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ON A CLASS OF STOCHASTIC PARTIAL DIFFERENTIAL
EQUATIONS WITH MULTIPLE INVARIANT MEASURES

BALINT FARKAS, MARTIN FRIESEN, BARBARA RUDIGER*, AND DENNIS SCHROERS

ABSTRACT. In this work we investigate the long-time behavior for Markov processes
obtained as the unique mild solution to stochastic partial differential equations in a
Hilbert space. We analyze the existence and characterization of invariant measures
as well as convergence of transition probabilities. While in the existing literature
typically uniqueness of invariant measures is studied, we focus on the case where
the uniqueness of invariant measures fails to hold. Namely, introducing a generalized
dissipativity condition combined with a decomposition of the Hilbert space, we prove
the existence of multiple limiting distributions in dependence of the initial state of
the process and study the convergence of transition probabilities in the Wasserstein
2-distance. Finally, we apply our results to Lévy driven Ornstein-Uhlenbeck processes,
the Heath-Jarrow-Morton-Musiela equation as well as to stochastic partial differential
equations with delay.

1. INTRODUCTION

Stochastic partial differential equations arise in the modelling of applications in math-
ematical physics (e.g. Navier-Stokes equations [22], 18], 9 [37] or stochastic non-linear
Schrodinger equations [4] [13]), biology (e.g. catalytic branching processes [12, [30]), and
finance (e.g. forward prices [24], 38, [16]). While the construction of solutions to the un-
derlying stochastic equations is an important mathematical issue, having applications
in mind it is indispensable to also study their specific properties. Among them, an
investigation of the long-time behavior of solutions, that is existence and uniqueness of
invariant measures and convergence of transition probabilities, are often important and
at the same time also challenging mathematical topics. In this work we investigate the
long-time behavior of mild solutions to the stochastic partial differential equation of the
form

dX, = (AX, 4+ F(X,))dt + o(X;)dW; +/ (X, v)N(dt,dv), t>0 (1.1)
E

on a separable Hilbert space H, where (A, D(A)) is the generator of a strongly continu-
ous semigroup (S(t))i>0 on H, (Wy)i>0 is a Q-Wiener process and N (dt,dv) denotes a
compensated Poisson random measure. The precise conditions need to be imposed on
these objects will be formulated in the subsequent sections.

In the literature the study on the existence and uniqueness of invariant measures
often relies on different variants of a dissipativity condition. The simplest form of such
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a dissipativity condition is: There exists a > 0 such that
(Az — Ay,x —y)g + (F(z) = F(y),z —y)n < —allz —ylf,  x,yeD(A). (1.2)

Indeed, if is satisfied, o and ~ are globally Lipschitz-continuous, and « is large
enough, then there exists a unique invariant measure for the Markov process obtained
from (L.1), see, e.g., [32} Section 16], [10, Chapter 11, Section 6], and [36] where such a
condition was formulated for the Yosida approximations of the operator (A, D(A)). Note
that is satisfied, if F' is globally Lipschitz continuous and (A, D(A)) satisfies for
some 3 > 0 large enough the inequality (Az,z)g < —B||z||%, © € D(A), i.e. (4, D(4))
is the generator of a strongly continuous semigroup satisfying [.S(2)| 1) < e Pt Here
and below we denote by L(H) the space of bounded linear operators from H to H
and by || - [|1(g) its operator norm. For weaker variants of the dissipativity condition
(e.g. cases where only holds for ||z| g, ||ly]lz > R for some R > 0), in general
one can neither guarantee the existence nor uniqueness of an invariant measure. Hence,
to treat such cases, additional arguments, e.g. coupling methods, are required. Such
arguments have been applied to different stochastic partial differential equations on
Hilbert spaces in [33], [34], B5] where existence and, in particular, uniqueness of invariant
measures was studied. We also mention [7), 23] for an extension of Harris-type theorems
for Wasserstein distances, and [25], 21] for extensions of coupling methods.

In contrast to the aforementioned methods and applications, several stochastic mod-
els exhibit phase transition phenomena where uniqueness of invariant measures fails
to hold. For instance, the generator (A, D(A)) and drift F' appearing in the Heath-
Jarrow-Morton-Musiela equation do not satisfy , but instead F' is globally Lipschitz
continuous and the semigroup generated by (A, D(A)) satisfies

IS(t)x — Pzl < ez — Pa|ln

for some projection operator P. Based on this property it was shown in [38] [36]
that the Heath-Jarrow-Morton-Musiela equation has infinitely many invariant measures
parametrized by the initial state of the process, see also Section 6. Another example is
related to stochastic Volterra equations as studied, e.g., in [6]. There, using a represen-
tation of stochastic Volterra equations via SPDEs and combined with some arguments
originated from the study of the Heath-Jarrow-Morton-Musiela equation, the authors
studied existence of limiting distributions allowing, in particular, that these distribu-
tions depend on the initial state of the process.

In this work we provide a general and unified approach for the study of multiple
invariant measures and, moreover, we show that with dependence on the initial distri-
bution the law of the mild solution of is governed in the limit ¢ — oo by one of the
invariant measures. In particular, we show that the methods developed in [38, [36 [6]
can be embedded as a special case of a general framework where one replaces
by a weaker dissipativity condition, which we call hereinafter generalized dissipativity
condition:

(GDC) There exists a projection operator P; on the Hilbert space H and there exist
constants @ > 0, 8 > 0 such that, for z,y € D(A), one has:

(Az — Ay,x —y)u + (F(x) = F(y),z —y)n
< —allz — y|F + (a+ B) [|Prz — Pry|F.

Note that for the special case P; = 0 condition (GDC) contains the classical dissipativity
condition. However, when P; # 0, the additional term ||Pix — Pyy||% describes the
influence of the non-dissipative part of the drift. Sufficient conditions and additional
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remarks on this condition are collected in the end of Section 2 while particular examples
are discussed in Sections 5 — 7.

We will show that under condition (GDC) and additional restrictions on the projected
coefficients P F, Pio, and P;v, the Markov process obtained from has for each
initial data X¢ = x a limiting distribution 7, depending only on P;xz. Moreover, the
transition probabilities converge exponentially fast in the Wasserstein 2-distance to this
limiting distribution. In order to prove this result, we first decompose the Hilbert space
H according to

H=Hy® Hy, x=PFPyx+ Pix, Pp:=1- P,

where I denotes the identity operator on H, and then investigate the components Py X;
and P} X; separately. Based on an technique from [39], we construct, for each 7 > 0,
a coupling of X; and Xy, ,. This coupling will be then used to efficiently estimate the
Wasserstein 2-distance for the solution started at two different points.

This work is organized as follows. In Section 2 we first discuss the special case where
F = 0 and o,~ are independent of X. In such a case X is an Ornstein-Uhlenbeck
type process and the collection of invariant measures can be easily characterized by its
characteristic function. This section can be seen as a motivation for our more general
results discussed in the subsequent sections. Afterward, we investigate in Sections 3
— 5 the general case for which the methods from Section 2 can not be applied. More
precisely, after having introduced and discussed in Section 3 the generalized dissipativity
condition (GDC), we state in Section 4 the precise conditions imposed on the coefficients
of the SPDE , discuss some properties of the solution and then provide sufficient
conditions for the generalized dissipativity condition (GDC). Based on condition (GDC)
we derive in Section 4 an estimate on the trajectories of the process when started at two
different initial points, i.e. we estimate the L?-norm of X¥ — X/ when = # y. Based
on this estimate, we then state and prove our main results in Section 5. Examples are
then discussed in the subsequent Sections 6 and 7. Namely, the Heath-Jarrow-Morton-
Musiela equation is considered in Section 6 for which we first show that the main results
of Section 5 contain [38, 36], and then extend these results by characterizing its limiting
distributions more explicitly. Finally, we apply our results in Section 7 to an SPDE
with delay.

2. ORNSTEIN-UHLENBECK PROCESS IN A HILBERT SPACE

Let H be a separable Hilbert space and let (Z;):>0 be a H-valued Lévy process
with Lévy triplet (b, @, i) defined on a stochastic basis (2, F, (F¢)e>0, P) with the usual
conditions. This has characteristic exponent W of Lévy-Khinchine form, i.e.

E [euu,ztm} — o), weH, t>0,

with ¥ given by

. 1 i .
\If(u) = 1(b,u>H — §<Qu, U>H +/ (el<u’Z>H —1- 1<u, Z>H1{Hz||H§1}> /J,(dz),
H
where b € H denotes the drift, () denotes the covariance operator being a positive,
symmetric, trace-class operator on H, and p is a Lévy measure on H (see e.g. [27],
[3], [32], [28]). Let (S(t))t>0 be a strongly continuous semigroup on H. The Ornstein-

Uhlenbeck process driven by (Z;):>0 is the unique mild solution to

AXP = AXFdt+dZ,  Xi=xzcH, t>0,
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where (A, D(A)) denotes the generator of (S(t)):>0, i.e. (X[)¢>0 satisfies
t
Xf:S(t)a:—F/ S(t—s)dZs, t>0.
0

The characteristic function of (X[)¢>¢ is given by

t
E [e““’xtx)’f} = exp <i<S(t)1:,u>H +/ ‘P(S(r)*u)dr) , ue H, t>0.
0

See e.g. the review article [3] where also sufficient conditions for the existence and for
the uniqueness as well as properties of invariant measures are discussed. It is well-
known that the Ornstein-Uhlenbeck process has a unique invariant measure provided
that (S(t))¢>0 is uniformly exponentially stable, that is

Ja>0, M>1: 1Sl ey < Me™™, t>0,
and the Lévy measure p satisfies a log-integrability condition for its big jumps
[ toglt+ allmudz) < . (2.1)
{llzllz>1}

Below we show that for a uniformly convergent semigroup (S(¢)):>0 the corresponding
Ornstein-Uhlenbeck process may admit multiple invariant measures parameterized by
the range of the limiting projection operator of the semigroup.

Theorem 2.1. Suppose that (S(t)):>0 is uniformly exponentially convergent, i.e. there
exists a projection operator P on H and constants M > 1, a > 0 such that

|S(t)r — Px||g < M|jz|ge™ ™, t>0,z € H. (2.2)
Suppose that the Lévy process satisfies the following conditions:
(i) The drift b satisfies Pb = 0.

(ii) The covariance operator @Q satisfies PQu =0 for all uw € H.
(iii) The Lévy measure p is supported on ker(P) and satisfies (2.1).

Then for each x € H it holds
X7 — Pz + X2, t — 0o

in law, where X is an H-valued random variable determined by

E [ei<“vXé’o>H} = exp ( /0 h W(S(r)*u)dr) .

In particular, the set of all limiting distributions for the Ornstein-Uhlenbeck process
(XE)i>0 is given by {6z * poo | © € Tan(P)}, where i denotes the law of X2 .

Proof. We first prove the existence of a constant C' > 0 such that
/O (w(S(r)uwldr < O(lullm + ulh),  weH, (2.3)

where S(r)* denotes the adjoint operator to S(r) on L(H). To do so we estimate

(W(S(r) u)| < (b, S(r) w + [{QS(r) u, S(r)"u)|

o,

{llzllm <1}

.
{llzllm>1}

=L+ 1L+ I3+ 1.

MWz 1 (S () u, 2) | u(dz)

ei(S(r)*u,z) 1 ,LL(dZ)
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We find by that [|S(r)z||g < Me™"||z||g for all € ker(P) and hence
I = [(S()b,w)| <[l Sr)bller < llulleaMe™"|[b]| -
For the second term Is we use ran(Q) C ker(P) so that
15(r)Qullp < Me™"(|Qullz < ™" | QL) llul -
This yields [QS(r)*llun = IS)@ ) < Me~"|Qlly ) and hence
I = (@S(r)"u, S(r)"u)]

< [1QS(r) ulle 1S (r) ull

< Mjull | QS(r) ullm

< M|ullH QI gy Me™"
For the third term I3 we obtain

I3<C (S (r)“u, 2)|*p(dz)
{2l <1}

e [(u, S(r)2) Pu(dz)
{llzllz <1}Nker(P)

2 - 2
<Cllulper [ elhm(az),
{Ilzllm<1}
where C' > 0 is a generic constant. Proceeding similarly for the last term, we obtain

I3<0C min {1, |(S(r)"u, 2)[} p(d2)
{ll=llzr>1}

<C min {1, [[ull ™" |[2]| z } n(d2)
Izl > 1}ker(P)

< Cllufge™" (M({HZHH >1}) +/{ log(1 + HZHH)M(dZ)) ,

21l >1}
where we have used, for a = ||u||ge™", b = ||z|| g, the elementary inequalities
min{1, ab} < C'log(1 + ab)
< C'min{log(1 + a),log(1 +b)} + C'log(1 + a)log(1 +b)
< Ca(l+log(l+b)),

see [19, appendix]. Combining the estimates for Iy, Is, I3, Iy we conclude that (2.3)) is
satisfied. Hence, using

lim (S(t)z,u) = (Px,u)

t—o00

we find that

t—o00

lim B [50] = exp (i(Px,u) + /0 h \I/(S(r)*u)dr) | (2.4)

Since, in view of (2.3), u — [5° U(S(r)*u)dr is continuous at u = 0, the assertion
follows from Lévy’s continuity theorem combined with the particular form of (2.4). O

Below we briefly discuss an application of this result to a stochastic perturbation of
the Kolmogorov equation associated with a symmetric Markov semigroup. Let E be a
Polish space and 1 a Borel probability measure on E. Let (A, D(A)) be the generator
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of a symmetric Markov semigroup (S(t))¢>0 on H := L?(E,n). Then there exists, for
each f € D(A), a unique solution to the Kolmogorov equation (see, e.g., [31])

do(t) B
T Av(t), v(0) = f.

Below we consider an additive stochastic perturbation of this equation in the sense of
1to, i.e. the stochastic partial differential equation

dv(t) = Av(t)dt +dZ,,  v(0) = f, (2.5)

where (Z;)i>0 is an L?(E,n)-valued Lévy process with characteristic function ¥. Let
(v(t); f))e>0 be the unique mild solution to this equation.

Corollary 2.2. Suppose that the semigroup generated by (A, D(A)) on L*(E,n) satisfies
(2.2) with the projection operator

Pu— [E o(z)n(dz),

and H = L*(E,n). Assume that the Lévy process (Zi)i>o satisfies the conditions (i) —
(iii) of Theorem[2.1 Then

tf—)/f n(dx) + v(c0), t— 0

in law, where v(c0) is a random variable whose characteristic function is given by

E [eiwvv(oo)m] = exp < /O h W(S(r)*u)dr) .

We close this section with an example of a semigroup (S(t));>0 for which this corollary
can be applied.

Example 2.3. Let (X;)i>0 be a Feller process on a separable Hilbert space E and let
(pt)e>0 be its transition semigroup acting on Cy(E). Suppose that (X¢)i>0 has a unique
invariant measure 1. Then, by Yensen inequality, (pt)i>0 can be uniquely extended to
a strongly continuous semigroup on L?(E,n) which is for simplicity again denoted by
(pt)t>0. Suppose that this semigroup is L?-ezxponentially convergent in the sense that

hm (ptf / f(z)n(dx) ) dn =0, Vf e L*(E,n).

Then (p)i>o satisfies (2.2)) with projection operator Pv = [, v(x)n(dx).

3. PRELIMINARIES

3.1. Framework and notation. Here and throughout this work, (2, F, (F¢)ier,,P)
is a filtered probability space satisfying the usual conditions. Let U be a separable
Hilbert space and W = (W;);>0 be a Q-Wiener process with respect to (F;)ier, on
(Q, F, (Ft)ier,,P), where Q : U — U is a non-negative, symmetric, trace class operator.
Let E be a Polish space, £ the Borel-o-field on F, and p a o-finite measure on (F,E).
Let N(dt,dv) be a (F;)i>o-Poisson random measure with compensator dtu(dv) and
denote by N(dt,dv) = N(dt,dv) — dtu(dv) the corresponding compensated Poisson
random measure. Suppose that the random objects (W;):>0 and N (dt, dv) are mutually
independent.
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In this work we investigate the long-time behavior of mild solutions to the stochastic
partial differential equation (I.1)) with initial condition Xo € L?(Q, Fo,P; H), that is

dX; = (AXy + F(Xy))dt + o(Xy)dWe + / v( X!, v)N(dt,dv), t >0, (3.1)
E

where (A, D(A)) is the generator of a strongly continuous semigroup (S(t))¢>0 on H,
H>xw— F(r) € Hand H > z — o(z) € LY are Borel measurable mappings, and
(z,v) — y(z,v) is measurable from (H x E, B(H)®¢E) to (H,B(H)). Here B(H) denotes
the Borel-o-algebra on H, and L3 := L(H) is the Hilbert space of all Hilbert-Schmidt
operators from Uy to H, where Uy := QY/2U is a separable Hilbert space endowed with
the scalar product

<x7y>0 = <Q71/2x7Q71/2y>U = Z )\ik<w7€k>U<ekay>U7 mey S U07
keN

and Q2 denotes the pseudoinverse of Q'/2. Here (ej)jen denotes an orthogonal basis
of eigenvectors of @ in U with corresponding eigenvalues (A;) en. For comprehensive
introductions to integration concepts in infinite dimensional settings we refer e.g. to [10]
for the case of Q-Wiener processes and e.g. to [3], [32], [28] for compensated Poisson
random measures as integrators. Throughout this work we suppose that the coefficients
F,0,v are Lipschitz continuous. More precisely:

(A1) There exist constants Ly, Ly, L, > 0 such that for all z,y € H

|F(@) — Fw)lI} < Lellz -yl (3.2)
lo(@) — o)l3g ) < Lolle — yll3,

/E (@, v) — 3, ) Pasaldv) < Lol — gl
Moreover we suppose that
/E (0, 3y sa(dr) < oo (3.3)

Note that condition (3.3) implies that the jumps satisfy the usual growth conditions,

/ Iy, ) |2gaa(d) < 2 / Iy, v) = 4(0,0) |3 ) + 2 / (0, )| a(dw)
E E E

< 2ma { Ly, [ 1.0t} 1+ el
Moreover, it follows from (GDC) and (3.2) that
(Az,2)n < (B+VIr) e}, =€ D(A).

Hence A — (8 + /L) is dissipative and thus by the Lumer-Phillips theorem the semi-
group (S(t))+>0 generated by (A, D(A)) is quasi-contractive, i.e.

ISzl < eBVIR 2|, o€ H. (3.4)

Then, under conditions (GDC) and (A1), for each initial condition Xo € L?(2, Fo,P; H)
there exists a unique cadlag, (F:):>o-adapted, mean square continuous, mild solution
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(Xt)t>0 to (3.1) such that, for each T > 0, there exists a constant C(7") > 0 satisfying

E
te[0,7

ap 115 <€) (12 1305 33)
This means that (X;);>o satisfies P-a.s.

X, = S(t)Xo + / "S(t — s)F(X.)ds + / "S(t — s)o(X.)dIW, (3.6)

//St—s (Xs,v)N(ds, dv), t>0,

where all (stochastic) integrals are well-defined, see, e.g., [1], [28], and [17]. Moreover, for
each X, Yy € L*(Q, Fo,P; H), the corresponding unique solutions (X;):>0 and (¥3):>0
satisfy

E[IX: - Yill}] < CDE[IX - Yol}],  te[0.7) (3.7)

If Xo =2 € H, then we denote by (X[)¢>0 the corresponding solution to . Such
solution constitutes a Markov process whose transition probabilities p;(z, dy) = P[ X} €
dy] are measurable with respect to x. By slight abuse of notation we denote by (pt)+>0
its transition semigroup, i.e., for each bounded measurable function f: H — R, p.f is
given by

pf () = E[f(XP)] = /H f@pela,dy),  t>0, zeH.

Using the continuous dependence on the initial condition, see , it can be shown
that p.f € Cy(H) for each f € Cy(H), i.e. the transition semigroup is Cjp-Feller.

In this work we investigate the the existence of invariant measures and convergence
of the transition probabilities towards these measures for the Markov process (X} ):>0
with particular focus on the cases where uniqueness of invariant measures fails to hold.
We denote by p; the adjoint operator to p; defined by

pipldz) = /H Py, dz)p(dy), £ >0,

Recall that a probability measure m on (H,B(H)) is called invariant measure for the
semigroup (p¢):>o if and only if pfm = 7 holds for each ¢ > 0. Let P2(H) be the space
of Borel probability measures p on (H,B(H)) with finite second moments. Recall that
Pa(H) is separable and complete when equipped with the Wasserstein-2-distance

Wa(p.p) = _in (/H XH|x—y||%{G<dx,dy>)2, pFEP(H).  (38)

GeH(p,p)

Here H(p, p) denotes the set of all couplings of (p, p), i.e. Borel probability measures
on H x H whose marginals are given by p and p, respectively, see [40, Section 6] for a
general introduction to couplings and Wasserstein distances.

3.2. Discussion of generalized dissipativity condition. In this section we briefly
discuss the condition

(Az,z) g < =Xollzll7r + (Mo + M)[|PrzlF, 2 € D(A), (3.9)
where Ao > 0 and \; > 0. Note that, if (3.9 and condition (3.1)) are satisfied, then
(Az — Ay, z —y)u + (F(z) = F(y),z — y)u (3.10)

<Az — Ay,z — g + VLr|z — yl%
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<= (%= VZr) llz =yl + o+ N) | Pz = Puyliy,

i.e. the generalized dissipativity condition (GDC) is satisfied for « = Ay — /Lp and
B8 =M ++Lp, provided that A\g > /L.

Proposition 3.1. Suppose that there exists an orthogonal decomposition H = Hy @ Hy
of H into closed linear subspaces Ho, Hi C H such that (S(t))e>0 leaves Hy and Hi
invariant and there exist constants Ao > 0 and A1 > 0 satisfying

1S()zollmr < e |zol 1, ISzl < M|z, vt > 0.

for all xg € Hy and x1 € Hy. Then (3.9)) holds for Py being the orthogonal projection
operator onto Hi.

Proof. Let Py be the orthogonal projection operator onto Hy. Since (S(t)):>0 leaves the
closed subspace Hy invariant, its restriction (S(¢)|m, ):>0 onto Hy is a strongly continuous
semigroup of contractions on Hy with generator (Ag, D(Ap)) being the Hy part of A,
that is

Apr = Ax, T € D(A()) = {y S D(A) N Hy | Ay € Ho}.

Since H is closed and S(t) leaves Hy invariant, it follows that Ay = lim;_, S(t)ty_y € Hy
for y € D(A) N Hyp, i.e. D(Ap) = D(A)N Hy and Py : D(A) — D(Ap). Arguing
exactly in the same way shows that the restriction (S(¢)|m, )¢>0 is a strongly continuous
semigroup of contractions on H; with generator (A;, D(A;)) given by Ajx = Ax and
x € D(A1) = D(A) N Hy so that Py : D(A) — D(A;). Since S(t) leaves Hy and H;
invariant, we obtain PyS(t) = S(t)Py, P1S(t) = S(t)P;1 from which we conclude that
APz = P Ax and APyx = PyAx for z € D(A).

Since (e*!S(t)|#,)i>0 is a strongly continuous semigroup of contractions on Hy with
generator Ag + Aol, and (e™*S(t)|x, )10 is a strongly continuous semigroup of con-
tractions on H; with generator A; — A1I, we have by the Lumer-Phillips theorem (see
[31, Theorem 4.3])

(Aozo, zo)r < —Xollwoll%y and (Ayzy,z1)m < M2, xo € Hy, = € Hy.
Hence we find that

(Az,x)g = (Ax, Pox)g + (Az, Piz) g
PyAz, Por)g + (P1Az, Prr) g
AoPozx, Pyx)g + (A1 Pix, Pix) g
< ol Pox(|F; + M| Pl
= —ollz[l7 + (Ao + )| Pz,
where the last equality follows from Hy L H;. This proves the assertion. O

=
=

At this point it is worthwhile to mention that Onno van Gaans has investigated in [39)
ergodicity for a class of Lévy driven stochastic partial differential equations where the
semigroup (S(t))s>0 was supposed to be hyperbolic. Proposition can be also applied
for hyperbolic semigroups provided that the hyperbolic decomposition is orthogonal.
The conditions of previous proposition are satisfied whenever (S(t)):>¢ is a symmetric,
uniformly convergent semigroup.

Remark 3.2. Suppose that (S(t))i>0 is a strongly continuous semigroup on H and there
exists an orthogonal projection operator P on H and Ay > 0 such that

|S(t)x — Px||g < e ™z — Px|yg, t>0, ze€H. (3.11)
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Then the conditions of Proposition are satisfied for Hy = ker(P) and H; = ran(P)
with Ao > 0 and \y = 0. In particular, (S(t))i>0 is a semigroup of contractions.

The following example shows that (3.9) can also be satisfied for non-symmetric and
non-convergent semigroups.

Example 3.3. Let H = R?, Hy = R x {0}, H; = {0} x R, and denote by Py, P the
projection operators onto Hy and Hy, respectively. Let A be given by A = <_1 1>.

0 1
Then
i X
LA =—a’+ay+y°
<<y) <y>> vy

1
< 5@ +y7) 27

1
= — 5 I, + 201 () 3,

—t et—e?
i.e. (3.9) holds for \g = % and A\ = % Since et = <60 e2t >, it is clear that

neither the conditions of Proposition[3.1] nor of Remark[3.9 are satisfied.

3.3. Key stability estimate. Define, for z,y € D(A), the function
L(Il - 3) () := 2(A(x — y) + F(x) - F(y),x*y>H+HU(ﬂf)*U(y)H%g(H)
+ [ Ite) =2 Bt

Remark that if (1.1) has a strong solution, then the function
L - 17)(2) = 20A(2) + F(2), 21 + o (2) 79 / Iy (2, )| F(dv).

is simply the generator £ applied to the unbounded function ||z|/%, see, e.g,. [2, equation
(3.4)]). Since we work with mild solutions instead, all computations given below require
to use additionally Yosida approximations for the mild solution of .

Below we first prove a Lyapunov-type estimate for £(|| - ||%) and then deduce from
that by an application of the generalized Ito-formula to an estimate for the
L%-norm of XF — X/.

Lemma 3.4. Assume that condition (GDC) and (A1) are satisfied. Then

L0 B w) < — Qo — Lo — L) o — gl + 200+ B)|Pa— Pugllly  (3.12)
holds for x,y € D(A).
Proof. Using first (A1) and then (GDC) we find that

LU 18 (2, y) < (Lo + Ly) |z = yllE
+2(Az — Ay, x —y)g + 2(F(z) — F(y), = —y)m
— (20— Ly — Ly) ||z —yllf + 2 (a+ B) | Pre — Pyl
This proves the asserted inequality. O

The following is our key stability estimate.
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Proposition 3.5. Suppose that (GDC) and (A1) are satisfied, that

e:=2a—Ls— L, >0, (3.13)
and suppose that
sup [ w0 ula) < oc. (3.14)
zeH JE
Then, for each Xo,Yy € L?(Q, Fo,P; H) and all t > 0,
E [ X: - Y]

t
<e E [|| Xo — Yoll%] + 2(a + B) / e IR [|PLX, — P1YS|%] ds, (3.15)

0

where (X¢)e>0 and (Yi)i>0 denote the unique solutions to (3.1]), respectively.

Proof. Let (X{")e>0 and (Y")t>0 be the strong solutions to the corresponding Yosida-
approximation systems
{pr = AXP + Ry F(XP)dt + Ryo(X2)AW; + [, Ryy(XP,v)N(dt, dv),
X7 = RuXo, t>0
and
{dYt” = AY] + R, F(Y[))dt + Rpo (Y)Y AW; + [5 Ruy (Y, v)N(dt, dv),
Yo = RoYo, t>0

where R, = n(n — A)~! for n € N with n > a+ 8+ vLr = . By (3.4) we find for
each n > 1+ A the inequality

IR < (A +Nzla-

By classical properties of the resolvent (see [31, Lemma 3.2]), one clearly has R,z — 2
asn — oo in H . Moreover, by properties of the Yosida approximation of mild solutions
of SPDEs (compare e.g. with Appendix A2 in [28] or Section 2 in [2]) we have

lim E

n—oo

sup HX?_XtH%—i_tS[l(l)pT} HY;"—YtH%I =0, vT >0
€10,

te[0,7

and hence there exists a subsequence (which is again denoted by n) such that X}* — X;
and V" — Y} hold a.s. for each ¢ > 0. Following a method proposed in [2] we verify
that sufficient conditions are satisfied to apply the generalized It6-formula from Theorem
to the function F(t,z) := e!||z||3;, where € = 2 — L, — L is given by (3.13):

X =¥ = Ra(Xo - Yp) /{AX“ V) + Ra(F(XD) — F(Y2))} ds

/ Ru(o(XD) — o(Y))dW, +/ / — (Y, V)N (ds, dv).
Observe that, by condition (A1) and -, one has

/0 /E | Ru(y(X2 ) — 7Y, ) |2l ds
+/ / | R (Y (X2, 0) = (Y7 0) |4y () ds

(14 ) / A2 0) = 2020 s
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8(1+ A) / / V(X ) + (Y, ) pldv)ds
< Ly(1 +A)2/ X7 — Y ||3ds

+16(1 4+ M) sup/ |7 (2, ) || p(dv) < oc.
zeH

Thus we can apply the generalized It6-formula from Theorem [A.2] - 2| and obtain (similar
o (3.5) in [2])
!XT = Y[ — | Ra(Xo — Yo) I

= [ e (0 =Y. Rl (XD = o ()W)
# [ X = Y2 + a1 IO Y] ds

b [ 10 V2 R X8 0) =20 — X~ Y] N s ),
(3.16)

where we used, for z,w € D(A), the notation
La(ll - F)(z,w) = 2(z = w, A(z = w) + Ru(F(2) = F(w)) i + || Rn(0(2) — o (w)l 79
/ | Ra(z:17) = (a0, )) ().
Taking expectations in 6f) yields
¢*'E [Hth - Yt"H%I] —E [||Rn(Xo — Yo)|7/]
—e[ [l X -2l L o) ] ean
Lemma [3.4] yields

t
R [I|X] = Y IE] — E [ Ra(z — )ll7] - 2(a+ /5’)/0 “E [|PX] — P |] ds

<E [ | e L By + 2l ||%1><X§,Ys“>>ds] |
0

Below we prove that the right-hand-side tends to zero as n — oo, which would imply
the assertion of this theorem. To prove the desired convergence to zero we apply the
generalized Lebesgue Theorem (see [28, Theorem 7.1.8]). For this reason we have to
prove that

LA 17X V) = La(ll - 17)(X2, YY) = 0 (3.18)
holds a.s. for each s > 0 as n — oo and, moreover, there exists a constant C' > 0 such
that

LA )XY = Lall - 1E)(XE Y] < CIXE = Y[ (3.19)
We start with the proof of (3.18)). Denote F!' := F(X)—F(Y"), o2 := o(X}) —o(Y]
and v (v) := y(X7,v) —v(Y?,v) and analogously Fs := F(X;) — F(Ys), 05 := 0(X5) —

o(Ys) and v4(v) := y(Xs,v) — (Y5, v) for each n € N, s > 0 and v € E. Then
(L B2 Y = Lalll - 1B (X2 YY)
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<2UXY = YO FY = RoF8) | + |02 |7 — | Rao? 7]

| [ @ = 1820 )
=L+ I+ Is.
For the first term I; we estimate
I <2 X =Y ullFs — RoF||lu
<20\ XY =Y m (1 FS — Fslla + [|Fs — RuFs|lg + | RnFs — RuF'|| 1)
<20 XY = YMa (1FS = Fsllg + [|Fs — RoFsllg + (1 + N[ Fs — F¢ ) -

Using that X7 — X, and Y]" — Y5 as a.s. for some subsequence (also denoted by n),
we easily find that the right-hand side tends to zero. The convergence of the second
term follows from

I = [0 llzg = 1 Rno? g

(lo2llzg + 1 Buo2l 1g)
< @+ NV Eollol = Ruo? gl X7 = Y7l
< @+ NVIXE = Y2 (02 = ollzg + llos = Raollzg + o = o%llzg ) -

It remains to show the convergence of the third term. First, observe

L< 2+ / I () = R ()|l ) ()
<e+n [ (M(u) )+ () — Rurs ()

+ ([ Bnys (v) — Rn’V?(V)HH) s W) ()

< (24N (/ 175 ) Fmd dV) [(/ s (v )HH”(dy)y
</ 17s() = Rorva(0) 2o dy> </ [ Rns(v) — Rnyd (v )H%m(dv))é]

< V202 4+ N2Ly|XT = Y a (1X = Xl + 1YY = Yilla)

1
@+ NVEIXE = V2 ( [ ) = Rars)lfatan) )
=L+
where the last inequality follows from condition (A1) combined with the inequality
1Rnvs (v) = Ravi (V)II
< (N2 (v) =)
< 201+ )2 (7 (X, v) = v (Yo, )l + Iy (X3 v) = (Y v) ) -

The first expression I{ clearly tends to zero as n — oo. For the second expression
I3 we use the inequality [|vs(v) — Rpvs(v)[|3 < 2(2 + N)?||7s(v)||% so that dominated
convergence theorem is applicable, which shows that I§ — 0 asn — oo a.s.. This proves

(3.18). Concerning (3.19)), we find that
L D)X, Y = Lol - ) (X, Y)
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<2UXY = YO FY = RaF)ml + ot Tg ) — IRnoe T )|

+ \ [ PO = 1R )t
E

<224 NI = Y7+ (4 4 AP) (102 gy + [ I3 @) Bt

<224 NLp|XP = YME + 1+ (1 +N)?) (Lo + L) || XI — Y ||%.

Hence the generalized Lebesgue Theorem is applicable, and thus the assertion of this
theorem is proved. O

Note that condition (3.14]) is used to guarantee that the Ito-formula for Hilbert
space valued jump diffusions can be applied for (z,t) — e'*||z||%. The assertion of
Proposition [3.5] is also true when ¢ < 0, but will be only applied for the case when
e > 0.

4. CONVERGENCE TO LIMITING DISTRIBUTION

4.1. The strongly dissipative case. As a consequence of our key stability estimate
we can provide a simple proof for the existence and uniqueneness of a unique limiting
distribution.

Theorem 4.1. Assume that conditions (GDC), (A1), and (3.14) are satisfied. Suppose
that

di=e+2(a+p)=28—Ly—L,>0 (4.1)
Then there exists a constant C > 0 such that
Wa(pip,pip) < CWa(p,p)e */*, >0,

for any p,p € Py(H). In particular, the Markov process determined by (3.1) has a
unique invariant measure w. This measure has finite second moments and it holds that

Wa(pip,m) < CWa(p,m)e 2, >0,
for each p € Pa(H).

Proof. Since the proof is rather standard we give only a sketch of proof. Namely, for
given x,y € H we find by Proposition [3.5

t
E[IX7 = XY|H] < el — yllE + 2(a + B) / e UIE[| XY - XY|[3]ds.
0
from which we readily deduce that
t
B{IXE = X ) < o =l =5 | B{IXE - X2Ifi1ds.
This implies that
E[|X7 - XZ|H] < llz—yl?e™™,  t>0.

The assertion can be now deduced by standard arguments. O

The condition § > 0 requires that the drift is strong enough. It can be seen as an
analogue of the conditions introduced in [32, Section 16|, [10, Chapter 11, Section 6],
and [30], where a similar statement was derived.

Opposite to this case, in this work we focus on the study of multiple invariant mea-
sures. For this purpose we will assume that € > 0 which is weaker than condition

(E1).
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4.2. The Case of Vanishing Coefficients. While Proposition provides an esti-
mate on the L?-norm of the difference X7 — X/, such an estimate alone does neither
imply the existence nor uniqueness of an invariant distribution. However, if the co-
efficients F, o, vanish at Hi, then we may characterize the limiting distributions in
L2,

Theorem 4.2. Suppose that (GDC) holds with a projection operator Py, (A1), (3.14)),
are satisfied, that (S(t))i>0 leaves Hy := ran(l—Py) invariant, and that ran(P;) C

ker(A). Moreover, assume that

PF=0, Po=0, P,y=0. (4.2)
Given any Xo € L*(Q, Fo,P; H) which satisfies
F(Piz) =0, o(Piz) =0, v(Piz,-) =0, a.s., (4.3)

then the inequality
E [ Xe — PLXol[3] < e E[II( - P1)Xoll7]

holds. In particular, let p be the law of Xo € L*(Q, Fo,P; H) and p1 be the law of Py Xo,
respectively. Then p1 is an invariant measure.

Proof. Fix Xog € L?*(Q,Fy,P; H) with property and set Pp = I — P;. Since
ran(P;) C ker(A) we find that S(¢t)P; = P, for t > 0 and hence PyS(t)P; = 0. More-
over, since (S(t)):>0 leaves Hy invariant, we obtain PyS(t) = PyS(t)Po + PoS(t)Pr =
PyS(t)Py = S(t)Py. Hence, using we find that

P X, = Pls(t)Xo = P15<t>POX0 + P15<t>P1X0 = P Xy.

From this we conclude that (PyX;):>0 satisfies

t t
PoX, = PyS(t)Xo + / PoS(t — $)F(X,)ds + / PyS(t — $)o(X,)dW,
0 0

+/0 /EPOS(t—s)’y(XS)N(dS,dV)

t t
= S(t)PoXo + / S(t — S)POF(PlXO + P(]Xt)ds + / S(t — S)P()U(Png + PoXS)dWS
0 0

+ /t/ S(t — s)Pyy(P1Xo + PoX)N(ds, dv)

= S(t)PyXo +/ S(t — s)F(PyXy) ds+/ S(t— s)o(PyXs)dWs

//St—s (PoX,)N(ds, dv),

where we have set F(y) := PyF(Pi Xy + y), 6(y) := Poo(P,Xo + y) and F(y,v) :=
Pyy(PiXo + y,v) for all y € Hy and v € E. Since these coefficients share the same
Lipschitz estimates as F, o and ~, are Fp-measurable and the noise terms are indepen-
dent of Fy, we can apply Proposition (conditionally on Fy) to the process (PoXt)t>0
obtained from the above auxiliary SPDE and obtain

E[[|X; — P1Xoll7] = E[ o Xel|}] = Ell| PoXe — PoY|I7] < e E[|[ o Xol| ],
where we have used that PyY; = 0 for the unique solution with Yy = 0 due to (4.3). O

This theorem can be applied, for instance, to the Heath-Jarrow-Morton-Musiela equa-
tion, see Section 5.
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4.3. Main result: The General Case. In Theoremwe have assumed , ,
and that (S(t)):>0 leaves Hy invariant. Below we continue with the more general case.
Namely, for the projection operator P; given by condition (GDC) we set Py =1 — P,
and suppose that:

(A2) The semigroup (S(t))i>0 leaves Hy :=ran(I — P) invariant, one has
Pio=Py=0 and P, F(x) =P F(Px), x € H.

Let us briefly comment on this condition. Let (X¢):>0 be the unique solution to (3.6) and
decompose the process X; according to X; = PyX;+ P1 X;. Then condition (A2) simply
implies that P} X; is Fp-measurable and satisfies w-wisely the deterministic equation

flt;2) = PLS(t)x + /Ot P S(t—s)PLF (P f(s;x))ds, f(0,x)=x € H, (4.4)

ie. PiX; = f(t;x) with f(0,2) = 2 = X holds a.s. Our next condition imposes a
control on this component:

(A3) For each x € Hy = ran(P;) there exists f(x) € H; and constants C(x) > 0,
d(z) > 0 such that

If(t52) = fl@)|f < Cla)e™®@, >0,

Without loss of generality we will always suppose that 6(x) € (0,[e]). Such assump-
tion will simplify our arguments later on. Note that, if PF(P;-) = 0 then condition
(A3) reduces to a condition on the limiting behavior of the semigroup (S(t));>0 when
restricted to H; = ran(P;). In such a case condition (A3) is, for instance, satisfied if
ran(P;) C ker(A). Recall that condition (GDC) was formulated in the introduction and
that (A1), and were formulated in Section 3. The following is our main
result in this Section.

Theorem 4.3. Suppose that condition (GDC) holds for some projection operator P,

that conditions (A1) — (A83), (3.14) and (3.13) are satisfied. Then the following asser-
tions hold:

(a) For each x € H there exists an invariant measure w5, € Po(H) for the Markov
semigroup (pt)i>0 and a constant K(«, B,e,h) > 0 such that

()
Wa(pi(r, ), m,) < K( B.e,2)e” 2, 20,
(b) Suppose, in addition to the conditions of (A3), that there are constants § and
C, such that

6() >8>0 and C(z) <C(+|zl|n)t, x e H. (4.5)

Then, for each p € Po(H), there exists an invariant measure w, € Pa(H) for
the Markov semigroup (pt)t>0 and a constant K (a, 5,€) > 0 such that

5
Wapipm,) < K (v, B e) / (1+ |alla)?p(dr)e3, >0,
H

The proof of this theorem relies on the key stability estimate formulated in Propo-
sition and is given at the end of this section. So far we have stated the existence
of invariant measures parametrized by the initial state of the process. However, under
the given conditions it can also be shown that 75, as well as 7, depend only on the H;
part of x or p, respectively.
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Corollary 4.4. Suppose that condition (GDC) holds for some projection operator Py,

that conditions (A1) — (A3), (3.14) and (3.13) are satisfied. Then the following asser-
tions hold:

(a) Let x,y € H be such that Pz = Pyy. Then w5, = 75,
(b) Suppose, in addition, that (4.5)) holds. Let p,p € Po(H) be such that p o P1_1 =
po Pfl. Then , = 75.

Let us briefly compare the conditions imposed in Theorem with those imposed in
Theorem In Theorem we have weakened with respect to F' by replacing
P\F = 0 by PiF(z) = P F(Pix). Moreover, we have replaced ran(P;) C ker(A)
by condition (A3). Finally note that condition is not assumed in Theorem
Below we provide a counter example showing that, in general, condition (A3) cannot
be omitted.

Example 4.5. Let H = R? and (W)i>0 be a 2-dimensional standard Brownian motion.
Let Yy = (Y, V) € H = R? be the solution of

11 10
dY; = < 0 > Y dt + <0 0) dWrs.
1 0). Example

Then condition (A1) holds for F = 0, v = 0 and clearly o(x) = <O 0
shows that (GDC) holds with Py being the projection onto the second coordinate.
Moreover, (4.2) and hence (A2) holds. However, since

t

)/;2 :et}/bQ_{_/ et—SdWSQ

0
it is clear that condition (A3) is not satisfied. Moreover, Y;* does not have a limiting
distribution and hence also Yy cannot have a limiting distribution.

Next we turn to a proof of Theorem [£.3] and Corollary

4.4. Construction of a coupling. Let z € H and let (X[):>0 be the unique mild so-
lution to (3.6)). Below we construct for given 7 > 0 a coupling for the law of (X", X}, ).
Let (Y;"7)¢>0 be the unique mild solution to the SPDE

YT — S(t) x+/PSt—Q QWTds+/"5t—g (YET)AWT  (46)

//St—s (Y57 V)N (ds, dv), t >0,

where W7 = W, — W, is a Q-Wiener process, and N7 (ds, dv) defined by
NT((0,8] x A) := N((,7 + ] x A)

for t > 0 and A € £ is a Poisson random measure with respect to the filtration (F])s>0
defined by F] = Feir.

Lemma 4.6. Suppose that (GDC), (A1), (3.14) and (3.13) are satisfied. Then for each
x € H and t, 7 > 0 the following assertions hold:

(a) Y;*" has the same law as X} .
(b) It holds that

E (V"7 = X{p 3] < e™E [llo - X7F]
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t
+2(a+B) / e UIR[|PYST — PUXE 3] ds
0

Proof. (a) Since has a unique solution it follows from the Yamada-Watanabe
Theorem (see [20]) that also uniqueness in law holds for this equation. Since the driving
noises N7 and W7 in (4.6) have the same law as N and W from (3.6, it follows that
the unique solution to has the same law as the solution to (3.6). This proves the
assertion.

(b) Set X;"" := X}, ., then by direct computation we find that

t+7 i+
X[T=8W)S(Mr+ [ St+r—s)F(XDds+ [ S(t+T1—s)o(X3)dW,
0

0
t+1 -
+/ / S(t+7—s)v(X7,v)N(ds,dv)
0 E

= S(t)S(r)z + S(t) /0 " S(r — $)P(XT)ds + S(1) /0 " S(r = $)o(XT)dW,

+S() /0 ’ /E S(r — s)y(XZ, )N (ds, dv)
i+7 t+7
+/ S(t—i—T—s)F(Xf)ds—i—/ S(t+1—8)o(XF)dWs

T

+/Hi/S@+T—@%X£WNM&w)

= S(HXT + /St—s) (X””ds—i—/St—s) (XET)dWT

//St—s (X5 v)NT(ds, dv),

where in the last equality we have used, for appropriate integrands ®(s,v) and ¥(s),

that
/ s)dWs = / (s +7)dwW,
T4+t
/ / s, V)N (ds, dv) // (s +7,v)N7(ds, dv).

Hence (X;"");>0 also solves with FJ = F, and initial condition X757’ = XZ.
Consequently, the assertion follows from Proposition applied to X;”" and V;"". O

4.5. Proof of Theorem (4.3l

Proof of Theorem[{.3 Fix x € H and recall that p;(z,-) denotes the transition proba-
bilities of the Markov process obtained from (3.6). Below we prove that (p¢(z,-))i>0 C
Pa(H) is a Cauchy sequence with respect to the Wasserstein distance Wq. Fix ¢, 7 > 0.
We treat the cases 7 € (0,1] and 7 > 1 separately.

Case 0 < 7 < 1: Then using the coupling lemma (b) yields

WZ(pt-i-T(xu ‘)7pt(x’ )) S (]E [H}/:‘,I,T - Xt:E+T||%‘I])1/2
<o 5t (B[IXT —2]3])"

t 1/2
; %a+m(/e%WﬂEmaw”—axamﬂdQ
0
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=11 + 5.
The first term I; can be estimated by

L<e® sup (E[IX7 —a)3])".

To estimate the second term I we first observe that by condition (A2) we have P Yy =
P X? = f(s;z) being deterministic and hence by condition (A3) one has for each s > 0
that

E[|PYST - PUXE 5] < 21PYST = Fo)lf + 21 PuXe . — XS |h
< 4C(x)e 0@s, (4.7)
This readily yields

t
/ <R [| Py — PXT, 3] ds
0

t
< 4(7CE)]/ e=e(t=9)e=0(@)s g
0

(e=d(z))t _ 1
_ —t©
=4C(x)e @)
< 10(x) " 4.8

Inserting this into the definition of Iy gives

(a+8)C() s,

I, <2
2= e—o(x)

Case 7 > 1: Fix some N € N with 7 < N < 27 and define a sequence of numbers

(an)nzo,...,N by

Then agp = 0, ay = 7 and ap, —ap_1 = § =: % € (%,1) forn =1,...,N. Hence we
obtain from the coupling Lemma [4.6] (b)

W2<pt+7—($, ')7pt(xa ))

N
< ZWQ(pt—i-an (1'7 .>7pt+an71 (.’L‘, ))

n=1
N 1/2
<30 (B[22~ Ko, i)
n=1
N
<Y e sttan ) (B [|XE - 23]) "
n=1
N than_ 1/2
VRS ([ e R e - ] )

n=1

=:J1 + Jo.
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For the first term J; we use s > % so that

N fe'e) _1
S < e = (1-ei)
n=1 n=0

from which we obtain

1>

1 -1 .
< sup (B[IXZ —allf)? (1-e7F) e it
1
To estimate the second term Jy we first observe that by condition (A2) we have PYST =
P X? = f(s;x) being deterministic and hence by condition (A3), one has for s > 0
E[|PY5" — PXE 5] < 21PY” — f(0)lF + 21 PiXE L. — f(@)|lE
< 4C(z)e 0@,

Hence we find that

t+an—1
[ e [Py - Pz ds
0

t+an—1
< 4C(x)/ o c(ttan—1-5),—0(2)s 14
0

(e=0(x))(t+an-1) _ 1
e—0(x)

= 4C(a:)e*€(t+a"*1) ¢

<40 676(z)t

< (93)5_75(1,)
e 0@t s

<4 — e 2 (1)

- C(x)a—é(x)e ’

where the last inequality follows from a,—1 = »(n—1) > £(n—1). From this we readily
derive the estimate

e—é(:v)an,1

(a+B)C(z) (1 _ e—é(z))_l —Xy

Jo <2
2= e—0(x) ' ¢’
Hence, using also (3.5)) we obtain
_(=)
W2(pt+r($,‘),pt(l',‘)) < K(Oé,,@,é,ﬂj‘)e 2 ta t, T 2> 07 (49)

where the constant K («, 8,e,2) > 0 is given by

K(0,8,2,2) = K@) + el + 2[00 (1 =22y

— ()

with another constant K (e) > 0. This implies that, for each = € H, (pt(x,-))+>0 has a
limit in P2(H). Denote this limit by 7s,. Assertion (a) now follows by taking the limit
T — 00 in and using the fact that K(«, 3,¢,x) is independent of 7.

It remains to prove assertion (b). First observe that, using §(z) > § > 0 and C(z) <
C(1+ ||lz|lg)*, we have

K(a,B,e,2) < (1+||z] )’ K (, B ¢)
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for some constant K (a, B,€). Note that

pipldy) = /H puz dy)p(dz) and gty p(dy) = /H prir (2, dy)p(dz).

Hence using first the convexity of the Wasserstein distance and then (4.9)) we find that
Wa(piirp,pip) < / Waprir(z, ), pe(, ) p(da)
H

~ [
< R(,0,6) [ (1 ol e
H
Since p € P2(H), the assertion is proved. O

4.6. Proof of Corollary
Proof of Corollary[4.4. Recall that, by condition (A2) the process P; X[ solves

t
.Pl)(tm = PlS(t)Plx + / PlS(t — S)F(PlX;E)dS
0

Since F' is globally Lipschitz continuous by condition (A1), it follows that this equation
has for each x € H a unique solution and is deterministic. From this we readily conclude
that Py X} = P; X} holds for all ¢ > 0, provided that Pyx = Pyy. Hence Proposition
yields for such z,y

E[IX7 - X! %] <e Uz —yl},  VE>o0. (4.10)
Then for each z,y € H with Pix = Py and each t > (0 we obtain
Wa(7s,, ms,) < Wal(ms,, pe(,-)) + Wa(pi(z, ), pi(y, ) + Walpe(y, ), ms,)
< Walms,, pe(z, ) + e 2|z — yllw + Wa(pe(y, ), 7s,).

Letting ¢ — oo yields 75, = 75, and hence assertion (a) is proved.
To prove assertion (b), let p, p € Pa(H) be such that po P;' = 5o P, Then

Wo(mp, m5) < Wa(mp, pip) + Wa(pi p, pi p) + Wa(pip, mp)
Again, by letting t — oo, it suffices to prove that

lim sup Wa(p; p, pp) = 0. (4.11)
t—o00

Let G be a coupling of (p,p). Using the convexity of the Wasserstein distance and
Proposition [3.5] gives

Wa(pi p, pi p)

< WQ(pt(x> ')apt(ya ))G(d:t, dy)
HxH

" 1/2

< [ (®0XF - X)) Gl dy
HxH

<[ o yluGldsdy
HxH

t 1/2
+2(a+ ﬁ)/ </ e -9E (1P XT — P XY|%] ds) G(dz, dy)
HxH 0

=0 + Is.
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The first term I; satisfies
< (2+ [ Nelfgota) + [ uyu%qﬁ(dy))

For the second term we first use (A2) so that P, X* = P XPe P XY = P X' and
hence we find for each 7' > 0 a constant C'(T") > 0 such that for ¢ € [0, T]

t 1/2
I =+/2(a+p) (/ et || P XT — Png/H%{ds) G(dz, dy)
H1><H1 0

1/2
<o) (/H H||P1x—P1y||%{G<dx,dy>) .
X

Let us choose a particular coupling G as follows: By disintegration we write p(dz) =

p(x1, dao)(p o Py ) (dar), pldx) = plar, dzo)(p o P ')(dwy) = plx1, dwo)(p o P ) (dar)
where p(x1,dxo), p(x1,dxo) are conditional probabilities defined on B(Hj) and we have
used that (po P ') (dzy) = (po Py ')(dx1). Then G is, for A, B € B(H), given by

G(A x B) := / L 4(zo,21)1B(Y0, y1)p(21, dxo) p(y1, dyo) G (dx1, dyr),
HxH

where G is a probability measure on H 2 given, for Ay, By € B(H;), by
G(A1 x B)) = (po PFHY(A1NB) =p({z e H| Pz € A{NB}).
For this particular choice of G we find that

/ |Prz — Py|| 3G (dw, dy) = / / |1 — y1l[Fp(21, dwo) ply1, dyo) G(day, dyr )
Hx H1><H1 Hg

— [l -l Gldar, ) =0
H1><H1

and hence I, = 0, since G is supported on the diagonal of Hy x Hy. This proves (4.11))
and completes the proof. O

5. THE HEATH-JARROW-MORTION-MUSIELA EQUATION

The Heath-Jarrow-Morton-Musiela equation (HJMM-equation) describes the term
structure of interest rates in terms of its forward rate dynamics modelled, for 5 > 0
fixed, on the separable Hilbert space of forward curves

Hg = {h:Ry — R : his absolutely continuous and ||h||g < oo}, (5.1)
(heg)s = hoelalo0) + [ (@) (2)e

with norm Hh”% = (h, h)g. Such space was first motivated and introduced by Filipovic
[15]. Note that h(co) := limy—o h(z) exists, whenever [°(h/(z))**dz < oco. It is
called the long rate of the forward curve h. The HJMM-equation on Hg is given by
dX; = (AXy + Fryna(0,7)(Xe)) dt + o(Xe)dWy + [ v(Xe, v)N(dt, dv), (5.2)
X():ho €L2(Q,fQ,P;HB) ’
where (W})>0 is a Q-Wiener process, N (dt,dv) is a compensated Poisson random mea-
sure on E with compensator dtu(dv) as defined in Section 2 for H := Hg, and

(i) Ais the infinitesimal generator of the shift semigroup (S(t));er, on Hg, that is
S(t)h(z) := h(x +t) for all t,x > 0.
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(i) o(h) is a B(Hg)/B(L3)-measurable mapping from Hz into LY(Hps) and

h )

h,v) — ~(h,v) is B(Hg) ® £/B(Hg)-measurable mapping from Hg X E into
(h, v 8 8 pping 8

Hg.

(iii) The drift is of the form

Fiunass(o 1)) = 3 ol WS = [ 2(hw) (70 = 1) uav),

JjeN
with ¢/ (h) = \/Ajo(h)e;,
S (h)(t) = /0 o7 (B)(s)ds and T(h,v)(t) = — /O (. v)(s)ds.

The special form of the drift stems from mathematical finance and is sufficient for the
absence of arbitrage opportunities. We denote the space of all forward rates with long
rate equal to zero by

Hg = {h € Hg : h(co) = 0}.
For the construction of a unique mild solution to the following conditions have
been introduced in [I1]:

(Bl) 0: Hg — Lg(Hg), v:Hgx E — Hg, are Borel measurable for some ' > 3.

(B2) There exists a function ® : £ — R4 such that ®(v) > [['(h,v)(t)| for all h € Hg,
ve Fandt>0.

(B3) There is an M > 0 such that, for all h € Hg, and some ' > /3

lo (M)l 2gm,) < M, / Y max{ |y (h,v) |3 Iy(h ) |} p(dv) <

(B4) The function F; : Hg — Hg defined by

Po(h) = = [ 2w (0 = 1) )

has the weak derivative given by

70 = [P @)~ [ (L) (0 - 1) plav).

(B5) There are constants Ly, Ly > 0 such that, for all hi, ho € Hg, we have
o) = o(he) g, < Lol — hall?,

/Eeq)(”)Hv(hla v) = y(h2, V)5 1(dv) < Lyllhy = ha[3.

The following is the basic existence and uniqueness result for the Heath-Jarrow-Morton-

Musiela equation (5.2)).

Theorem 5.1. [II] Suppose that conditions (B1) — (B5) are satisfied. Then Frjnar
Hg — Hg and there exists a constant Ly > 0 such that, for each hi,ho € Hpg,

|Frsnne(hr) — Frgana (h2)||3 < Lp|hy — hall3. (5.3)

This constant can be choosen as

La L) 16(1 + 2+ 48
L = max(Lo, \6M V2 ,/ ¢ . (54)

Moreover, for each initial condition h € L*(Q, Fo,P; Hg) there is a unique adapted,
cadldg mild solution (Xt)i>o to (5.2)).
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Proof. This result can be found essentially in [I1], where the bound on Lp is an imme-
diate result from its derivation. O

Using the space of all functions with zero long rate we obtain the decomposition
Hg=Hy®R,  h=(h—h(c0))+ h(co),
where h(co) € R is identified with a constant function. Denote by
Pyh =h — h(co) and Pih = h(o0)

the corresponding projections onto Hg and R, respectively. Such a decomposition of Hg
was first used in [38] to study invariant measures for the HIMM-equation driven by a
@-Wiener process. An extension to the Lévy driven HIMM-equation was then obtained
in [36]. The proof of the next theorem shows that the results of Section 4 imply the
stability properties of the HIMM-equation as a particular case.

Theorem 5.2. Suppose that conditions (B1) — (B5) are satisfied. If

B>2\Lp+Ls+ L, (5.5)

then for each initial distribution p on Hg with finite second moments there exists an
invariant measure 7, and it holds that

_ B=2/Lp—Lo—Ly '
2

Wa(pip,mp) < K <1+/H thl?fﬁp(dh)Jr/H Hthqﬁﬂp(dh)> e (5.6)
B B

for some constant K = K(B,0,7v) > 0. Moreover, given p, p such that ,ooPl_1 = po Pl_l,
then m, = 5.

Proof. Observe that the assertion is an immediate consequence of Theorem and
Corollary [£.4] Below we briefly verify the assumptions given in these statements. Con-
dition (A1) follows from (B1), (B5), and (5.3). The growth condition (3.14)) is satisfied
by (B3) and the fact that || - ||g < || - ||g for 8 < £'. It is not difficult to see that

IS()h — Pihllg < e 2'|h— Piblg,  ¢>0

and that (S(t))¢>0 leaves Hg as well as R C Hg invariant. Hence Remark yields
that

E 8
(Ah,h) < =S IPl5 + SlIPRIG, ke D(A).

It follows from the considerations in Section 2 (see (3.10)) that (GDC) is satisfied for
o= g — V/Lp. Consequently, ¢ = 3 — 2y/Lp — L, — L., and holds due to (5.5)).
Since the coefficients map into Hg and S(t)Pih = h(oo) = Pih, conditions (A2), (A3)
and are trivially satisfied. The particular form of the estimate follows from
the proof of Theorem O

Comparing our result with [38],[36], we allow for a more general jump noise and prove
convergence in the stronger Wasserstein distance with an exponential rate. Moreover,
assuming that the volatilities map constant functions onto zero, i.e.

o(c) =0, ~(c,v)=0, Vee RCHg, veE (5.7)
shows that F'(c) = 0 and hence also (4.3) is satisfied. Hence we may apply Theorem

to characterize these invariant measures more explicitly.
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Corollary 5.3. Suppose that conditions (B1) — (B5) are satisfied, that (5.5) and (5.7))
hold. Then

E [| X — Xo(00)|3] < E [||Xo — Xo(o0)|3] e~ (#-2vEr—Lo—Ly)t
for each Xo € L?(Q,Fo, P, H).

We close this section by applying our results for the particular example discussed
before also in [36].

Example 5.4. Take
A (h)(a) = [ win (e, 1)) dy
and o9 =0 for j > 2. Then
by =o' (I3 < [ (e 2o e = = 0
and since min(a, by) — min(a, be) < |by — be| for a,by,ba € Ry, we also have
lo(h1) = o(h2)ll7g = o' (h) — o (ha)II3

- /ooo<min<e‘ﬁx, |15 ()]) — min(e™, | (x)])) %™ d

< / (W, (x) — () da
0
< ||hy — ha||3.

Consequently, by taking v = 0, the conditions (B1) — (B5) are satisfied with L, = 1 and
L,=0and M = % for the Lipschitz and growth constants. By (5.4) we get

_L @ é E \/16(14—\/15)24-48
br="m W Vets ™\ w-n |

for all B’ > 8. Choosing B > 3 and 3’ > 3 large enough such that Ly < 1, we find that

2/Lrp+ L, + L, <3 =7,

i.e. (5.5)) is satisfied. It is clear that o(c) = 0 for each constant function c. Hence
Corollary [5.5 is applicable.

6. STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS WITH DELAY

6.1. Description of the model. Let H be a separable Hilbert space and (W3)i>0
a (Q-Wiener process on a stochastic basis (2, F, (Ft)i>0,P) with the usual conditions.
Below we investigate invariant measures for the stochastic delay equation

dXt = (AXt + G(XH_)) dt + O'(Xt, XH_A)th, t>0

Xo = ¢0, Xot+ = 9,
where ¢o € L%(Q, Fo,P; H), ¢ € L?(Q, Fo,P; L?([—1,0]; H)) and for ¢t > 1 X;,. denotes
the past segment of the trajectory, i.e.

Xt+. : [—1,0] — H
s — Xits,

(6.1)
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and for t € [0,1)
Xt+~ : [—1,0} — H
s> At +8)L1 _p(5) + XipsL_t0)(s),

and
(i) (A,D(A)) is the infinitesimal generator of a strongly continuous semigroup
(S(t))t=0 on H.
(i) (v0,%) — o (1o, 1)) is measurable from H x L*([-1,0]; H) to LY(H).

(iii) G : WY2([~1,0]; H) — H is a continuous linear operator given by the Riemann-

Stieltjes integral
0
Go = [ ntats)

where 1 : [-1,0] — L(H) is of bounded variation.

Such an equation is usually studied in an extended Hilbert space which also takes the
evolution of the past segment (X;i.)t>0 into account, see [8]. Below we follow this
approach. Namely, introduce the new Hilbert space

2 2 2 1/2
H=Hx (L0 H), @000l = (160l + 1632 rom) - (62)
Define the operator

Ag = <61 2) D(A) = {(¢0,¢)" € D(A) x WH2([0, 1]; H) : $(0) = ¢o},

ds
which generates a strongly continuous semigroup (So(%))¢>0 on H, given by

Solt) = (Sbﬁf) TO(E t)> (6.3)

due to [5, Theorem 3.25]. Here (Tp(t)):>0 is the nilpotent left shift semigroup on
L*([-1,0]; H) and

S(t+7)po, —t<T<0
S, =
1¢0(T) {0’ <<t
It then follows from [0, Theorem 3.29] that the operator A with domain D(A) = D(Ap)
given by
A G 0 G
(Y

is the generator of a strongly continuous semigroup (S(t)):>0 on H. Thus, we can
formally identify (6.1) with the H-valued SPDE

dX; = AXdt + S(X)dW; _ (o(¢0,8) 0
R L

6.2. Main results for (6.5). Next we proceed to apply the results of this work to the
SPDE (6.5). For this purpose we we make the following assumption:

(C1) There exists an L, > 0 such that
lo(60.8) — 0 (0.} 33 a1y < Lor (60— ol + 16 — U132 _v0p)

holds for all (¢, ¢o), (o, ) € H
(C2) The operator (A, D(A)) satisfies (GDC) with projection operators Py, P; and

constants a > 0, 5 > 0.



ON A CLASS OF SPDES WITH MULTIPLE INVARIANT MEASURES 27

We will see that condition (C1) implies (A1), condition (C2) will be used to prove that
A also satisfies (GDC) with respect to a (possibly equivalent) scalar product on H.

Proposition 6.1. Suppose that conditions (C1), (C2) are satisfied, that n has a jump
at —1 and that one of the following conditions hold:
(i) G is bounded on L*([—1,0]; H) or
(i) (S(t))e>0 leaves Hy = ran(Pp) and Hy = ran(Py) invariant, Hy, Hy are orthogo-
nal, ran(G) C Hy and G P, extends to a bounded linear operator on L*([—1,0]; H).
Then for each initial condition (¢o, ) € L*(Q, Fo,P;H) there exists a unique mild
solution (X;)i>0 C L*(Q, F,P;H) to (6.5).

Proof. Under condition (i) we work on the Hilbert space H while under condition (ii)
we work on the Hilbert space H" given by H equipped with the equivalent norm given
by
0 0
G0, 6)3 = llnlls + | NR6)ds+ [ 1P (s (66)
where

= | Tl @), e [-1.0] (6.7)

denotes the variation of 7. Note that due to a result of Webb (see [41] and Remark
below) this norm is, indeed, equivalent to the original norm on H. For condition (A1)
we first observe that Lp = L, = 0 and if assumption (i) holds, then

12 (¢o, ¢) — E(wo,w)H%g(H) < |lo(¢o, ®) — 0(%%@”%3(1{)
< Lo (60 = ol + 116~ 13210
= Lo |[(¢0,9)" — (vh0, )" I3,

If condition (ii) holds, then analogously we obtain

IZ(b0, 8) = (o0, ¥)lI7 230y < Lo ll (b0, )" — (w0, )" I3,

< max{L,7(0)} Lo || (¢0, #)" — (0, 9)" 13-
This shows that condition (A1) is satisfied. Finally, it follows from Proposition
below that the operator (A, D(A)) satisfies condition (GDC). O

We proceed to formulate our main results on invariant measures for (6.5)). For this
purpose we introduce the following additional condition:

(C3) For each (60, ¢) € H there exist M(po,d) > 1, d(¢o,¢) > 0 and an element
f(¢o,®) € H such that

IS(t)(Pio, d) — fcos &)l < Mo, p)et0@09), t>0.

Observe that (C3) is precisely condition (A3). This is trivially satisfied, if (S(t))¢>0 is
exponentially stable which is for example the case in the setting of [5, Corollary 5.9].
Introduce the subspaces

Ho := Hy x {0} and M, := H; x L*([-1,0]; H),
which yield an orthogonal decomposition of H with projection operators
Po:H — Ho, (¢0,¢)+— (Pogo,0),
Pir:H — Hi, (¢o,9) — (Pido, ¢).
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The following is our main result for this section.
Theorem 6.2. Suppose that conditions (C1) — (C3) hold, that Pyo(¢o,®) = 0 for all
(¢o, @) € H, and that one of the following conditions are satisfied:
(i) G is bounded on L*([-1,0]; H), GP, = PiG, (S(t))>0 commutes with Py, and
a>1/2+4+ L,/2;

(i) (S(t))it>0 leaves Hy = ran(Py) and Hy = ran(P) invariant, Hy, Hy are orthogo-
nal, ran(G) C Hy, GPy extends to a bounded linear operator on L*([—1,0]; H),
and

a>1/2+ max{1,7(0)} Ly /2.

Then the assertions of Theorem[{.3 and Corollary[].4) are applicable. In particular, for
each (¢o, #) € L*(Q, Fo,P; H) there exists an invariant measure TLaw(h) for the Markov
process (Xi)i>0, and this measure satisfies Trquw(h) = TLaw(P1h)-

Proof. Let us first show condition (A2) is satisfied, i.e. that S(t) leaves H; invariant
and P1Y¥ = 0. It follows from Lemma [6.6] below that P; commutes with the semigroup
(8())t>0. Moreover, one has

P1E(0, ¢) = (Pla(go’@ 8) =0

due to Pio = 0. This shows that condition (A2) is satisfied. Condition (A3) is imme-
diate by assumption (C3) while (3.13]) reduces under condition (i) to

1
2o ) nee

c—2 (a - ;) — max{1,7(0)} Ly > 0.

Altogether we conclude that Theorems[£.3|and [£.4) apply, which proves the assertion. [

and under condition (ii) to

Remark 6.3. Condition (ii) is slightly more restrictive on the semigroup and the pro-
jection operators than condition (i). In contrast to the latter, condition (ii) contains
delay operators like point evaluations in Hy , that is G = §_1 Py for §_1¢ = ¢(—1) for
¢ € WH2([-1,0]; Hy).

6.3. Some technical results. Let us first provide a sufficient and easy to check con-
dition for the operator A to satisfy the generalized dissipativity condition (GDC), and
afterward we state our main result on invariant measures for this stochastic delay equa-
tion. As a first step we recall a result from [41].

Remark 6.4 (An equivalent scalar product). Let 7 be defined as in (6.7)) and suppose
that n has a jump at —1. Suppose that there exists ¢ € R such that A — c is dissipative.
Then the Hilbert space norm defined by

0
1o, &) 2 = lIdoll% + / 9(s) [ (s)ds

is equivalent to the original one on H. Moreover, A — ~I is dissipative for every vy >
max{0,c+ 7(0)} with respect to this norm, i.e.

(A(do,0)", (60, D)) < VII(0,0)" [l V(o, ¢) € D(A).
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Based on this observation we can now provide sufficient conditions for (A, D(A)) to
satisfy (GDC).

Proposition 6.5. Suppose that A satisfies (GDC) with constants o, 8 > 0.

(i) If G extends to a continuous linear operator on L?([—1,0]; H) and o > 1/2, then
A satisfies (GDC), i.e.,

(A0, 8)" (90, ) ) < —Gl(00, D), + (@ + ) IP1 (0, 8) T I

where € > 0 is such that ¢ < /2a — 1, and

B 14 &2 = 1 2 e
a=qa— 5 and fB:=p+a+ TEQHGHL(LQ([—I,O];H)) +

(ii) Assume that Hy, H1 provide an orthogonal decomposition of H such the semi-
group generated (S(t)):>0 generated by (A, D(A)) leaves Hy and Hy invariant.
Moreover, suppose that ran(G) C Hy, and that WY2([~1,0]; H) > ¢ — GPyp €
Hy extends to a continuous linear operator GPy : L*([—1,0); H) — Hy with
operator norm denoted by ||GPyl||. Define an equivalent Hilbert space norm by

. If o > 1/2, then A satisfies (GDC) with respect to this norm, i.e., it holds
that

(A0, )" (60,6) e < — (a - ) 160, )l
#((a=3) #5470+ L2 1P 05

Proof. (i) For (¢g,#)" € D(Ap) we have

0
(Aa(60, )" (000" e = (Adn, ou) + | <j8¢<s>,¢<s>> ds

. H
= (Ado, do) + / ol s
= (A0, d0) 11 + 5 (190} 3 ~ 9(-1)3)

< (Ago, o) i + §||¢0||H7

where we used the fact that ¢o9 = ¢(0). Making further use of the fact that A satisfies
(GDC) we find

(Ao(60, )" (60,6) ) < — (a - 1) 160ll3 + (8 + )| Prooll%
<- (a - ) 1o, 8) 2 + (/3 20— ) 1(Poo, )72,

To estimate the operator A we will use that

(Go,p0) < [|GA||lul|Polla

1 9 g2 9
< WHGWH + *H%HH
2 2”G||L(L2( [~1,0];H)) H¢‘|L2 ([-1,0];H ||¢0HH

ST&_QHGH%(L?([—LO];H))HPl(%, O)TI% + 5 H(¢0,¢) I3
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where € > 0. Thus we obtain

(A(¢o, )", (0, 9)" )
= (Ao(do, )", (d0, )" ) + (G, do)

1 1
< (a=3 ) lon o)+ (920 1) IPa(on. )71
1 2
+ 5o G g gy P 6o, 5+ 5 1100, )7

1+¢? 11
= (o= 55 ) 160 B+ (8420 = 5+ IR arogany ) 1P1n. o) B

2

Assuming ¢ is so small that ¢ < v/2a — 1, we obtain o — % > (0 and

1 1

B+20— 5+ @HGH%(LZ([A,O];H))

2

1+e2 1 2 c
— (a - ) +B+at SlGIL e 10m) + 5 >0

which proves the assertion.

(ii)) As Py, P; are complementary self-adjoint projections, they induce an orthogonal
decomposition H = Hy @& Hj. Thus, for (¢g, ) € H we have (¢o, ¢) = (Podo, Pod) +
(P10, P1¢) which gives also an orthogonal decomposition

H = (Ho x L*([-1,0]; Hp)) & (H1 x L*([-1,0]; Hy)) .

Applying Remark [6.4] to the Hilbert space Hy x L?([—1,0]; H;) we find that
0

| Pdoll gz + / | Pug(s)][37(s)ds

-1

gives rise to a norm on Hj x L?([—1,0]; H;) which is equivalent to the one given by (6.2)
when applied to (P1¢g, P1¢). Thus, the norm defined in is, indeed, equivalent to
the original norm on H. Let (¢o, ¢) € D(A), so that ¢(0) = ¢o and we can write:

(A(do, )", (60, 0)" Yar

d T
= <<A<z>o +Go, ds¢> , (¢o, ¢>T>

= (A¢o, bo)u + (GP, o) m

0 0
< [ (o P°¢(S)>H s+ [ (Pt P1¢><s>>H r(s)ds
:Il+l2+l3+f4.

For the first term I; we use ¢g = Pypg + P1¢g, then the fact that Py, P, are self-adjoint
projection operators and finally PpA = APy, PiA = AP; (similarly to the proof of
Proposition to find that

Iy = (PyAgo, Podo) u + (PrAgo, Prdo)
= (APy¢o, Podpo)r + (AP1op1, Pigo) < —al|Pocdol| T + (AP1¢p1, Pigo) mr

where the last inequality follows from (GDC) combined with Py Py¢o = 0. Likewise, for
the second term we use that ran(G) C H; so that PoG = 0 to obtain

I = (Go, Prdo) 1

HT
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= (GPy¢p, Pipo) + (GP1¢, Pio) i
<GPl Podll 2 (=101 | Prooll i + (G Prob, Prébo)

_ e oll ” 0”||p1¢0HH+<GP1¢,P1¢o>

1Pl 21,05y +
For the third term we obtain
=5 [ LR las < SRl
To summarize, we obtain
(Al¢o,@)", (0, 8) -
|GH|

< (o= ) 1ol + LS (1rulls + 1002 )

0
+ (AP1¢1, Prgo)a + (GP1d, Propo) i + / 1 <dP1¢>(3), P1¢(8)> 7(s)ds
H

T2 1 0 2
= (o= 5 ) 1600 e+ (a5 ) WAl + (o= 3) [ Imotolds
1\ [° GP Ghll [°

+(a=3) [ 1eeeireas+ 2L pols + 158 ymocopas

+ (A(Pigo, Pig)", (Pido, Pro)"),0
<~ (a=3) lon. 01 + (a5 +9+ 150 pigap

GR 1 0
+<a 2+”2N>/|W¢Uﬁﬂ&%Gb2+7)/ﬂHM$%ﬂ$®

G
< - (a=3) Won B + (a5 +7+ L) ppucon. 071

where we have used the fact that A — BI is dissipative so that by Remark with
=3+ 7(0)

<A(P1¢07P1¢)T7 (P1¢07P1¢) >H" > 7”(P1¢07P1¢) H%—U

— | Piolly + 4 / | P (s) |27 (s)ds.

This proves the assertion. O

The next result has been used in the previous proof.

Lemma 6.6. Consider the setting of stochastic delay equation, i.e., let (So(t))e>0,
(S8(t))t>0, (Ao, D(Ap)), (A,D(A)), G, P1 as in Sections and Theorem [6.4
In particular suppose that P1S(t) = P1S(t), where S(t) is given in (6.3). Then

PiS(t) =SH)P,  t>0.

Proof. We prove this statement in two different cases. Let us first consider the case
where G satisfies assumption (i) from Proposition i.e. G isbounded from L?([—1,0]; H)
to H. Since G is bounded we obtain from the bounded perturbation theorem (the
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Dyson-Phillips series) the representation

=2 s
n=0
where the series converges in L(H), and S (n) (t) is inductively defined by

SO =8t), 8 / s\ ( >Sgt—s)ds.

Thus it suffices to prove that
PSS () =SSP, m=1, 0. (6.8)

For n = 0 we use the particular form of P; and Sy(¢) to find that
S5(t)¢o >
P1So(t)(¢0, 0)T =P
150(6)(90,9)" =P1 <St¢o +To(1)6

_( BS@{)e [ S(t)Pio B
- (St¢;+ TO([;M) B <5t¢o + %0(2)¢) = So(t)P1(¢0, )",

where we have used that S(f) commutes with P;. Now suppose that holds for
some n > 0. Then

PiSS () = PiSo(t / P18 (s) (8 %’) S$t — s)ds

= So(t)P1 + /0 S (s) (O %;) St = s)Prds = STV ()P,
where we have used that

P ) o = Pico.or

~(765.0) = (GP0.0) = ((§ ) Prlon o).

This completes the proof for the case where G : L?([—1,0]; H) — H is bounded.

Let us now consider the case where condition (ii) from Proposition holds. Fol-
lowing [5, Theorem 3.29] we know that the semigroup (S(t)):>0 is constructed as a
Miyadera-Voigt perturbation and hence has due to [14, Chapter III, Corollary 3.15] a
series representation of the form

= V"S(t)
n=0

where V' denotes the closure of the operator

F s VF(t) = /Ot F(s) <8 g’) Solt — )ds,

where F' € C([0,to], Ls(#H)) for some small ¢y > 0 and Lg(H) denotes the space of
bounded linear operators over ‘H equipped with the strong operator topology. Following
the same computations as in the first case, we can prove that P1V"Sy(t) = V"Sy(t)P;
and hence P1V"Sy(t) = V"' Sp(t)Py. This proves the assertion also in this case. O
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APPENDIX A. ITO FORMULA

Below we recall an It6 formula for Hilbert space valued semimartingales of the form

X (t) :X(O)+/0ta(s)ds—|—/0ta(s)dWs+/Ot/E'y(s,u)]V(ds,du),

where a and ¢ are as before and (y(¢, v))¢>0 is a predictable, H-valued stochastic process
for each v € ' such that

B[ [ [ It lfutanas] < oo

E [/Ot ]\U(S)H%gds} < .

For this purpose we first introduce the class of quasi-sublinear functions.

and

Definition A.1 (Sublinear Functions). A continuous, non-decreasing function h :
Ry — Ry is called quasi-sublinear, if there exists a constant C' > 0 such that

h(z +y) < C(h(z) + h(y))
h(zy) < C(h(x)h(y))
for all x,y > 0.

The following It6-Formula is a combination of [20] and [29].

Theorem A.2 (Generalized It6-Formula). Let F € C*(R, x H,R) and suppose there
exist quasi-sublinear functions hi, he : Ry — Ry such that for allt >0 and x € H

1Fe(t, o)l < ha(llz]m), [ Fee ()| (o1, 01,R)) < Pa([|2]] 27)

and

/0 /é (s, )| Zaldv)ds + /O /E By (5. 2) L)1 (s ) By e(dr) s
" /0 /E By (s, L) Iy (s, ) (i )ds < oo

Then P-almost surely for each t > 0:
t t
/ |Fi(s, X () s + / / F (s, X(5) +(s,)) — F(s, X(s))2u(dv)ds
0 0 E

+ / / F(s, X(5) +7(5.0)) — F(s, X(8)) — (Fa(s, X(5)), 7(5, ) 0)|a(dr)ds < oo
0 E

Moreover, the generalized Ito-formula holds P-almost surely for each t > 0 and
t
F(t, X (1) = F(0, X(0)) + / LF(s, X (s))ds
0
¢
+/ (Frp(s,X(s)),0(s)dWs) g
0

t+ _
+ /0 /E{F(S,X(s—) +v(s,v)) — F(s,X(s—))} N(ds,dv)
where LF (x, X (s)) is given by
LF(s,X(s))
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t
- / (Fy(s, X(5)) + (Fa(s, X (5)), a(s)) s} ds
0
1 t

+3 /0 o1 [Fou(s, X (5))o(5)Qo ()] ds

" / / (F(5, X (5) +7(5,0)) — F(s, X(5)) — (Fa(s, X(5)),7(5, ) sr} () ds
0 E
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