1 —
—/8 (AVV)-ngpds—i/m(b-n)‘/gpdsdT

U oV dz

T . i . i .
—1—/89 [(A'Vo)-i—(b-7)p]Vds /89(AVV) n dsdr.

+// [——v ATVG+b-Vo+ (r+V-bp|dz
7=0



As e is linear in V' we obtain for some arbitrary direction h

dy (e(V,w), ) [h] = Uﬂgohdz +/ / l——v ATV +b-Vo+ (r+V-b)pl| d

+/BQ[(ATV¢) i — (b ) phds — /aQ(AVh) R dsdr

T T
+/ / h%dsdwr/ /hgobdsdT

Oh oh
+/ / [rh—i——r—q)a fi,,,u,,algocdsdT

v 0*h v 0Oh
/ /Fd [87—_283;2_<T_q_2)8x+rh1 padsdr.

For the cost functional we have

dy J(V, u)[h // (V = Vigra) dz dr.

We identify the adjoint equation by choosing h appropriately. Note that we are not allowed
to vary V at V(0,v,z) as the initial condition is fixed. Therefore h(0, v, x) = 0.
For h =0 on 092 and h(T,v,x) = 0, we find

0= dy L(V,u,¥)[h]

T dp T
:/ h /(V—Vdata)+f+v-A Vo —b-Ve—(r+V-bp| d-dr.
0 Q or

Hence the Variational Lemma allows us to conclude

Jyp
or

Now, choose h(T,v,z) # 0 then we obtain the terminal condition ¢(T,v,z) = 0. We
consider the boundary conditions separately.
On I' 4 we have

+V-A'Vo—b-Vo—(r+V -b)p=—(V = Vi) on .

0= / (ATV) -7 — (b-7)glh — (AVA) - fig + hya ds. (12)
g
Choosing h = const # 0 yields
0= h/ (ATV) -7 — (b- ) + pads,
Lo

hence (ATV) -7 — (b- )¢ + ¢, = 0. On the other hand, when choosing Vi # 0,
must still hold. This yields ¢ = 0 on I',. Similarly, we find on I'y that

0= /F (ATV) -t — (b~ D)o|h — (AVR) - fip + hipy ds. (13)



With the same arguments, we obtain ¢ = 0 on I',.
On I'. we find

T . oh oh oh
0:/0 /C—h(b-n)gp—f— Th+§_(T_Q)8 il ](,DcdeT

For h = ¢ # 0, we obtain -(b - 1) = rp. and for arbitrary h we use integration by parts
on I', to obtain

0= / / { o+ ro.+ Ooc _ (r — q)agpC — /-c,,,uyagpc}hdsdﬂ
or x v

which leads us to

Oy Op dp
or - ( - Q) ) Ry by ov 0 on Fc
On I'; we find
T oh v .Oh v 0O*h
— T . g —_— . _‘ —_— — —_ ] — — | — — — [
O_/o /Fd[(A V) -i—(b-i)plh+ |rh+ 57 (r—gq 2>8x QamQ}gpddsdT.

For h = ¢ # 0, we obtain (A"V) -7 — (b-7)p = rpg and we use integration by parts on
[’y for arbitrary A which leads us to

T . . oy v.0pq v 3pqg
0:// AT -n—(b- — —(r—qg—=-)—/——= ]hdd,
0 . ( VQO) n ( n)gp—l—ﬂpd—i— or (T q 2) ox 2 Or2 S
and we obtain 5 5 o
¥ v.op rvoyp
——(r—q——<)=/——= — r
or ( 2>8x 2 0x? 0 only
Altogether, the adjoint equation reads
390 T _
5, TV AVe—b-Vo—(r+V-bjp=—(V— Vi) on (14)
which is equivalent to
dp 1 9% Py 1 %y N D
or 2" g TV w2 g T v el ), (15)

0
+Hg—r+ 5 + Uup)afi + (K = 1)p = =(V = Vaara) on Q

with terminal condition ¢(7") = 0 and boundary conditions ¢ = 0 on I', and I';, and

%_(r_q)aﬁ—muya—wzo on I'c,

or or ov (16)
0 (g0 w0\ p
or 2°0x 2 0x? ‘

The discretization of the adjoint is analogous to the discretization of the Heston PDE.



3.2 Derivation of the gradient

Let w = (0, p, Ky, i1,,) be the parameters to be identified, as r and ¢ are given by the data.
We compute the optimality condition by setting d,L(V,u,1) = 0. In the following we
state the derivatives w.r.t. the different parameters separately. For o, we obtain

etV il = [ f 3o (0 hfgp) vV Vg
() v b () =
W < ;UA’Z"”> Vedz — 2/ ( A’:p”) ) Vds
L e
— by, OT/Q ;u (Up 0) V-V + i (“p) VUV — iv ("p) -V
_ iv ((Z) Vgodz+/ ( <<(;”> ~ﬁ>Vgp— ;y <Jp” ’8) VVﬁgo) dsdr
~to | o (oo o (3o tavar))

goa—v — V&p> +o <8V — V@gp)) dz

1
+ 4 (p < ox ox o’ 0
1 1 ov oV
+/mz(a+p)Vg0— ol <(U+p)81/+p&n> pdsdr
Similarly, we obtain for the other derivatives
oV dp IV Oy 1 [oV Op
dple(V,u), ¥ h//,,/ <8x8u+ﬁyﬁx>+4a<3x(p—v8x>d
1 v IV
+/ ZO‘VQD —voy (85E + 81/) dsdr
&p oV 1
d:‘iu <6(‘/, U),’l?b / / ( % - 8}/30) - *VQDdZ
— = (,u —v)pVds —/ 2w (pdsdT
&p oV
dﬂu<e(‘/7u)7 / / ( 5—5 >d2’

—7/ fngods—/ ﬁya—vgodsdT
2 Jog r. Ov

Note that d,L(V,u,)[h,] = 0 needs to hold for arbitrary directions h,. Therefore, we
can read off the gradient from the above expressions.
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3.3 Gradient descent algorithm for the parameter calibration

Solving the first-order optimality condition all at once will be difficult due to the forward-
backward structure. Therefore, we propose a gradient descent algorithm in the following.
For a given initial parameter set uy, we can solve the state equation. With the state
solution at hand, we can compute the adjoint equation backwards in time. Then we have
all the information available to compute the gradient and update the parameter set using
a gradient step.

Algorithm 1: Gradient descent method for Heston parameter calibration
Result: calibrated parameters for Heston model
initialize parameters ug;
while ||gradient| > € do

solve ;
solve :

compute the gradient;
line search for step size;
update the parameter set;

end

For the line search we use the Armijo rule [10], which is described in the following. Given
a descent direction dj of f at wy, for example d, = —V f(uy), choose the maximum
o, € {1,1/2,1/4,...} for which

flug 4+ ordi) — f(ur) < yoe(f' (ur), di). (17)

Here v € (0,1) is a numerical constant, which is problem dependent and typically chosen
as 7 = 1074, as we have. As we have restrictions for the parameter domain for &, ., o,
and p, as well as the condition that the Feller condition has to be fulfilled, we further use
the projected Armijo rule [10]. Choose the maximum oy € {1,1/2,1/4,...} for which

F(P(ur = iV f(ug))) — fux) < —;Hp(uk — 0V f (ur)) — uliy-

As before, v € (0,1) is a numerical constant.

4 Numerical Results

In this section, we report the behavior of the gradient descent algorithm for the Heston
model, Algorithm [I We focus on the behavior when using random initial values, short
and long run times, and different discretization meshes. For all test sets, we generate Viaia
using the following parameters for the Heston model

K =10,7=0.1, ¢=0.05, K, = 5, yt, = 0.16, 5, = 0.9, p = 0.1. (18)
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If nothing else is set due to the test setting, the discretization mesh is N, = N, = 80, and
N, = 40. The same discretization is used for the test set and the reference set.
For the different test cases, the percentage improvement of the cost function given by

J(V, U()) — J(‘/, U/Opt)
J(V, Uo) ’

(19)

the percentage change of the optimized parameter from the initial value, calculated
similarly to , and the number of iterations are reported. For the first two tests, we
choose k, = 5.2, u, = 0.18, 0, = 0.92 and p = 0.05 as initial values. The first test focuses
on different discretization meshes, where we choose N, = [80,90, 100, 110, 120, 130, 140]
and N, = % and N, = N,. Therefore, we show only the NNV, values in the plots, since
their range is unique. The results are shown in the Figures[1], 2| and [3]

In the second test, the behavior using different maturities is examined. The results are
shown in the Figures [4] [5] and [6]

In the last test, we set a maximum percentage deviation where the initial estimate for the
parameters is calculated randomly. For each maximum deviation, we compute 100 initial
values. The results can be found in the Figures[7] [§]and [0

In comparison, we find that the iteration count is less than 10 iterations in most cases, as
Figures [3], [§ and [6] show. Furthermore, the iteration count increases with larger deviation
of the initial values from the global optimum, see Figure 8] Figures [3] and [ show a
significant improvement of the cost functional independent of the maturity or the chosen
mesh size. The small effect of the maturity for the optimized parameters is shown in
Figure [2|

The importance of the initial parameter is shown in Figure [7], as we observe that the best
optimized cost functional deteriorates with larger deviations from the reference values, and
in Figure [9] where the optimal parameter deviates from the global optimum, indicating
that the optimal values are local minima. Finally, we conclude that the presented gradient
descent algorithm gives very good results in finding the nearest local minimum that
sufficiently improves the cost functional, as verified by Figures [7] and [0

5 Conclusion and Outlook

The numerical results show that the application of the gradient descent algorithm is
feasible even if we only reach a local minimum. Since this work is a proof-of-concept, it is
a first step towards (real) data-based calibration of the model. Indeed, as future work we
plan to extend this method using the space-mapping approach [I]. This will allow us to
fit the parameters of the Heston model to real market data rather than to a constructed
example, using the SDE solver as the fine solver and the PDE approach as the coarse
solver.
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