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Abstract

In this paper we present how nonlinear stochastic Ito differential equations
arising in the modelling of perturbed rigid bodies can be solved numerically
in such a way that the solution evolves on the correct manifold. To this end,
we formulate an approach based on Runge-Kutta-Munthe-Kaas (RKMK)
schemes for ordinary differential equations on manifolds.

Moreover, we provide a proof of the strong convergence of this stochas-
tic version of the RKMK schemes applied to the rigid body problem and
illustrate the effectiveness of our proposed schemes by demonstrating the
structure preservation of the stochastic RKMK schemes in contrast to the
stochastic Runge-Kutta methods.
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1. Introduction

We consider the nonlinear It6 stochastic differential equation (SDE) of
the form

dyt = FO(Z/t) dt+ZE(yt) thZ7 Yo € M? <1>
i=1
where the solution y;, t > 0, evolves on a n-dimensional, homogeneous
submanifold M of RN, F;: M — TM for i = 0,...,m and W},... , W™
are independent Wiener processes. A solution can be defined via y; =
A(exp(€%),y0), where A: G x M — M is a Lie group action on M, i.e.
for two elements y;,y, € M we can find a matrix G, an element of the Lie
group G, such that A(G,y;) = yo.
The variable €2, is an element of the corresponding Lie algebra g, which
is the tangent space at the identity e of G, i.e. g = T'G|.. It satisfies

9, = Ardt + > T dW], Qg =0, (2)

i=1

where the coefficients A, I’ f) € g depend on the coefficients of (1), F;: M —
TM,i=0,...,m. Werefer to [6] for more details on a general representation
of these coefficients and these SDEs. A specific representation for the case
M = S? can be found in Section 2.

Our aim is to exploit the Euclidean-like geometry of the Lie algebra by
applying stochastic Runge-Kutta (sRK) schemes to (2) and projecting the
numerical solution back onto the manifold M to express an approximation
of the solution of the SDE (1) since a direct application of sSRK schemes to
(1) would result in a drift-off. This approach is based on the Runge-Kutta—
Munthe-Kaas (RKMK) schemes for ordinary differential equations (ODEs)
on manifolds [11]. Their application to rigid body equations has been ana-
lyzed in [2].

Stochastic extensions of RKMK methods and their proof of convergence
have already been considered in [6, 1, 12, 10]. The authors of [6] focus on the
convergence of the exponential Lie series, while the authors of [1] consider
only weak convergence. The proof of convergence in [12] applies only to
the Euler-Maruyama scheme on matrix Lie groups and the proof of strong
convergence in [10] is restricted to linear SDEs on matrix Lie groups which
occur for example in the approximation of correlation matrices [9].
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In this paper we extend the idea of Munthe-Kaas to SDEs on homo-
geneous manifolds and give a proof of the strong convergence of stochastic
Runge-Kutta-Munthe-Kaas (sSRKMK) schemes for nonlinear It6 SDEs of the
form (1) occurring in the modelling of perturbed rigid bodies. We will show
that the strong order of convergence v depends on the order of convergence
of the applied sRK method in the Lie algebra and the truncation index in
the series representation of the drift and diffusion coefficients of (2).

The structure of the paper is as follows. In Section 2 we formulate based
on the deterministic case the SDE that describes the motion of a rigid body
that is perturbed by stochastic processes. Then, in Section 3 we present
the schemes to solve this SDE numerically such that the numerical solution
evolves on the correct manifold. The results of simulating the rigid body
problem are provided in Section 4. At last, a conclusion of our findings and
an outlook are given in Section 5.

2. The stochastic rigid body problem

Let M be the n-sphere S™ = {y € R"*! : y"y = 1}. Then the Lie group
action A, i.e. the transport across this manifold, can be described via the
matrix-vector product A(G,y) = Gy with a rotation matrix G in the Lie
group G := SO(n + 1). The corresponding Lie algebra so(n + 1) is the space
of skew-symmetric (n 4 1) x (n + 1)-matrices.

For n = 2 this example can be illustrated by the rigid body problem [8].
Consider a free rigid body, whose centre of mass is at the origin. Let the
vector y = (y1,¥2,y3) ' represent the angular momentum in the body frame.
The motion of this free rigid body is described by the Euler equations

0 ys/ls  —ya/ 1>
y=Vy V) =|-ys/ls 0 w/h |,
yo/ls  —un/h 0

where I;, I, and I3 denote the principal moments of inertia.

We suppose that the rigid body is perturbed by Wiener processes, i.e.
that the motion is driven by an It6 SDE of the form (1) with M = S2. The
diffusion coefficients Fj: S? — T'S? are given by Fi(y;) = Vi(y:)y:, where
Vi: S? — s0(3) are defined as above,

hn 0 y3/Iz'3 _y2/]i2
y= w2 | = | —ys/lis 0 wn/lin |, (3)
Y3 Yo/Lio  —v1/In 0

3
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for constants I;q, I;2, I;3, 2 = 1, ..., m. For the drift coefficient we have

1 — d ;
F( ) Voyt yt+§;(vz yt (deeXpQ(F())) Fg)) Yt

with
d 1)+ NN 1 =D Nl
dexp (F())) I = , , adg, (ad . (ady(T7)) ),
(dQ ¢ C T (b 2 RG +1) (g (ath(17))

') being the diffusion coefficient in (2) and Vy(y;) € s0(3) having the same
structure as described in (3).

Summarizing these notations the SDE we are considering for the motion
of a perturbed rigid body reads

1 — i - i
dy; = (V()(yt) + 3 Z Ki(ye, Iy ))> e dt + Zzl Vi(ye)y: AW, (4)

where yo € S? and

Ky, T1) = Vi) + ( d‘édexpmr”))rﬁ“-

Note that this stochastic rigid body problem has been considered before in
(6, 15] but modelled as the Stratonovich SDE

dyr = Vo(ye)ye dt + Z Vilyo)yr 0 dW},  yo € S, (5)

i=1
with the corresponding SDE in the Lie algebra given by
dQy = Apdt+» T o dW), Qy=0.
i=1

The coefficients of the Stratonovich and the 1t6 SDE (2) coincide and can be
specified by

A = dexpQ (Vo(yt)) ng) = dexpét1 (Vi(yt)), 1=1,...,m, (6)
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if the expression
1

dexpq(H) = ; (] adg(H)

given in the derivative of the matrix exponential exp(Q2) = >, -, Q" /k!,

<% eXp(Q)> H = dexpq(H) exp(),

is invertible.
By adq(H) = [, H] = QH — HQ) we express the adjoint operator which
is defined iteratively

ady(H) = H, adg(H) = [Q,adfy '(H)] = adg(adg ' (H)), k> 1.

According to the classical Lemma of Baker (1905, see e.g. [3, p. 84])
dexpg(H) is invertible, if the eigenvalues of adq are different from 2¢7i with
¢ e {£1,£2,...}. Since By are the Bernoulli numbers the inverse reads

—a
k!
k=0

dexpg' (H) = dg(H), (7)

which converges for ||Q| < 7.

The definition of these coefficients follows from the It6 formula and their
derivation can be done by using right multiplication instead of left multipli-
cation of the solution in the proof of Theorem 5 in [7].

3. Stochastic Runge-Kutta—Munthe-Kaas schemes

In the sequel we present a stochastic version of Runge-Kutta—Munthe-
Kaas (RKMK) schemes for solving (4).

Algorithm 3.1. Divide the time interval [0, T| uniformly into L subintervals
[to,tesa], €=0,1,..., L —1 and define the time step A = t; 1 — t;. Starting
with to = 0, y(to) = yo and Qo = O, the following steps are repeated over
successive intervals [te, tor 1] until tpyy =T.

1. Initialization step: Let y, be the approrimation of y; at time t = t,.
2. Numerical method step: Compute an approrimation 1 ~ Qa by
applying a stochastic Runge-Kutta method to the matriz SDE (2).

5



8 3. Projection step: Set y,.1 = exp(21)y,.

83 Consider a truncated approximation for (7) denoted by
q
: By,
dexpinv(Q), H,q) = Z T adb (H). (8)
k=0

s« By adapting the notations of RoBler’s explicit s-stage sRK scheme [13] with
s coefficients given in Table 1 we can specify the algorithm above for m = 1,
s see Algorithm 1.

c | A| B
¢|A|B
a | BV | B3

Table 1: Butcher tableau

Algorithm 1 sRKMK
1: for {=0,1,...,L —1do

2: fori=1,2,...,sdo

3 Q= X7 g A()A + X7 by

4: = >0 A A)A + 300 by T () VA

5 A(€;) = dexpinv (€, Vo(exp(Q)we), q)

6: () = dexpinv (~,~, Vi (exp(Q:)we), q)

7 end for

8: 0, = 25_1 i A(L)A + ZZ 15 rQ Z) M+ > 51(2)11(@@')% +

Sl BPD(Q) 16 3 BT () T

9: Yer1 = exp(1)ye
10: end for

&7 The question now is how to choose the truncation index ¢ in (8) so that the
ss SRKMK procedure inherits the strong convergence order of the underlying
8o sRK scheme.
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Theorem 3.2. Let the applied stochastic Runge-Kutta method in the second
step of Algorithm 3.1 be of strong order . Assume that V;: S — s0(3),
i =0,...,m, are gien as in (3). If the truncation index q in (8) satisfies
q > 27y — 2, then the method of Algorithm 3.1 is of strong order ~y.

Proof. We define 2} as the exact solution of the truncated version of (2) at
t = A, namely

A4
/ adQ VO (ys) ds—l—Z/ adQ (V;(ys))de.

Then, the absolute error considered in the Frobenius norm can be split into
a modelling and a numerical error,

E[Qa — e < (E[I1Qa — Q413" + (E[I104 — u)3])"°.

Since the numerical error has the correct order by construction it remains to
be shown that

(E[I0s — Q4J2))"* < CAED2 . 0 < oo

Analyzing the left hand side of the inequality above and using the It isom-
etry, we get

(B[22 - QAllE])

: (E[H /f:%d <vo<ys>>dsﬂ>”2

' i (EM [ ki%dﬂ (Vi) FD/
(L5152t o)
(/OAE'( > L adt, ( <ys>>F)2}ds)m.

L k=q+1

1/2

By using the submultiplicativity of the Frobenius norm, one can show that

[ads,, (Vitw )l < 2 lIVitw)l,
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holds via induction. Due to the specific structure of V;(y) (3) we have

2 2 2
ys,l ys,Q ys,3 2
IVi(ys) 7 =2 ((1}1> + (1,2) + (1'3) ) < I 1ys13

where we define I; i, = min{|l;1], |12, | Li3]}. Moreover, it holds

2
lysll3 = Il exp()wollz < I exp(Qa) 131150l < (exp (12(24)))" =1,

where we have used that y, € S? and that the logarithmic matrix norm
12(2s) = Amax (s + Q7)) /2) = 0 for skew-symmetric matrices Q.
Inserting these results in the expected value we get

E[( 3 !BkIH adly, (Vi(y)||, )]—IZ [( Z B 2'°||Q I ”

k=q+1 1,min

Let f: 1 =R,z % (14cot (%)) +2withl={zeR:E ¢Z}. Then

it is true that
= | By|
Z A 2t = f(a),
k=0

where f(z) can be expressed

A (g+1)
- ; / k:'( ) by Ry(z), Ry(z)= quTl()f!)qu,

if Taylor’s theorem is applied to f at the point 0. In doing so, we are using
the Lagrange form of the remainder for some real number £ between 0 and
z. Next, we set © = 2||Q,|| and consider the restriction f; with [ = {z € R
|z| < 27} since (7) only converges for ||2|| < . The restriction f; is bounded,
in particular there exists an upper bound M, such that | f|§~q+1) &) < M,
for all £ between 0 and = and therefore

M,

IRy(o)] € 3

(2l

This leads us to

5[( 3 Plojoe)] < (220 & o),

k=q+1
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Lastly, we insert an Ito-Taylor expansion according to Proposition 5.9.1 [5],
QSZQO+Rs:Rsa E[HRSH%} < 018

for some C] < oo such that
E (I IF] = B[IRJF] < Crsr.

Summing up, we have

g(/fﬁ[&;l 0, (v snm)) |, ]o)

1/2
2Q+1M ( 201 / q+1d$) -0 (A(q+2)/2) )
(g+1) ' 0

’L min

4. Simulation

For the simulation of our theoretic results above we have implemented
Algorithm 3.1 to solve (4) in the software package MATLAB. We have set
m =1, yo = (c0s(0.9),0,sin(0.9)) " as the initial value in S? and the moments
of inertia as Iy = (3,1,2) and I, = (1,0.5,1.5), where I; := (I;1, I;2, I;3) for
1=0,1.

In the Numerical method step of Algorithm 3.1 we have used the Euler-
Maruyama scheme and the sRK methods SRI1 [14] of strong order v = 1
and SRITW1 of strong order v = 1.5 [13]. Since applying these sSRK schemes
together with a Projection step in Algorithm 3.1 preserves the geometric
properties of the manifold in contrast to applying them directly to (4) we
use the abbreviations gEM, gSRI1 and ¢gSRI1WI1, resp., to emphasise the
geometric aspect. The truncation index ¢ in (8) was chosen according to
Theorem 3.2, namely ¢ = 0 for gEM and for gSRI1 and ¢ = 1 for gSRITW1.
A log-log-plot of the simulation of the strong convergence order can be viewed
in Figure 1.

For the estimation of the absolute error we computed

1 M
a2
=1

ref

Yrj — yT,J’Hz
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Figure 1: Simulation of the strong convergence order for M = 1000 paths.

where we have used the step sizes A = 2714, 2713 9712 9=11 910 9=9 9=8 5-T
to obtain the approximations 7. The reference solution yi! was com-
puted using gSRITW1 with A = 2716 and with the Cayley map cay(Q) =
(I — Q)11 + Q) instead of the matrix exponential in the Projection step of
Algorithm 3.1 (see [3, 10]). As the Cayley map and the analogue expression

to (7), namely
1
deayy'(H) = 5(1 —~Q)H(I+9Q),

are given by a finite product of matrices, there is no modelling error being
made.

Note that we could also have used the closed-form expressions for the
matrix exponential and (7) from [4, Appendix B] for the reference solution.

Figure 1 shows that the chosen truncation indices are sufficient for the
sRKMK schemes to inherit the strong convergence order ~ of the sRK scheme
chosen in the second step of Algorithm 3.1.

The structure-preserving property of sSRKMK schemes is visualised in
Figure 2. It shows a sample path of gSRI1 of strong order v = 1 applied to
(4) with the same initial value yy and moments of inertia Iy and I; as above

10
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Figure 2: Sample path of the sSRK method SRI1 and its structure-preserving counterpart
gSRI1.

for 450 steps with a step size of A = 0.1. In contrast to the sample path
of SRI1 applied directly to (4), the sample path of gSRI1 remains on the
manifold. The drift-off of the sRK scheme is also shown in Figure 3.

5. Conclusion

Since the analytical solution of the SDE considered in the stochastic rigid
body problem lies on the unit sphere, a numerical approximation of the
solution should also lie on the unit sphere. Based on the RKMK schemes
for ODEs on manifolds, we have presented an extension to sSRKMK schemes
for nonlinear SDEs that arise in rigid body modelling under the assumption
that there is a perturbation caused by stochastic processes.

11
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Figure 3: Log-distance of the numerical solution to the unit sphere

Moreover, we proved that the sSRKMK schemes inherit the strong conver-
gence order of the underlying sRK schemes when a condition on the trunca-
tion index ¢ of (8) is satisfied.

Since the construction of SRKMK methods for nonlinear SDEs and their
proof of convergence in this paper are limited to the modelling of perturbed
rigid bodies, in future work we will generalise the results to SDEs on arbitrary
homogeneous manifolds.
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