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INPUT-TO-STATE STABILITY OF UNBOUNDED BILINEAR
CONTROL SYSTEMS

RENE HOSFELD, BIRGIT JACOB, AND FELIX L. SCHWENNINGER

ABSTRACT. We study input-to-state stability of bilinear control systems with
possibly unbounded control operators. Natural sufficient conditions for inte-
gral input-to-state stability are given. The obtained results are applied to a
bilinearly controlled Fokker-Planck equation.

1. INTRODUCTION

In this note we continue recent developments on input-to-state stability (ISS)
for systems governed by evolution equations. This concept unifies both asymptotic
stability with respect to the initial values and robustness with respect to the external
inputs such as controls or disturbances. Loosely, if a system X is viewed as a
mapping which sends initial values zo € X and inputs u : [0,00) — U to the time
evolution z : [0,7) — X for some maximal 7" > 0, then X is ISS if T = oo and for
all t € [0, 00),

(1) lz(®)[[x < B(llzollx, ) +( sup, lu(s)llv), Vo, u,
se|0,t

where the continuous functions 8 : Rf x Rf — Ry and v : Rf — R{ are of
Lyapunov class L and K respectively!. Here X is called the state space and U
the input space equipped with norms || - ||x and || - ||y. For linear systems

&(t) = Ax(t) + Bu(t),

where A is the infinitesimal generator of a Cp-semigroup (T'(¢));>0 on a Banach
space X and B : U — X is a bounded linear operator, ISS is equivalent to uniform
exponential stability of the semigroup [6, 12]. If B is not bounded as operator form
U to X, which is typically the case for boundary controlled PDEs, the property
of being ISS becomes non-trivial even for linear systems. In fact, this is closely
related to suitable solution concepts see e.g. [12, 21, 29]. Along with the recent
developments in ISS theory for infinite-dimensional systems [6, 7, 10, 16, 27], several
partial results have been derived in the (semi)linear context, with a slight focus on
parabolic equations, see e.g. [14, 17, 22, 23, 25, 36]. We refer to recent surveys on
ISS for infinite-dimensional systems [26, 29] and the book [18]. The origin of ISS
theory, introduced by Sontag in 1989 [30], are non-linear systems and we refer the
reader to [31] for a survey on ISS for ODEs. Already seemingly harmless system
classes such as bilinear systems

(2) #(t) = Ax(t) + B(u(t), z(1)),
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where B(u,z) = Y_i*, u;(t)B;z and matrices A € R4 B, € R4 see [8], are
typical counterexamples for ISS [32]. Nevertheless, the following variant of ISS [32]
is satisfied by such systems; there exists functions 8 € KL and 1,72 € K such that

3 Je®lx < Bllzolx.t) + 7 ( / w(ﬂu(s)nwds), Vi > 0, u, 2o,

which is called integral input-to-state stable (iISS), see also [32]. Note that the
terms involving u in (1) and (3) cannot be compared for arbitrary ¢ > 0, general
functions u, and fixed functions 7, v1,7y2. Still iISS and ISS are equivalent for
infinite-dimensional linear systems with a bounded linear operator B : U — X,
[12, 24] as this reduces to uniform exponential stability of the uncontrolled system.
The corresponding question for general infinite-dimensional systems seems to be
much harder and notorious questions remain, see [12, 28, 14] and [35] for a negative
result.
On the other hand in [24] the equivalence of iISS and uniform exponential stability
is shown for a natural infinite-dimensional version of (2), with A generating a Cy-
semigroup and B : X x U — X satisfying a Lipschitz condition and being bounded
in the sense that || B(z,u)|| < ||z||v(|jul]) for some K-function v and all x and u. As
indicated above, the property whether a system is ISS or iISS is more subtle when
boundary controls are considered and consequently, the involved input operators
become unbounded. This also applies for bilinear systems which — in the presence
of boundary control — cannot be treated as in the references mentioned above.

In this article we establish the abstract theory to overcome such issues. More
precisely, we study infinite-dimensional bilinear control systems of the abstract form

(4) &(t) = Az(t) + ByF (z(t), u (t)) + Bous(t), t > 0,

where A generates a Cy-semigroup on a Banach space X and B; and By are possibly
unbounded linear operators defined on Banach spaces X and Us respectively. The
nonlinearity F': X x U; — X is assumed to satisfy a Lipschitz condition and to be
bounded in the sense that

1F(@u)lx < lollx ullo, — VoeX,uel.

In Section 2 we present the abstract framework and prove the main theoretical
results. Under weak conditions on the operators By and By, we discuss existence of
global (mild) solutions to (4) and provide several ISS estimates. Furthermore, we
give conditions on B, assuring that uniform exponential stability of the semigroup
and iISS are equivalent notions for System (4). We continue with an example of
infinitely many scalar ODE’s in Section 3 which justifies the use of Orlicz spaces in
the abstract results from Section 2 The guiding example for this research work is
the following bilinearly controlled Fokker—Planck equation with reflective boundary
conditions, which has recently appeared in [5, 11],

Ap(z,t) +ui (B)V - (p(gc, t)Va),

PO($>7
0= (vVp+pVa) -7,

o
57 (z,t)
p(x,0)

(x

on a bounded domain 2, where a : 2 — R is sufficiently smooth and py is an initial
condition in L?(£2). In Section 4 we show that such systems satisfy suitable inte-
gral input-to-state estimates and provide a more general class of related examples
tractable within the above abstract framework.
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2. INPUT-TO-STATE STABILITY FOR BILINEAR SYSTEMS

2.1. System class and Notions. In the following we study infinite-dimensional
bilinear control systems of the form

CE(t) = Al‘(t) + BlF(Qi(t)7U1(t)) + BQUQ(t), t>0,

(2(A7 [Blv 32]7 F)) LI,‘(O) =20

where

e X, X and Uy, U, are Banach spaces and zo € X,

o A generates a Cy-semigroup (T'(t))¢>0 on X,

e the input function wu, is locally integrable function with values in Uy, that
is, u1 € L .(0,00;U1) and uy € L (0, 00; Us),

e the operators B; and B are defined on X and U, respectively. Both
operators map into a space (see below) in which X is densely embedded,

e the nonlinear operator F : X x U; — X is bounded in the sense that there

exists a constant m > 0 such that
(5) [F(z,u)ll g < mlzlxllullu,  VoeX,uel.

and Lipschitz continuous in the first variable on bounded subsets of X,
where the Lipschitz constant depends on the Uj-norm of the second ar-
gument, that is, for all bounded subsets X}, C X there exists a constant
Lx, > 0, such that

(6) 1F(z,u) = F(2,u)| 3 < Lx,|lullo,lz = Z[x Vo e Xy,uel,

o s F(f(s),9g(s)) is measurable for any interval I and measurable functions
fiI—-X,9:1—U,
e we write (A, [0, Bg]) if By = 0 and thus System (A4, [By, Bs], F) is linear.

Before explaining the details on the assumptions on B; and Bs below, we list some
examples for functions F' and operators that fit our setting.

(a) X =X, U =C and F(z,u) = zu,

(b) X =U=X, feX* F(z,u) = f(z)u,

(¢) X =C,U = X*, F(z,u) = (z,u).

Let X_; be the completion of X with respect to the norm |z||x_, = |[(8 —
A)~lz||x for some 3 in the resolvent set p(A) of A.

For a reflexive Banach space, X_; can be identified with (D(A*))’, the continu-
ous dual of D(A*) with respect to the pivot space X. The operators B; and Bs are
assumed to map to X_1, more precisely, By € L(X,X,l) and By € L(Uz, X_1),
where L(X,Y) refers to the bounded linear operators from X to Y. Only in the
special case that By or By are in L(X,X) or L(Us, X), we say that the respec-
tive operator is bounded. The Cy-semigroup (7'(t)):>0 extends uniquely to a Cp-
semigroup (T_1(t))¢>0 on X_; whose generator A_; is the unique extension of A to
an operator in L(X, X_1), see e.g. [9]. Note that X_; can be viewed as taking the
role of a Sobolev space with negative index. With the above considerations we may
consider System Y(A, [By, Bz, F) on the Banach space X_;. We want to emphasize
that our interest is primarily in the situation where B; and By are not bounded
— something that typically happens if the control enters through point boundary
actuation. Note, however, that the assumptions imply that “the unboundedness
of By and Bs is not worse than the one of A” — which particularly means that if
A€ L(X,X) then B, € L(X, X) and By € L(Uy, X).

For zero-inputs u1 and ug, the solution theory for System (A, By, Bs], F) is fully
characterized by the property that A generates a Cy-semigroup as this reduces to
3



solving a linear, homogeneous equation. For non-trivial inputs, the solution concept
is a bit more delicate.

More precisely, for given tg, ¢ € [0,00), to < t1, xo € X, uy € L}, (0, o0; X) and
Uy € Llloc(O7 00; Us), a continuous function z : [tg,#1] — X is called a mild solution
Of Z(A, [Bl,BQ},F) on [to,tﬂ if for all t € [to,tl],

t
(7) x(t) =Tt —to)xo + / T_1(t — s)[B1F(x(s),u1(s)) + Baua(s)] ds.
to
We say that x : [0,00) = X is a global mild solution or a mild solution on [0,00)
of ¥(A, [By, Bal, F) if xg4,] is a mild solution on [0,#;] for every ¢; > 0. We stress
that existence of a mild solution is non-trivial, even when u; = 0. In this case, it is
easy to see that x € C([0,00); X_1), but not necessarily z(t) € X, t > 0, without
further assumptions on Bs. The existence of a mild solutions to the linear System
(A, [0, Bs)) is closely related to the notion admissibility of the operator By for the
semigroup (T'(t));>0 and various sufficient and necessary conditions are available,
see e.g. Proposition 4 and [12].

We need the following well-known function classes from Lyapunov theory.
K={peCR{,RY)|p0)=0,pu strictly increasing},
Ko ={0€K] li_>m 0(z) = oo},

L={ye€CR{,RY) |~ strictly decreasing, tlim ~(t) = 0},
—00
KL={B:RI)? =R |B(-t) € KVt>0,8(s,-) € L Vs >0}

The following concept is central in this work. It originates from works by Sontag
[30, 32]. We refer e.g. to [26, 27] for the infinite-dimensional setting.

Definition 1. The system X(A, [B1, Bs], F) is called

(i) input-to-state stable (ISS), if there exist functions 8 € KL, p1, 12 € Koo
such that for every xy € X, uy € L*(0,00;U;) and uz € L*(0,00;Us)
there exists a unique global mild solution x of L(A,[B1,Bs], F) and for
everyt > 0

@I < Bllzoll, t) + pa(lluall Lo 0.00)) + p2(lluzll L 0,402 )5

(i) integral input-to-state stable (iISS or integral ISS), if there ewxist func-
tions B € KL, 01,05 € K and py, e € K such that for every o € X,
uy € L*>(0,00;Us) and us € L>*(0,00;Us) there exists a unique global mild
solution © of (A, [B1, Bz, F) and for every t >0

t t
ool < 8(lzal )+ 60 ([ mlua(oas) 462 ([ palluatol as).
One may define some mized type of these definitions like (I1SS,iI5S) (and (iISS,1SS)),

in the sense that one has an ISS-estimate for uy and some integral-I1SS-estimate
for us (and vice versa).

Although the terms involving u; and uy on the right-hand-side of the integral ISS
estimate do not define norms in general, the following function spaces were shown
to be naturally linked to integral ISS [12]. In this context we briefly introduce the
Orlicz space Eg(I;Y) for an interval I C R and a Banach space Y. For more details
on Orlicz spaces we refer to [1, 20, 19].

Let @ : Rar — Rg be a Young function, i.e. ® is continuous, increasing, convex
with lim,_.q @ =0 and lim,_, ®(s) — . Denote the set of Bochner-measurable
functions u : I — Y for which there exists a constant k& > 0 such that ®(k||u(-)||)
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integrable by Lg(I;Y). This vector space becomes a Banach space when equipped

with the norm
/ o <”“<S)”) ds < 1}.
I k

(8) ||u||L<1>(I,Y) = lIlf {k > O
Despite the fact that Le(I;Y) is typically referred to as “Orlicz space” in the
literature, we prefer to call

Eo(I;Y) ={u e L>(I;Y) | esssupp u is bounded}".HL‘P(I;Y)

the Orlicz space associated with the Young function ®. Note that u € F¢([;Y)
implies that ® o ||u(-)| is integrable. Typical examples of Orlicz spaces are LP-
spaces; for ®(¢) = t? with p € (1,00) it holds that E¢([;Y) = LP(I;Y).

An important property of ® in the characterization of Orlicz spaces is the A,
condition. A Young function & is said to satisfy the Ay condition if there exist
K > 0 and sg > 0 such that

D(2s) < KO(s), s> Sp.
In particular note that Eg(I;Y) = Le([;Y) if and only if ® satisfies the Ay con-
dition. The Young functions ®(s) = s?, p € (1,0), share this property, leading to

Eo(I;Y)=Lo(;Y) = LP(I;Y). For a Young function ® let ® denote the comple-
mentary Young function, a notion which can be seen as the Orlicz space analog of

Holder-conjugates. In fact, for ®(s) = S; it holds that ®(s) = % for p,q € (1,00)
with % + % = 1. As for LP spaces, an equivalent norm to || - ||z, (r;y) is given by

©) oy = sup{ JACCIEEE

v measurable, /Cf(\v(s)D ds < 1} .
I

Furthermore, for a Young functions ® and its complementary Young function ®
the following generalized Holder inequality

(10) /Illu(S)Illlv(S)lldS < 2ljull Lo [vllzg-
holds. This also implies the continuity of the embeddings
L>®(LY) = Lo(I;Y) < L' (I;Y)

if I is bounded. Although L' is not an Orlicz space, we will explicitly allow for
®(t) =t in our notation referring to Eg(I;Y) = L'(I;Y). Note that the definition
of the norm (8) is indeed consistent with the L'-norm and that ® satisfies the A,
condition. However, we will not define a “complementary Young function” for this
particular ®.

An essential property of Orlicz spaces is the absolute continuity of the Eg norm
with respect to the length of the interval I (see e.g. [20, Thm. 3.15.6]), this is for
u € Eg(I;Y) and € > 0 there exists § > 0 such that for each intervall I holds

)\(I) < é = Hu||Eq>(I;Y) < g,
where A referes to the Lebesgue-measure on R.

Definition 2. Let (T'(t))i>0 be a Co-semigroup.
(i) We say that (T'(t))i>0 is of type (M,w) if M > 1 and w € R are such that
(11) 1T < Me™*,  t>0.

(i) We say that (T'(t))i>0 is (uniformly) exponentially stable if (T'(t))i>0 is of
type (M,w) for some w > 0.
5



(i1i) Let Z = Eg or Z = L. An operator B € L(U, X _1) is called Z-admissible
for (T'(t))i>0, if for every t > 0 and v € Z(0,¢;U) it holds that

/t T_1(t — s)Bu(s)ds € X.
0

We will neglect the reference to (T'(t))i>o if this is clear from the context.

Recall that every Cp-semigroup is of type (M,w) for some M > 1 and w € R.
Note that any bounded operator B is Z-admissible for all Z considered above.

Remark 3. Let B € L(U,X_1) be Z-admissible for (T(t))i>0 with Z = Eg or
Z = L. Then for any t > 0 there exists a minimal constant Cy g > 0 such that

/t T_1(t — s)Bu(s)ds
0

This is a consequence of the closed graph theorem. Also note that B is Z-admissible
for (e®'T'(t))¢>o for any § € R. Furthermore, the function t + Cip is non-
decreasing and, if (T'(t))i>0 is exponentially stable, even bounded, that is, Cp :=
sup;>o Ct,p < 00.

(12)

< Ci.Bllullzosv), we Z(0,tU).

The following result clarifies on the relation between admissibility and (integral)
ISS. Note in particular that the existence of mild solutions for Eg-admissible oper-
ators By is based on the absolut continuity of the Orlicz norm with respect to the
length of the interval and the strong continuity of the shift-semigroup on Eg([;Y)
for any interval I and any Banach space Y. The latter can be proven by similar
methods one uses to prove the strong continuity of the Shift-semigroup on L?(I;Y").

Proposition 4 (Prop. 2.10 & Thm. 3.1 in [12]). Let A generate the Cy-semigroup
(T(t))tzo on X and BQ S L(UQ,Xfl).
(i) If By is Eg-admissible, then for every zo € X and us € Eg 10c(0, 00; Uz)
there exists a unique global mild solution x of System X(A, [0, Bs]), which
is given by (7) with By = 0.
(i1) System (A, [0, Bo]) is 1SS if and only if (T'(t))i>0 is exponentially stable
and Bs is L*°-admissible.
(111) X(A, [0, Bg]) is iISS if and only if (T(t))i>0 is exponentially stable and B
1s Fg-admissible for some Young function ®.

2.2. Main results. Whether ISS implies iISS for System (A, [0, B]) is still an
open question. This is true for B bounded, see e.g. [12, Prop. 2.14] or [24]. However,
various conditions on A and the input spaces U are available under which iISS and
ISS are equivalent [14] in the case of boundary control. In contrast to linear systems,
the existence of mild solutions is less clear for bilinear control systems of the form
Y(A,[By,Bs], F).

Sontag [32] showed that finite-dimensional bilinear systems are hardly ever ISS,
but iISS if and only if the semigroup is exponentially stable. In [24] it was shown
that this result generalizes to infinite-dimensional bilinear systems provided that
B; and B are bounded operators and X = X. The following results give sufficient
conditions for ISS, iISS and some combination of ISS and iISS of 3(A, [B1, Ba], F).
We start with a result on existence of local solutions to X(A4, [B1, Bz, F'). The proof
involves typical arguments in the context of mild solutions for semilinear equations.

Proposition 5. Let A generate a Cy-semigroup (T(t))i>0 on X. Suppose that
B; € L(X,X_l) is Eg-admissible and that Bs € L(Us, X_1) is Ey-admissible.
Then for every tg > 0, g € X, u1 € Eg(0,00;U7) and ug € Ey(0,00;Usy) there
exists t1 > to such that System X(A, [B1, Ba], F) possesses a unique mild solution
x on [to,t1].
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Moreover, if tyme: > to denotes the supremum of all t1 > to such that System
Y(A,[B1, Ba], F) has a unique mild solution x on [to,t1], then tmq < 0o implies
that

Jim (1)) = oo.
Proof. We first show that for every tog > 0,20 € X, u; € Eg(0,00;U7) and us €
Eg(0,00;Us) there exists t1 > to such that System X(A,[By, Ba], F') possesses a
unique mild solution on [tg,¢;] with initial condition g and input functions u; and
ug. Moreover, we show that t; = ty+ 0 can be chosen such that ¢ is independent for
any bounded sets of initial data z¢ and tg. Let T > 0, r > 0, u3 € E3(0,00;U7) and
uz € FEg(0,00;Usz) be arbitrarily. We first recall the following property of Orlicz
spaces. For any € > 0 there exists § > 0 such that

(13) max{|[u1ll gy (t,t+5:00): U2l Byt p+500)} <& VE20,

see e.g. [20, Thm. 3.15.6]. Let to € [0,T],t1 > to and g € K,.(0) = {z € X: ||z|| <
r} and define the mapping

@to-,tl : C([to,tl];X) — C([to,tlLX)

t
(Pry 1y (X)) () :=T(t —to)xo + / T_1(t — 8)[B1F(x(s),u1(s)) + Baua(s)] ds.
to

The strong continuity of (T'(¢))>o and Proposition 4 imply that @, ;, is well-
defined, that is, ®;, 4, (z) € C([to,t1]; X) for every x € C([to,t1]; X). Note that we
applied Proposition 4 twice: To System X (A, [0, Bo]) with input us and to System
¥(A, [0, By]) with input F(z(-),u1(+)), where we set uy,ug, z zero on (0,%).

Let M,w > 0 be such that ||T'(¢)|| < Me“! for allt > 0 and choose k = 4Mr+2M.
Set

Mi(to, t1) := {z € C([to, t1]; X) | |z llc(fto,t1:x) < K}-
We will show next that ¢; can be chosen such that @y, maps My(to,t1) to
M (to,t1) and is contractive on this set. Let C; p, and Cyp, refer to the ad-
missibility constants such that (12) holds for B; and Bs which can be chosen non-
decreasing in ¢. Let m be the boundedness constant of F from (5) and let Lg, (o)
be the Lipschitz constant of F' such that (6) holds for the bounded set X}, = {x(¢) |
x € My(to,t1),t € [to, t1]} C X which is equal to Kj(0) = {x € X: ||z|| < k}. Now,
let t; = to + 6 with 6 € (0,1) be chosen such that for all ¢y € [0,T],
(1) ew(tl—tg) _ ew6 <2,

(11) mCT+1,B1||U1||Eq,(t0,t0+§,U1) < %’

(iil) Cr,B, U2l By (to,t0+5:02) < M and

(iV) CT+5731LK1C(0)||U1HE4>(t0,to+5;U1) <1
holds, where we used (13) in (ii)-(vi). Note that apart from the parameters of
the operators By, Bo, A, F', the choice of § only depends on r and T, where the r-
dependence of § arises from the r-dependence of k. It follows that for all ¢y € [0, T,
S Mk(to,t1) and xg € KT(O)

||@t07t1 ('T)”C([to,tl];X)

< Me* " 1) |lao | + Cry g, |1F (2, )| gy (10 1% + CorBa U By 0.0:02)
< 2Ml||xo|| + mCiy, B, Jul By (to.00,00) |l ((t0,027:) + M

<k,

where we used admissibility in the first inequality and (5) in the second inequality
as well as the monotonicity of the Orlicz norm in both estimates. Hence, ®
maps My (to,t1) to My (to,t1). The contractivity follows since

Hq)to,tl ($> - q)t07t1 ("Z‘) ||C([t0,t1]§X)
7



t
< sw | [ 1= 9BIF@E.0(s) - FE).u(s) ds
t€[to,t1] to
< OthBlLKk(O)HulHE<I>(tO7t1;U1)||I7f”c([to,tl];X)’

where we used again admissibility, the Lipschitz property of F' and the monotonicity
of the Orlicz norm. By Banach’s fixed-point theorem, we conclude that System
(A, [By, Bs], F) possesses a unique mild solution on [tg, ¢1] with initial condition
o and input functions u; and us.

Now let tyax be the supremum of all ¢; such that there exists a mild solution = of
Y(A,[By, Bs], F) on [tg,t1] for every t1 < tmax, where g € X, uy € Eg(0,00;U7)
and ug € Ey(0,00;Us) are given. Suppose that tpay is finite. We will show, that

then limy_,; ||z (t)|| = co. If this is not the case, we have
r= sup |z()| < 0.
te[tOytmax]

Let (t,,)nen be a sequence of positive real numbers converging to ¢y,.x from below.
Since t, € [0,tmax] and ||z(t,)|| < r for all n € N, there exists § > 0 independent
of n € N such that the equation

y(t) = Ay(t) + B1F (y(t), u1(t)) + Baua(?),
y(tn) = 2(tn).
has a mild solution y on [t,,t, + d]. Therefore, we can extend x by x(t) = y(¢),

t € (tn,tn + 0], to a solution of X(A, [By, Ba], F') on [tg,t, + d]. This contradicts
the maximality of ¢,.x and hence, x has to be unbounded in .. O

Theorem 6. Let A generate a Cy-semigroup (T(t))i>0 on X. Suppose that there
exist Young functions ® and ¥ such that

e By € L(X,X_1) is Eg-admissible, and

e By € L(Us, X_1) is Ey-admissible.
Then for all xg € X, u1 € Eg(0,00;U7), ug € Eg(0,00;Us) there exists a unique
global mild solution © of X.(A, [B1, Bz, F) and it holds that
(14) [z < Bllzoll, )+ (Co,millurl| Ba0.0) + 12(Crmae™ 2 [le 2]l my 0.0))5

< Blwoll, ) +71(CtBullurl| B4 0,6)) + Y2(Ct, B, SUP 67%T||UQHE\I,(O¢))3

rel0,t]
for allt >0, where || - |gy(r) = || - | Eo(r;vy) and || - By ) = || - | Bo (1;01) and
s,t) = Me “ts + LM2ets? sup e "
5( ) ) 2 p )
rel0,t]
7 (s) = 4m?s%etms,

Ya(s) = s+ 357
Here, (M,w) denotes the type of (T'(t))i>0, Ct.B,, @ = 1,2, is the admissibility con-
stant of B; with respect to the semigroup (e%tT(t))Do (see (12)), and m is the
bound of F (see (5)). -

Proof. By Remark 3 there exist Cy p,,Ct p, > 0 such that for every t > 0, y €
Eg(0,00; X) and § € Eg(0, 00; Usz) we have

¢
‘/ e2 (=T (t — 5)Byy(s)ds
0

t
/ e2 (=T (t — 5)Byi(s) ds
0

8
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Let g € X, u; € F3(0,00;U7) and us € Fg(0,00;Us) and let tiax be the supre-
mum over all ¢; such that X (A4, [By, Bz, F) possesses a unique  mild solution on
[0, t1]. Proposition 5 yields tyax > 0. For ¢ € [0, tmax) it follows that

=@

- HTWO + / T ) BUF(a(s), () ds + / Tor(t = ) Byus(s) ds

< | T()xo|| + e 2¢ / 2T (t — 8)By(e%°F(2(s), u1(s))) ds

0

t
e 5t / e2=IT | (t — 5)Bye uy(s) ds

0
(15) < Me |zl + Crpre” 5|e® F(a(-), us ()l gy (0,%) + Cooruats

o .
where Cyu, ¢ = Cype” 2t | The || - || g,-norm in the second term

’ei.u2HE\p(0,t;U2).
can be estimated by the boundedness of F',

le® F(z(-), ur ()l gy 0,05 < m | lurOll e 2G5, 0.0y -

Provided that Eg # L', we can further pass over to the equivalent norm on Eg given
in (9). Therefore, for ¢ > 0 there exists a function g € Lg(0,t) with [|g[|z_ (0 <1
such that

t
s 2Ol 0y < | T 9] (5 (o)) ds .
0
In the case that E = L', the above estimate holds trivially with the constant
function g = 1. Hence, by combining this with (15) gives

e a@)l < Me™H |lwo|| + mCipye + e Count
t
+ mCt,Bl/O lur ()] g ()] (e *[lz(s)]]) ds.

Setting a(t) :== Me™ 2¢||zo|| + mCy g e + €2tC,y 4, ¢, Gronwall’s inequality implies
that

t
Ho®)] < a(t) +mCr, [ als)un(s)] lg(s)lelmCer LI 014)gs
0

r€(0,t]

<aft) + <M|wo sup e~ 2" +mCy p,e + e‘é’th,uz’t>

. 2m0t7Bl ||ul ||Eq>(07t;U1)e2mCt’Bl HUI”E‘I}(O'MUl) 5
where we used the generalized Holder inequality (10) in the case that Egp # L.
Thus, by letting £ tend to 0, multiplying with e~ 2" and using ab < 1a® 4+ 3b* for
a,b € R, we obtain
lz@®l < Me ™! |lzo] + 3 M?*e™" sup e ||z
rel0,t]
+4m* Ol [, 0,00 2 M w0t

1,2
+ Cw7u27t + §Cw,u2,t'

This shows the first estimate in (14). The second inequality readily follows by
monotonicity of the Orlicz norm,

le? Uzl gy 0,602) < sup €27 Uzl py (0,60)-

rel0,t

9



Moreover, the mild solution exists on [0, 00). Indeed, if this is not the case, we have
tmax < 00 and Proposition 5 implies that z is unbounded in .. This contradicts
(14) since the right-hand-side is uniformly bounded in ¢ on finite intervals [0, tmax)-

O

Remark 7. A similar result for the existence of the unique global mild solution in
Proposition 5 were proved under slightly stronger conditions in [4] for LP-admissible
By, scalar-valued inputs uy, F(z,u1) = uiz and By = 0. Our condition is more
natural as the same condition guarantees the existence of continuous (and unique)
global mild solutions of the linear systems 3(A, [0, B1]) and X(A, [0, Bs]), see Propo-
sition 4.

If, additionally, the semigroup is exponentially stable, then uniform estimates
can be given for the terms depending on u; and us in (14).

Corollary 8. If in addition to the assumptions of Theorem 6, the semigroup
(T'(t))e>0 is exponentially stable, i.e. (T(t))i>0 is of type (M,w) with M > 1 and
w > 0, then for all xg € X, u; € Eg(0,00;U1) and us € Eg(0,00;Us) the unique
global mild solution x of X.(A, [By, Ba], F') satisfies

16)  [lz@®I < Blzoll,t) +m (Crillwillza0.600)) + 72 (Challuzllmy 0,60)) »

for all t > 0, with Cp, := sup;~ Ct.B, < 00, and B,7v1,72,C¢.B,, © = 1,2, as in
Theorem 6. Moreover, f € KL and v1,72 € Keo-

Proof. This is a direct consequence of Theorem 6. Indeed, Remark 3 implies that

Ci,, and Cy p, are uniformly bounded in ¢ since the semigroup (e2'T(t)),. is

exponentially stable. Hence, (16) and that 8 € KL, v1,72 € Ko follow by (14) and
since sup,.¢[o,q e 2" =1ifw>0. d

Remark 9. In the situation of Theorem 6 note that Estimate (14) for By = 0 is
not optimal regarding the dependence on the norm of us. In fact, for the linear
system 3(A, [0, Ba]), we have by Remark 3 that

lz (@)l < Me™* |zo|l + C, lluzll £y 0,650)-
Corollary 8 has the following variant.

Corollary 10. Under the assumptions of Corollary 8 there exists some constant
C >0, 0: € Koo and p2 € K such that the global mild solution x of ¥(A, [B1, Ba], F)
satisfies

@) < B(loll, 1) + 1(CB, [luall o 0.601)) + 72(Clluzll L 0,4:02))

and

7)) le®l < B(lzoll, t) + 71(CB, luall a0.6:01)) + 02 (/O u2(|U2(8)||)dS>

for allt >0, 29 € X, u1 € Eg(0,00;U71), ug € L°°(0,00;Us), where B,71,72
defined in Theorem 6.

Proof. The first inequality follows from Theorem 6, (14), by realizing that there
exists a constant C' > 0 such that

(18) ™2 e uz]l my (0,6:0) < Clluzl Los 0,102),

for all ug € L*°(0,00;Us) and t > 0. To see this, let ¢ > 0 such that U(z) < z

for all x € (0,9), which exists by the property that lims_,q \I/gs) = 0. Therefore,
choosing C = max{1, 2},

t
/ U(C e 2%)ds< | Clem2%ds <
0



This implies that

t Y t
/ \Ij < ﬂet2 HU(S)H > dS S / \I/ <Ofle%(87t)) dS S 1’
0 Ce2|ullpeeo,t0,) 0

which yields (18) by the definition of the Fg-norm. To show that (17) holds, note
that by [12, Theorem 3.1] it follows that X(A, [0 Bs]) is integral ISS. Using the
respective estimates for the input function ws in (15) in the proof of Theorem 6

instead of the previously used Ey-admissibility yields the adapted estimates for
u € L>®(0, 00;Us). O

Remark 11. This can be seen as some type of ISS and iISS in the linear part
of 3(A,[B1, Ba], F). One cannot expect such an ISS result for u; as the trivial
finite-dimensional example © = —x + uyx shows.

We now ask for conditions which guarantee iISS for X(A4, [By, Bs], F).
Corollary 12. Under the assumptions of Corollary 8 the following statements hold.

1. If & satisfies the Ay condition, then there exist 5 € KL, 2,01 € Koo and
p € (1,00) such that the unique global mild solution x of X(A,[B1, Bs], F)
satisfies

t
la(t)] < 8 (lzoll. 1) + 61 ( / u1<s>||pds) s (el 0.0m)

for every t > 0, u; € LP(0,00;U7), and us € Eg(0,00;Us). Moreover,

t
@I < B(llzoll, ) + 61 (/0 [[ur (s)11P dS) +72(lluzllze 00))

and

19) a0l < laul 0+ 0 ( [ t fustoilras) +on ([ t el as)

forallt >0, z9 € X, up € LP(0,00;U7) and ug € L>(0,00;Us), and some
02 € Koo and us € K.
In particular, ¥(A, [B1, Ba), F) is iISS.

2. If U satisfies the Ay condition, then there exist 5 € KL, 71,02 € Koo and
a2 € K such that for every t > 0, u1 € Eg(0,00;U;) and us € Fy(0,00;Us)
the unique global mild solution of ¥.(A, [B1, Bs], F') satisfies Estimate (17).

3. If ® and V satisfy the Ay condition, then there exist B € KL, 01,02 € Ko,
p € (1,00) and ps € K such that for every t > 0, uy € LP(1,00;U;)
and ug € Eg(0,00;Us) the unique global mild solution of X(A, [B1, Bs], F)
satisfies Estimate (19). In particular, £(A, [By, Ba], F') is iISS.

Proof. 1. If ® satisfies the Ay condition, then there exists p € (1,00) such
that the embedding LP(0,t;U;) — Eg(0,t;Uy) is well-defined and con-
tinuous, see [19, p. 24-25] together with [20, Section 3.17]. Hence, B; is
LP-admissible and Corollary 8 applied with LP-admissible B; yields the
first assertion. The second assertion follows directly from Corollary 10.

2. If U satisfies the Ay condition, then [12, Theorem 3.2] shows that the
integral ISS estimate in (17) even holds for all us € Eg (0, 00; Us).
3. This is clear by combining 1. and 2. 0

11



3. EXAMPLE: PARABOLIC DIAGONAL SYSTEM

Consider the following system of infinitely many bilinear ordinary differential
equations

En(t) = Ann(t) +ult)pnan(t),
(20) neN,t >0,
il'n(O) = Tn,0,

for sequences (An)nen, (tn)nen of complex numbers and scalar-valued functions x,,
and u. We will discuss this system in the framework of sequences (x,(t))nen in
X = ¢%2 = (?(N), but remark that this could be done more general®. Formally, one
can rewrite (20) in the abstract form (4) with F': X xC — X given by F(z,u) := ux
and linear operators A and B; acting “diagonally” on the canonical basis (e,,)nen
of X, ie. Ae, = \pe,, and Bie, = puye, for all n € N. Let us from now on assume
that sup,, Re A\,, < 0o, which guarantees the existence of solutions z(¢) in X for all
initial values g € X since A generates a Cy-semigroup in this case. If (g, )nen is a
bounded sequence, then B is bounded and thus System (20) is integral ISS if and
only if sup,, Re A,, < 0. This is an easy exercise when using the explicit solution of
(20), but can also be inferred from Corollary 12, as B is clearly L'-admissible. If,
however, (in)nen is not bounded, the characterization does not hold any more.
With the following result we present an abstract example of a bilinear Sys-
tem X(A, [B1, Bz], F'), where the control operator By is Orlicz-admissible for some
Young function ® but not LP-admissible for any p € [1,00). In the context of lin-
ear systems, such an example was already given in [12, Ex. 5.2] for an operator B
defined on C using the connection between a Carleson-measure criterion and admis-
sibility stated in [12], see also [13]. We will reformulate this example for B defined
on X and show Eg-admissibility by using ideas from [35, Ex. 4.2.12]. Corollary 12
implies that such ® can not satisfy the As condition.
This result also shows that it is insufficient to consider Corollary 8 only in the case
of LP spaces and that it is necessary to consider Orlicz spaces for the assertion of
the corollary.

Proposition 13. There exists a system X(A, [By, Bs], F) with
F:XxC— X, (z,u) = uz
such that the following properties hold.

e By and By are Eg-admissible for some Young function ®;
e B; and By are not LP-admissible for any p € [1,00);
o FEstimate (16) holds with ® = U.

More precisely, on any separable Hilbert space X such a system can be defined by

Ap = —2" and p, = —2n p e N, and linear operators A, B = By = By given by

Ae, = ey,  Bey = pinen, n €N,
with mazimal domains, that is, D(A) = {3, anen € X | 2, [Anan|* < o0}, and

where (en)nen Tefers to an orthonormal basis of X .

Proof. Without loss of generality let X = ¢2(N) and (e, )nen refer to the canoni-
cal basis. It is well-known that A generates an analytic exponentially stable Cy-
semigroup (7'(t));>0 on X, given by T(t)e, = e'*ve,, t > 0, and that

Tn|? _
(62)71 = {x = (Tn)nen | Z :)\n|2 < oo} J lzllx_, = lA 155”62-

2More generally, any separable Hilbert space can be chosen here and even more general, any
space with a g-Riesz basis.
12



Hence, every bounded linear operator b : C — (¢2)_; can be identified with a
2
sequence (by)nen in C satisfying > Hf\" ||2 < 0.

To show the admissibility of B with respect to some Orlicz space consider

(i)(:c) = zIn(In(x + e)).

It is easy to check P is a Young function. Let & be the complementary Young
function and define the sequnce k = (ky,)nen by kn = w, n € N, where C' =
In(2) + In(2e) > 1. Choose n large enough, such that k,n = In(Cn) > 1 holds.

Then we have

=~ 2” n 2” n 2” n
P —2"t — —2 tl 1 —2"t
(k:nne ) —knne n ( n (k‘nne +e
2m n 2m n
< —2n¢ —2m¢
< —knne In <1n (knn (e + e)))

2” n
< me_Q “In (n1n(2) — In(k,n) + In(2e))
< ze_letln(C’n)
~ k,n
— 2ne72”t'
We deduce
t e—2"(t—s)£ .
/<I> " |ds<1-e?f<1
0 kn

n n
and hence |[e=2"(t=) 2>

Hélder inequality (10), we get for u € Eg(0,t;¢?) and sufficiently large n

‘ (/0 - 9 Bute)ds) 0] =| | 2092 ) ) s

2 (0,6:c) < kn for sufficiently large n. Using the generalized

n
2"
n

e 2" [ (w() ()| Eg(0,6:0)

<]
L@(O,t;(C)

S anHu”Eq,(O,t;éz),

where we used in the last inequality that

/Ot¢<|<u<s;><n>> dg/@(““(,j'f) ds.

Therefore, for some M > 0,

/t T_1(t — s)Bu(s)ds
0 ¢

which shows that B is Eg-admissible. By Corollary 8, we conclude that Estimate
(16) holds for & = .

It remains to show that B is not LP-admissible for any p € [1,00), see e.g. [12,
Ex. 5.2]. Suppose on the contrary that B is LP admissible for some p € [1,00).
Since Lp'—admissibility implies LP-admissibility for 1 < p’ < p < oo by the nesting
properties of LP spaces, we can without loss of generality assume that p > 2. By the
definition of admissibility it follows that b, := Bz : C — (¢2)_; is LP-admissible
for every z € 2. Taking z = (%),en, we can identifiy b, with the sequence

n

< M|[Elle 1l 24 0,6:02),
2

(bn)nen € X_1 given by b, = 372 By the characterization of LP-admissibility
operators b: C — X_; for 2 < p < oo from [13, Thm. 3.5], this implies that

(275 Qu) ez,
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where f is the Dirac measure given by u = > |b,|?d_»,, 0\ is centred at A and
Qn = {2z € C|2" ! <Re(z) <2"}. This however leads to a contradiction since

_2ne-1) Pl B ﬁ
((2 P N(Qn)) )nGN = (npzxpz>neN ¢ VA

This completes the proof. O

4. CONTROLLED FOKKER—PLANCK EQUATION

Following [5, 11] we consider a variant of the Fokker-Planck equation on a
bounded domain Q C R™, with smooth boundary 90X, of the form

%(w,t) =vAp(z,t) + V- (,O(JJ,L‘)VV(alc,t)>7
p(x,0) = po(x),

where = € Q,t > 0, with reflective boundary conditions

(22) 0=wVp+pVV)-i,

on 90 x (0, 00) and where 7 refers to the outward-pointing unit normal vector on the
boundary. Here py denotes the initial probability distribution with fQ po(z)dz =1
and v > 0. Furthermore, the potential V' is of the form

(23) Vi, t) = W(zx) + (M(u(t))) (),
where W € W2>(Q) and M (u) is assumed to satisfy the structural assumption
VM(u)-©=0 on 90 x (0,0)

for all u from the input space U. To apply the results from Section 2, we introduce
the following operators.

Af = vAf + V- (FYW),
D(A) = {f € HYQ) | Af € L3(Q), 0V f + fYW) -7 = 0 on 9Q}
B =V.=div

D(B) = H'(Q)"
where the state space is X = L2%(Q2) and H(Q), H?(Q) refer to the standard
Sobolev spaces. Let
(24) F:L*(Q) x U — L*(Q)", (p,u) — pVM(u),
with

(21)

M:U = {ge WH(Q)Nn H*(Q) | Vg-n =0 on 0N}
and M € L(U,Wh>(Q)). For instance, M could be given by
M:C— Wh®(Q),u s a(-)u
with o € W1>°(Q) N H2(2) and Va -7 = 0 on 92. This example is studied in [5].
More generally, we can consider

M L2 (Q) = WHe(Q),u — (w‘ — /Qk(af,y)U(y) dy> ,

where k € C%(Q x Q) satisfies V,k(-,y) - n =0 on 99 for all y € 2. Note that for
k(-,y) = a(-) we arrive at the first example

M(u) = () /Q u(y) d,

upon identifying a function u € L?(Q) with its integral.
14



Proposition 14. The operator A generates a bounded semigroup on X, with dis-
crete spectrum o(A) = 0,(A) C (—00,0] and poo = €~ is an eigenfunction to the
simple eigenvalue 0.

To prove this, we define ® = Inv + % and let M be the multiplication operator
with e2 on L2(). Clearly, M is bounded on L2() and leaves H'(f) invariant.

Moreover, M is invertible and the inverse is the multiplication operator with e 2.
Hence, A given by

A=MAM™",
D(A) =M D(A)

is well-defined. The proof of the following result is standard, wee e.g. [5]. For
convenience, we sketch it.

Lemma 15. The operator A is self-adjoint and dissipative with compact resolvent
and 0(A) = o0p(A) = 0,(A) = 0(A) C (—00,0]. The eigenvalue 0 is simple and one
corresponding eigenfunction is given by eg = e 2. In particular, the eigenfunctions

of A form an orthonormal basis and A generates a contraction semigroup on L?(Q).

Proof. First we verify by form-methods that A generates a Cp-semigroup. It is
shown in [3, Thm. 7.15] that A with D(A) = D(A) generates a Cy-semigroup on
L?(€). Since the mapping p — V - (pVW) is bounded considered as operator on
H'(Q) mapping into L(Q) [2, Prop. 7.2.1] implies that A and therefore A generates
a Cp-semigroup. Integration by parts will show the dissipativity and symmetry
of A and that ker(A) (and therefore ker(A)) is one-dimensional. In particular,
o(A) € C_ and A generates a contraction semigroup. Hence, there exist A € C\ R
such that A\, X € p(A). Together with the symmetry, this implies the self-adjointness
of A. Standard estimates such as the compact embedding of H' () into L?(Q2) show

that A and A have compact resolvent. O

To study admissibility of B we introduce the following well-known abstract in-
terpolation and extrapolation spaces, see e.g. [34]. Let X; and X_; be defined in
the same way as X; and X_1, but using A instead of A. We define X_1 as the

completion of D(A) with respect to the norm given by
2%, = (I = A)z,2)

2

1
2

for # € D(A). Furthermore denote by X _ 1 the dual space of X 1 with respect to
the pivot space X, i.e. it is the completion of X with respect to the norm

Iz1% |, = sup  [(z,0)x].
3 g,

2
The following embeddings are dense and continuous
X1<—>)~(% o X X_ c—>X_1.

1
2

Lemma 16. The operator B extends uniquely to an L*-admissible operator (for
A)in L(X™, X _1).

Proof. Let M : X" — X" (x1,...,2n) — (Mxq,...,Mzq), which is obviously
invertible. We first prove that the operator B := M BM ~! defined on D(A)"™ has
a unique extension B € L(X" X _ 1 ) which is L2-admissible. Integration by parts
gives
@ _e ~
loli%, = vz + 1V (e*o) e 13, ve D(A).
2

15



For f € D(A)" and v € D(A), llv]| ¢, <1, we have that

~ =

[(Bfv)r2| =

IA

2\ e 7
v (ve2 ) e 2 || Z2(qyn 1 1172

where o is the surface measure on 9. Thus B € L(X, X_%) and B is L?-admissible
for A which follows from [34, Prop. 5.1.3]. We have for 8 € p(A) = p(A) and f € X

1M~ fllx_, = 18— A" M fllx
=M (B = A fllx < IM ool flix,-

Thus, M~! extends uniquely to an operator in L(X_;, X_;). The same argument
yields a unique extension M € L(X_q, X _1). Note that these extensions are inverse
to each other, so it is natural to denote the extensions again by M and M !
Using these extensions we infer that B = M~'BM € L(X™, X_,) is L?-admissible
for A. Indeed, if (T'(t))¢>0 is the semigroup generated by A, then (S(t));>o with
S(t) = MT(t)M~" is the semigroup generated by A and for @ € L?(0,t; X™) we
have M € L2(0,t; X™) and

t t
/ T \(t— $)Bii(s)ds = M~ / S(t — $)B(M@)(s) ds.
0 0
which proves the assertions. O

From what has been shown in this section so far, it can be shown that the
bilinearly controlled Fokker—Planck system given by (21)-(23) can be written as a
system X(A, [B1, B], F) with Bo = 0, B; = B and nonlinearity F satisfying the
assumptions from Section 2. Therefore, the following result follows directly from
Theorem 6.

Proposition 17. The Fokker—Planck system (21)-(23) has a unique global mild
solution p for any initial value py € L*(Q) and input function u € L*(0,00;U). If
Jo po(x)dz =1, then [ p(t,x)dz =1 for all t > 0.

Proof. The first assertion follows directly from Theorem 5. To see the second let
p be the global mild solution for given v € L?(0,00;U) and py € L?(Q) with
Jo po(z)dz = 1. Define f = (t — f(t,-)) by

f(t,x) = BF(p(t, x), u(t)) = V - p(t, ) (VM(u(t))) (x),

which is an element of L} (0,00; X_1). Since p is a global mild solution of the

bilinear system, p is also a global mild solution of the linear equation
(25) pt) = Ap(t) + F(1), >0, p(0) = po.

By [33, Thm. 3.8.2(iii)] if follows that p € C([0,00); X) MW, (0, 00; X_1) and that
p satisfies the equation (25) pointwise almost everywhere in X_;. Thus, for any
v € D(A*) we have that

(p(t),v)x_1xp(as) = (Ap(t),v)x_,xp(as) + (f(t),v)x_,xD(as)
= (p(t), A"v) x_,xD(a") + /Q (V- p(t)V M(u(?))) - vdz.

Letting v = 1 € D(A*), we conclude by A*v = 0 and the structural assumption
VM(u) -n=0on dQ that [, p(t,z)dz = [, po(z)dz =1 for all t > 0. O
16



However, recall from Lemma 15 that the kernel of A is one-dimensional with
corresponding normalized eigenfunction ps, = ce™® where ¢ > 0 is a suitable
constant. Therefore A does not generate an exponentially stable semigroup and
thus Theorem 6 is not applicable. This is why we consider the system around the
stationary distribution p., instead of the origin, see also [5]. This means that we
consider the change of variables y := p — pso, for which the Fokker—Planck equation
then reads

y(t) = Ay(t) + B (y(t)VM(u(t))) + B (poc VM(u))), t >0
Y(0) = po — poo-

In order to apply Corollary 12 we decompose X according to the projections
P:LQ(Q)—>L2(Q),yl—>y—/y(x)dxpoo and Q:=1-P.
Q

Note that ran(Q) = ker(P) = span{po. } and ker(Q) = ran(P). Define X = ran(P).
Using y = yp + yg with yp = Py € X and yg = Qu € span{p} and following [5,
Sec. 3.2], the Fokker—Planck equation can be rewritten as a system in X,

yp(t) = Ayp(t) + Bi (yp(t) VM(u(t))) + B2 (poc VM(u(t))), t >0,
(26) yp(0) = Ppo,
yQ(t) = Qpo — poo =0, t >0,

where A is the restriction of A to X, B is the restriction of By to X™ respectively,
and By = Bpeo. See also [5, Eq. (3.12)]. We emphasize that Qpy — poo = 0 follows
by the assumption that [, po(x)dz = 1. Note that by [5] we have PB; = B; on
H'(Q)™ and hence on X™ as well as PBy = By on R.

Lemma 18. The operator By = B|xn € L(X™, X_1) is L?*-admissible for A and
By is L'-admissible for A.

Proof. Since By € L(C, X), admissibility of By is clear.

To infer the L2-admissibility of By for A, we refer to [15, Lem. 4.4] in combination
with Lemma 16. We remark, that [15, Lem. 4.4] is true for B; € L(X, X_4), even
though only By € L(C™, X_) is considered. More presicely, B; is L?-admissible
for A and P commutes with T'(¢). To verify the latter it sufficies to prove that
P = MPM~! commutes with the semigroup generated by A. This is clear because
A provides an orthonormal basis consisting of the eigenfunctions of A and ker(fl) =
span{eg} where ey = e~ 7 is the eigenfunction to the eigenvalue 0. Then, by [15,
Lem. 4.4] P has a unique extension to a projection P € L(X_1) commuting with
T(t) and with ran(P) = X_1, where X_; is considered with respect to the operator
A. Besides, By = PB; as operator mapping from X to X_;. By [15, Lem 4.4], B;
is L2-admissible for A. O

Corollary 8 now yields the following result on the considered class of Fokker—
Plank systems.

Theorem 19. There exists a constants C,w > 0 such that for any po € L*(2) with
Jo po(x)dz =1 and u € L*(0,00; U), the global mild solution of the Fokker—Planck
system (21) satisfies

t
1p(t) = pocllzz < Ce ™" ([lpo — poollirz + llpo — peollF2) + (/O IIU(S)%dS> :

1
where y(r) = CreC™ + Crz 4 Cr.
17



Proof. This readily follows from Corollary 12 applied to System (26) using Lemma
18. Finally note that

up(t) = Pp(t) = plt) — / p(t,2)de poe = plt) — oo,

where we applied Proposition 17 in the last identity. O

5. CONCLUSION

Bilinear systems appear naturally in control theory e.g. when considering multi-
plicative disturbances in feedback loops of linear systems. The results in this article
draw a link between bilinear systems, which are a classical example class in (inte-
gral) ISS in finite-dimensions, and recent progress in ISS for infinite-dimensional
systems. We emphasize that the most natural example in this context,

(t) = Ax(t) + u(t)x(t), t>0, z(0)= =z,

with A generating a Cp-semigroup T on X, is covered by the system class considered
here. More precisely, by the results in Section 2, it follows that this system is
integral ISS if and only if T is exponentially stable. More precisely, the sufficiency
follows since the identity is L'-admissible and hence the system is integral ISS by
Corollary 12. Tt seems that prior works on integral ISS [24, Sec. 4.2] did not cover
this comparably simple class as the bilinearity « — zu fails to satisfy a Lipschitz
condition uniform in u required there?.

Moreover, our results generalize to integral ISS assessment for bilinearities arising
from boundary control (or lumped control). We recap our findings by discussing
the following conjecture.

Conjecture 20. A bilinear system X(A,[By, Ba|, F) satisfying the hypothesis of
Section 2 is integral ISS if the linear systems (A, [0, B1]) and X(A, [0, Bs]) are
integral ISS.

First, observe that this is known to be true if By, B are bounded. In this
case the converse holds true as well and moreover the condition is equivalent to
A generating an exponentially stable semigroup. In general, the conjecture is
open. We are, however, able to show slightly weaker variants of the statement.
On the one hand we may sharpen the assumption on the linear systems by requir-
ing that (A4, [0, B1]) is E3-ISS where ® satisfies the Ag-condition, see Corollary
12. Whereas we show in Section 3 that this refined condition does not follow from
integral ISS of X(A, [By, B2, F) in general, we stress that this seems to be no re-
striction for any more practical example, Section 4. On the other hand we can
replace the hypothesis in the conjecture by inferring that (A, [By, Bs], F') is ISS
with respect to some Orlicz space, Theorem 6. Note that it would already be in-
teresting to know whether the conjecture holds true for the systems from Section
3.
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