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Spontaneous wave formation in stochastic self-driven particle systems

Martin Friesen , Hanno Gottschalk , Barbara Rudiger®, and Antoine Tordeux’
|

Abstract. Waves and oscillations are commonly observed in the dynamics of systems self-driven agents such
as pedestrians or vehicles. Interestingly, many factors may perturb the stability of homogeneous
solutions, leading to the spontaneous formation of waves related as stop-and-go waves or phantom
jam in the literature. In this article, we demonstrate that even a minimal additive stochastic noise
in stable first-order dynamics can describe stop-and-go phenomena. The noise is not a classic white
one, but a colored noise described by a Gaussian Ornstein-Uhlenbeck process. It turns out that the
joint dynamics of particles and noises forms again a (Gaussian) Ornstein-Uhlenbeck process whose
characteristics can be explicitly expressed in terms of parameters of the model. We analyze its
stability and characterize the presence of waves by calculating the correlation and autocorrelation
functions of the distance spacing between the particles. The autocorrelation of the noise induces
collective oscillation in the system and spontaneous emergence of waves. While the correlation and
autocorrelation functions are complex-valued and difficult to analyze and interpret, we show that
these functions become real-valued in the continuum limit when the system size is infinite. Finally,
we propose consistent statistical estimations of the model parameters and compare experimental
trajectories of single-file pedestrian motions to simulation results of the calibrated stochastic model.

Key words. Self-driven particle system, stop-and-go wave, stability analysis, autocorrelation, interacting par-
ticle system, Markovian process
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1. Introduction. The emergence of collective behaviors is frequently observed in the dy-
namics of self-driven agents interacting locally. Examples are collective motions and self-
organization including the formation of patterns, structures, waves, or clusters in bacterial
colonies, animal aggregations, or pedestrian dynamics [11, 10, 40, 22, 21]. Spontaneous for-
mation of stop-and-go waves in congested road traffic flows or pedestrian streams is a typical
example of self-organization. Indeed, stop-and-go phenomena, also related as phantom jam,
jamiton, or self-sustained waves in the literature [26, 35, 17], currently occur in traffic, pedes-
trian or again bicycle flows. Even in experiments with periodic boundary conditions where the
infrastructure cannot explain their presence stop-and-go waves emerge, the flows of vehicles
or pedestrians tending to stream jerky instead of streaming homogeneously [36, 41].

Road traffic flows are modeled thanks to microscopic, mesoscopic or macroscopic models
(see [13, 8] for reviews). Microscopic approaches describe the individual trajectories of ve-
hicles with car-following models, agent-based approaches, or cellular automata. Mesoscopic

*School of Mathematics and Natural Sciences, University of Wuppertal, Germany (friesen@math.uni-
wuppertal.de, hanno.gottschalk@uni-wuppertal.de, ruediger@uni-wuppertal.de).

tSchool of Mechanical Engineering and Safety Engineering, University of Wuppertal, Germany (tordeux@uni-
wuppertal.de).



2 M. FRIESEN, H. GOTTSCHALK, B. RUDIGER, A. TORDEUX

models are gas-kinetic approaches describing PDF for the speeds and the vehicle positions,
while macroscopic models are partial differential equations for aggregated performances. The
spontaneous formation of stop-and-go waves is generally explained by means of instability
of the homogeneous solutions and phase transition. See, e.g., the references [4, 25, 5, 16]
for microscopic models, [24, 6, 9] for mesoscopic models, or [15, 14, 18] for macroscopic
ones. Macroscopic hyperbolic continuum, such as Korteweg-de Vries, modified Korteweg-
de Vries or time-dependent Ginzburg-Landau soliton equations, are derived from microscopic
car-following models [28, 29, 7, 3]. Generally speaking, the models are second order differen-
tial equations defined by relaxation processes for the speed, the distance spacing of the flow
density. The stability of the homogeneous can break down due to inertia effects, i.e. when
the relaxations times (i.e. the inertia) exceed critical thresholds [31, 30]. In the unstable case,
the solutions can be periodic, quasi-periodic, limit cycles or even chaotic dynamics describing
stationary stop-and-go waves [37].

Recent results have pointed out that spontaneous stop-and-go waves can also simply
emerge from stochastic effects [19, 38]. Stochastic effects have different roles in the dynamics
of self-driven systems. Generally speaking, the introduction of white noises tends to increase
the disorder and prevent self-organization [39, 20], while coloured noises can generate com-
plex structures and patterns [2, 12]. Stochastic effects and notions of noise are one of the
main emphases of pedestrian or traffic modeling approaches. In most of the cases, the noises
added to the dynamics are white noises [23, 37, 11, 20]. In this article, we demonstrate
that the introduction of a colored noise, namely a truncated Brownian noise provided by
the Ornstein-Uhlenbeck process, induces the spontaneous formation of stop-and-go waves in
stable dynamics of the first order. In contrast to classical inertial deterministic modelling
approaches, no instability neither as phase transition phenomena are observed. The waves
are due to non-linear stochastic effects. They are highlighted by analysing the correlation and
autocorrelation of the spacing difference describing oscillations and traffic waves propagating
at characterised speeds given by the Rankine-Hugoniot formula. The stochastic model has
been introduced to describe pedestrian dynamics in [38]. It is defined in the next section. The
model is solved in Sec. 3, while its stability is analyzed in Sec. 4. The covariance and autoco-
variance are calculated for the finite system with periodic boundary conditions in Sec. 5, and
at the limit of an infinite system in Sec. 6. Finally, we demonstrate convergence property of
statistical estimates for the model parameters in Sec. 7.

2. Stochastic following model. We consider N particles on a system of length L with
periodic boundary conditions. We denote in the following as (xy(t))n=1,. ~ the curvilinear
positions of the particlesn =1,..., N at time ¢ > 0 (see Fig. 1) and suppose that the particles
are initially ordered by their index, i.e.

21(0) < 29(0) < ... <zn(0) < L+ 21(0).

In the following model, the speed of a particle is a deterministic optimal velocity V : s +—
V(s) depending on the spacing s, coupled to an additive stochastic noise. We consider in the
rest of the paper congested traffic states and the affine optimal velocity function

V(s) = Als = 0),
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Figure 1. Scheme of the system with periodic boundary conditions. xn is the curvilinear position while
Axyp = Tnt1 — Tn 1S the spacing and &, the speed of the particle with number n.

with A > 0 the inverse of the equilibrium time gap between the particles and £ > 0 their
length. The time evolution of the particle with number n = 1,..., N is supposed to follow
the stochastic ordinary differential equation

(1) mn(t) = A(Axn(t) - E) + gn(t)a t >0,
where (&,(t))¢>0 denotes the noise and the spacing between the particles are

2 { Az (t) Tnp1(t) —zn(t), n=1,...,N—1,

Azn(t) = L+z1(t) —an(t).
We suppose that the noise is given by independent Ornstein-Uhlenbeck processes, i.e.

(3) dgn(t) = _Bgn(t) dt + o dW, (t)v

where W,,(t), n =1,..., N, are independent Wiener processes, 3 > 0 denotes the relaxation
rate and o € R the amplitude of the noise, respectively. Applying the It6 formula to K, (t) =
B¢, () one finds that each &,(t) is given by

(4) &ut) = e P16,(0) + o /0 "l AW (s).

Instead of (1), we analyse the spacing difference of x,(t) to the homogeneous solution z(t),

ie.
(5) yn(t) = Axn(t) - A.%’ff(t)
where the homogeneous solution is given by

il (t) = 21 (0) + tA(L/N - 0),
Az (t) = L/N
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Representation (5) has the advantage that it allows us to study the effects of noise such as
stop-and-go waves. We have for alln=1,..., N

yn(t) = /\(Z/n-‘rl(t) - yn(t)) + gn—&-l(t) - gn(t)
This equation can be expressed by the system of stochastic ordinary differential equations

(6) Y (t) = MY (t) + AZ(1),

where Y (£) = [y1(t), y2(t), .., yn(t)] T € RN, 2(t) = [€1(1), &2(t), ..., én(1)] T € RY and

. 1 € Myxn.

1 -1
Let us stress that the processes [21(),...,2,(t)]" obtained from (1) as well as Y (t) obtained
from (6) both take values in RY i.e. they are not measured on the (periodic) ring but on an

infinite lane and by assuming, as given in (2), that the spacing of the vehicle N is Azy(t) =
L+a(t) —xn(t) + L.

3. Solving the model. Rewriting (6) into the differential form

(7) dY (t) = (MY (¢) + AZ(t)) dt

shows that the noise Z(t) enters in the definition of Y'(¢) as an additional random drift pa-

rameter. Hence Y (¢) cannot be a Markov process in its own. To overcome this difficulty we

enlarge the state space from RY to RY x RY by also taking the evolution of the noise = into

account. In this way Z := (Y, Z) becomes a Markov process with state space RY x RN,
Indeed, using (3) combined with (7) we find that Z(t) = (Y'(¢),=(t)) solves the system of

stochastic differential equations

(8) dZ(t) = BZ(t)dt + GAW (),  Z(0) = (Y(0),Z(0)),

where W (t) = (Wy,(t))n=1,..2n is a family of independent Wiener processes and the N x N
matrices B, G are given by

AA A 0 0
B_<0 —ﬂlN)’ G_<0 01N>’

where 1y denotes the identity matrix acting on R,
The particular form of (8) shows that Z is a 2N-dimensional Ornstein-Uhlenbeck process
and hence is given by

(9) Z(t) = eBZ(0) + /0 t =BG AW (s).
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Following the general theory of Ornstein-Uhlenbeck processes (see, e.g., [34, 1]) we find that
Z is a Feller process with Markov generator

LI = S (B2, 2t

k=1 k,j=1

0%f(2)

ki 8zk8z] '

Moreover, it is a Gaussian process whose characteristic function is, for z,p € R?V, given by
. 1 t
E[e"PZ®) | Z(0) = 2] = exp <i<z, etBTp> — 5/ <eSBTp, GGTeSBTp> ds>
0
. 1
(10) —exp (#0015} - =000
where its expectation p,(t) and covariance operator X(t) are given by

t
o (t) = e'Bz, 3(t) = / eBGGT e B ds.
0

More generally one can also compute its covariance structure at different times.

Lemma 1. Fort,s > 0 it holds

T

min{t,s}
cov(Z(t), Z(s)) = etB/ e “BGGTe "B dueB
0

1, u<t

the indicator function on the set {u < ¢}. Using
0, u>t

Proof. Denote by 1y,<; = {
(9) we find that

cov(Z(t), Z(s)) = cov (etB/ l{ugt}e_“BGdW(u), eSB/ ]l{v<s}e_”BGdW(v)>
0 0

oo oo T
etB / Il{ugt}e_“BG dW (u) (/ e 'Ba dW(v)) eSBT]
0 0

= ¢!PE [/ / l{ugt}l{vgs}e_“BG dW (u) dWT(v)GTe_”BT} esB'
o Jo

=E

o
=¢tP /0 ]l{ugt}]l{ugs}eiuBGT due*B

min{¢,s} T T
— etB / efuBGGTefuB dU€SB ,
0

where we have used that dWj(u) dW(v) = 0x;0(u — v) du dv which yields
dW (u) dW (0) T = (dW;(u) AWk (0))j ke, ony = Land(u —v) dudo
with 1oy denoting the identity matrix acting on RV, |

As Z is a Gaussian process, it is completely characterized by its expectation and covariance
structure. Based on the formulas of this section we can express all desired (statistical) quan-
tities in terms of the characteristic function and hence its mean and covariance structure.
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4. Stability analysis. In this section we investigate the long-time behaviour of the mean
E[X (¢)], the limiting distribution X (c0), and finally invariant measures for the Markovian
dynamics. Such analysis crucially relies on the spectra of A and B which are, therefore,
investigated first.

Proposition 2. The matriz A is diagonalizable with eigenvalues
wE =Y — 1, ’yk:e%”%, k=0,...,N—1,
and corresponding eigenvectors
(11) w=[" 4 ... A", k=0..N-1

The coefficients of the matriz exponential et are given by

N-1
1
(12) e(n,m) = N Z ekt 1<nm<N
k=0
and it holds for each y € R
N 1
A 1 2sin( L)
(13) My— | 2w ||| < VNIylve? >,
k=1 1 N

where ||y||% = 25:1 [yn|? denotes the euclidean norm on RY.

Proof. The matrix A is invariant by circular permutation, i.e. §(A) = A with
0 : (an,mal S n,m S N) = (an+1,m+171 S n,m S N)7

and (an,m)n,m being the coefficients of A and by assuming that ani1m = aim, anNt1 =
an,1 and ayy1n+1 = a1,1. Likewise, let 9(11) = (u]'+1)j:17___7N with uyy1 = ug. If u =
[ul e uN]—r is an eigenvector of A associated to the eigenvalue w, i.e. Au = wu, then

wh(u) = f(wu) = (Au) = 0(A)f0(u) = Af(u),

i.e. 6(u) is also an eigenvector with eigenvalue w. Iterating this procedure yields u; = yug =
... = yNuy and v = V1 is a N-th root of unity. The eigenvectors of A are then given by
(11). Using Aup = wgug, the eigenvalues are precisely wy = 7x — 1. The N eigenvalues
(wo, ..., wn_1) are distinct, therefore A is diagonalisable and A = PDP~!, with

_ _ 1 - .
P(n,m) = 77’}1711, Pl (n,m) = Nﬁbfl”, D = diag(wy, . . .,wn—-1).

Using e = PeP*P~! gives (12). Moreover, using the particular form of the eigenvalues it is
not difficult to show that

,ynfm 1
n,m) — -2 = — forall 1 <n,m < N.

At
( t—oo N N

e
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From this we could deduce a similar estimate to (13) where the constant /N is replaced by N.
In order to prove the stronger estimate (13), we first set vo = N ~1/2u4 and then find by the
Graham-Schmidt procedure an orthonormal basis v, ..., vy_1 of RY such that Av,, = Wn Vi,
n=20,...,N —1. For

we obtain

and hence

ey — (v, vo)vol|y < D [y, vi)eRn)!

n=1

, /N-1 1/2
< \/N672sin(%) t (Z |<y,Vn>2>

n=
2

< \/NHy||Ne—2sin(%) t’

where we have used the Cauchy-Schwartz inequality and

R(wy,) = cos (2;?) —1=—2sin (%) < —2sin (%), n=1,...,N—1.

The assertion follows from the identity

1 1< !
{y, vo)vo = +7(y, uo)uo = (N zjlyn>
n=

1 [ |
Next we continue with the analysis of the spectrum for B.

Proposition 3. The matriz B has eigenvalues

(14) ()\wo,...,)\wal,—ﬂ,...,—ﬁ)

and corresponding eigenvectors

(] [ O o),

0 0 e1 eN

where e, ...,exn € RY denote the canonical basis vectors in RN . In particular B is diagonal-
isable and for each z € R?N
1 Y u
Bt 0
c T (NZZ”) [0]

(16) < V2N||z||ane%, t>0,

n=1 2N

where § = min{, 2sin (7/N)*} > 0 and ug = 1 ... 1]T c RV,
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Proof. The characteristic equation for B is

_ wly 0 AA A B
0 = det ([ 0 wlN] [ 0 _/BlN}> = det(wly — ANA)det(wly + Bln),
whose solutions in w € C are exactly (14). Let [y f]—r € R*N be an eigenvector for the

eigenvalue \wyg, then

el = [ =[5
£ 0 —pInj € =8¢ |
}T € R?Y be an eigenvector for the eigenvalue

Sf- P
3 -B¢ ]
Hence ¢ is arbitrary while y satisfies (815 + AA)y = —A. Choosing £ € {ey,...,en} shows

that the eigenvectors are given by (15) and that the corresponding eigenspaces span RV je.
B is diagonalisable. Concerning assertion (16) we proceed similarly to (13). Let vi,...,van

Hence £ = 0 and y = uy. Similarly, let [y &
—f, then

be an orthonormal basis of eigenvectors of B with v = N~1/2 [uo O]T, and denote by
01, - - - 02N the corresponding eigenvalues with g, = Aw,—1, n =1,..., N, while g, = —f for
n=N+1,...,2N. For

2N
= Z(Z»Vn>vna
n=1
we obtain
2N
eBly = Z(z, va)elrtv,
n=1
and hence
2N
HeBtZ - <27V1>V1”2N < Z |<Z, Vn>|e§R(Qn)t
n=2
9N 1/2
< e /2N (Z |<z,vn>|2>
n=2

< VEN||z||2ne™,
where we have used the Cauchy-Schwartz inequality and
R(on) < =6, n=2,...,2N.

Since (z,v1)v) = (% ZnN:1 zn) [ug O]T7 the assertion is proved. ]

Next we study the asymptotic behaviour of Z(t) as t — oo.
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Theorem 4. It holds Z(t) = 0o Z(00) in law, where Z(c0) is a Gaussian random variable
on RN with mean zero and covariance matriz

¥ (o00) :/0 eBGGTe P dt.

Proof. Using the characterization of convergence in law by characteristic functions (that
is Lévy’s continuity Theorem), it suffices to show that ¥(co) is well-defined and that

; 1
(17) lim E[e!®Z®)] = exp (—2<p7 E(oo)p)) ) vp € R?VN,

t—o0

Note that 3 (oc0) is well-defined, if
(18) / ‘(p, eBtGGTeBth>‘ dt < oo, Vp,q € R?V.
0

Estimating first the scalar product and then the integral by Cauchy-Schwartz we arrive at

e T & T T
[ |weraaTe g ar< [16Te plan 6T gl di
0 0

2

o'e) - 1/2 00 T 1/
s(/ |GTeP tpu%th) (/ |GTeP tqn%th) |
0 0

In order to show that these integrals are finite we first estimate e®*G in the Frobenius norm
|| - |l of a 2N x 2N matrix. Indeed, for each p = [pl pg]T e R?N we find Gp = [0 apz}—r
and hence from (16) applied to z = Gp

le”'Gpllan < V2N||Gpllane™ < V2N||Glellpllane™,
ie. |eP'G|lr < V2N||G|lre~®. From this we obtain
T T _
IGTe? pllan < |GT? e lpllay = €7 Glrlplan < V2N|Gllre™||pll2n,

which shows that (18) is satisfied.
We proceed to prove (17). Using regular conditional distributions combined with (10) we
find that

E[ei(PZ()] = / E[ei®Z®) | 2(0) = 2|P[Z(0) € dZ]

RZN

— o pZ(p) / P EDPIZ(0) € dal.
R2N

Using (18) we conclude that X(¢) — ¥(c0) as t — co. Using (16) we find

o (Gne) B

n=1
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for z € Q = {w e R?V | 22;1 wy, = 0}. Then observing that

we find that Z(0) belongs to @ a.s. and hence

/ " =P Z(0) € d2] = / PEIPZ(0) € d2] — 1,
R2N Q

This proves (17) and hence the assertion.

This result shows that E[Z(t)] — 0 as ¢ — oo, i.e. the whole dynamics tends asymptotically
(in the mean) to the homogeneous solution. Since ¥(0c0) # 0 the limiting law Z(co) is non-
trivial and describes Gaussian fluctuations around the homogeneous solution. Note that this
law is also the unique invariant distribution for the process (at least when restricted to the
phyically interesting configurations satisfying )" ; 2z, = 0). As a consequence of previous

result we find for the first component Y

E[Y(#)] — 0 and Y(t) -5 Y(c0), as t— o0,

where Y (00) is a Gaussian random variable RY with covariance structure

. Ey (o) = [ <GTeBTs m GBS [gD s

We close this section with a precise formula for E[Y ()], while the values for ¥y (c0) will be

computed in the next section.

Theorem 5. One has

E[Y (t)] = MUE[Y (0)] + (8 + AA) ! (efﬂt - e)‘At) AE[£(0)].

Proof. To simplify notation we let Y () = E[Y (¢)] and similarly £(t) = E[£(¢)]. Taking

expectations in (6) gives

Y (t) = NAY (t) — AL(t).
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Using (4) so that £(t) = e P*£(0) gives

1
V() = MY(0) + / A(=5) =53 47 (5) dis
0

= MY (0) 4+ M /Ot e~ (B+As A€(0) ds
= MY (0) + M5 + A4) e P — 1) AZ(0)
= Y (0) + (B +24) 7! (e — M) AZ(0),
which proves the assertion. [ |

5. Covariance and autocovariance. Writing
Y (t) = MUK(t),

with K (t) a vector of size N, we obtain using Eq. (6) K'(t) = e **A&(t). One gets by
integrating on [0, ¢]
K(t)=C+ fot e MUAE (u) du.

Here C' = K(0) = Y(0) and we obtain

(19) Y (t) = MK () = MY (0) + / t MW AL (1) du,
0

or again, using the explicit solution &,(t) = e #£,(0) + o fot ePu=t) W, (u) for the Ornstein-
Uhlenbeck processes,

Y (t) = MY (0) + Ro(t) + o R(1),
with
t
Ro(t) = / A=) g8 gy £(0),
0

and

t u
R(t) :/ eAA(t*u)A/ P qW (s) du,
0 0

W(t) = (Wi(t),...,Wn(t))" being a vector of independent Wiener processes.
We have

Ro(t) = [j e OAHINBu gy AT AE(0)
= M+ NG Iy — e Ple™ )M AL(0)
= A+ INB]7H(MPAL(0) — e7P1E(0)) — (0,...,0) as t— o0,

since et A and e P*¢(0) tends to 0 as t — oo, while [AA + Iy3]X = 0 implies X = 0 for all
A B> 0.
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We denote respectively in the following cov;(0) and covy(7) the asymptotic covariance and
autocovariance of the spacing difference of the particles

o (ya(t), gt (1), =2_cov; (0),

and
COV(yn(t)> yn(t + T)) t—_>>oo COVO(T)'

Theorem 6. The asymptotic covariance of the spacing difference to the spacing difference
of the particle n + j ahead is for any particlen=1,..., N,

o> 5 A (1 — )’ 28
(20) cov;(0) = 28N ; /\_Bk_)\% </\— A+8)m  AA+8-— >\7k)> ’

while the asymptotic autocovariance at time 7 > 0 is

)= 2 Ni ! I ) 2B T
TN 2 A5 ’

(21) covo(T A=+ AA+8 - )

ik

with v, = €“™'N the N-roots of unity.

Proof. The autocovariance of the one-dimensional Ornstein-Uhlenbeck is

2 .
(22) cov(€n(t), En(s)) = g?e—ﬁ(t+s) (eQﬂmm{t,s} _ 1) ’
Using Eq. (19) by assuming Y (0) = £(0) = (0,...,0) " in order to simplify the calculation and
by remarking that A4+ AT = —AAT, the covariance of the process is

cov(Y(t),Y(s)) =E (fg A=W () du IN fT(v)e)‘AT(s*”)AT dv)
=AMt [T [* e Mue=2MTveoy(£(u), £(v)) dodu e 5 AT

_ %Ae,\At fot fos ef()\AJrﬁIN)uef()\ATJrﬁIN)v (eQﬁmin{u,v} _ 1) dv du e,\ATsAT

— -1 B
= o[ A~ AP A+ BIN] T [W(AT) - By | M AT
—0 —0 0

(23)

02 T T(s— 2 -1
_|_7[6AAA t _IN]B)\A (s—t) [AZ(AT) _BQIN:|
%(I/N)NQ

0_2

~ 95 [[e_ﬁSAeAAt —e_ﬁ(s_t)A] MA—pg]7!

—0

_ [e*ﬁsAe)\At _e*ﬁ(tJrs)A} AA + B]fl] [)\AT +B] -1 AT

—0 —0
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The calculation details are provided in Appendix 1. We obtain asymptotically if s = ¢+ 7
with 7 > 0,

0_2

lim cov(Y (), Y(t+7) = [(1/N)y2—Iy]eM'” [)\2 (AT)? - BQIN} o

t—o0 A

o -1 T LT
+ T e BTANA — BIy] [AA +51N] AT,

26
with (1/N)y2 the N x N matrix with coefficients 1/N everywhere. Developing the matrix,
one gets for any particle n = 1,..., N, the asymptotic covariance of the spacing difference to

the spacing difference of the particle n + j ahead

R (1= )? 28
cov;(0) = 23N ; A= B— M\ <)\_ A+ B) vk B )\()\+ﬂ—)\’7k))

while the asymptotic autocovariance at time 7 > 0 is

(r) = o? Jf 1 e PT(1 — )2 B 28 A1=7)7
CVOTITBN ZX=B i \ A= O+ B AG+B— ) )

with v, = 2mIN |
Corollary 7. The correlation and autocorrelation

cov;(T)

cor;(7) = covg(0)

do not depend on the parameter o.

The correlation and autocorrelation of the spacing difference are not zero (see Fig. 2).
Indeed, a single wave propagates backward in the system, the correlation with the neighbor
being decreasing with the first half of the predecessors and increasing the second (see Fig. 2,
left panel). In adequacy with the LWR theory [33, 27], the waves propagate backward in
the system at the speed v,, = —Af provided by the Rankine-Hugoniot formula while the
particles travel in average at the speed v = A(L/N — ¢). Therefore, the period of the waves is
P =L/(v—uvy,)=N/X (see Fig. 2, right panel).

6. Covariance and autocovariance for the infinite system. The covariance and auto-
covariance Eqgs. (20) and (21) at the limit N, L — oo with L/N constant are the Riemann
integrals

N B o2 [l it B a2 1 F(z)
(24) cov; (7')—26/0 F(e )dt—wzm/m_l . dz

with

B 1 AePr(1—2)2  ZeMe=Drop
Fz) = (A—(/\Jrﬁ)z A+ B-A2) )
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Figure 2. Empirical and ezact correlation and autocorrelation (see Egs. (20) and (21)) for a system
with N = 50 particles in stationary state. A =1 and B = 0.1. The empirical results are measured after
1e5 units of simulation time.

Theorem 8. The asymptotic correlation and autocorrelation of the spacing difference in
stationary state are respectively at the limit N, L — with L/N constant

(25) co OO(O)—1 Ay i >0
rj - 2 A\ ¥+ B ’ J ’
and
—BT _ —AT
(26) corgy’ () = AT — Per T>0.

A—0 ’
Proof. We decompose the function F(z)/z in simple elements to calculate the asymptotic
autocovariance Eq. (24)

F(z) _ e PT 1 B 1 N 1
2 A \B=D - (-2) 8 (- x)
_ AeMEhr 28 1 N 1

YA o (- 2)
Using the Cauchy formula

1 2 ¢, lgl<1
— ——dz =
210 Jyy=1 2 — & 0, [¢>1,

we obtain after calculations detailed in Appendix 2

02 .
N2/ 0 oV ._7 :O7
% (0) — AB(A+B)
covj®(0) = o2\ -1
J>0,

2B(A 4 )L



SPONTANEOUS WAVE FORMATION IN STOCHASTIC SELF-DRIVEN PARTICLE SYSTEMS 15

Proceeding in the same way we find for the autocovariance Eq. (21) at the limit N, L — oo

2
o
covy(T) = ——5—— ()\efﬁT — ef)‘T) .
T = XEe =) ’
The asymptotic variance of the distance spacing is covg®(0) = Wiﬂ)’ while the asymptotic
correlation and autocorrelation are then respectively (see Fig. 3)

1/ a2y
COt(J)O(O)ZQ(W)’ ]>0,

A —pBT _ —AT
COI‘SO(T) = €>\_§€7 T Z 0.
In Fig. (3), the correlation and autocorrelation for the spacing difference in stationary
state are plotted for N = 50, N = 100, N = 200 and at the limit N,L — oo with L/N
constant for A = 1 and § = 0.1. The wave period is P = N/ = 50 for N = 50, while it is

P =100 and P = 200 for N = 100 and N = 200 and is infinite at the limit N, L — cc.

and

Correlation Autocorrelation
< <
- N =50 - N =50
@’ N =100 @’ N =100
s Ss1y N =200 = N =200
:é = N —— Limit as N — oo E — —— Limit as N — oo
g ] g |
= =)
[aN] B - [a] I R TSSO o T
< \ \ \ \ \ < \ \ \ \
0 10 20 30 40 50 0 50 100 150 200
Vehicle index j Delay time 7

Figure 3. Correlation and autocorrelation in stationary state for systems with N = 50, 100, 200
and at the limit N,L — oo with L/N constant (see Eqs. (25) and (26)) . X=1 and 8 =0.1.

7. Estimation of the model parameters. The stochastic pedestrian model is based on
four parameters: the time gap inverse A, the pedestrian length ¢, the noise relaxation rate
and the noise volatility o. Let us suppose disposing of K observations (v, sx), k=1,..., K,
of the speed v, and spacing sj, of pedestrians in a row. We suppose that the observations are
realisations of time-dependent random variables (V,S) such that V = A\*(S — ¢*) + Z(8*,0%)
for some parameter 6* = (\*,¢* 5* 0*), Z(a,b) being a Ornstein-Uhlenbeck process with
relaxation a and volatility b.

Theorem 9. We denote as 0 = (S\K,ZK, BK, 0K the least squares estimates of the param-

eters of the model.
Then

(27) O 2 6* as K — oc.
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Proof. The least squares estimations (;\KjK) of the time gap inverse and pedestrian
length parameters are solutions of the quadratic optimisation problem

1 K

A, li) = argrr)\liénHK()\,f), with  Hg (A 0) = 74
: P

A(skp —£) — vk]2 .
1

Solving 0Hy /O = OHf /O¢ = 0, the optima are

< s —5k)?

Ak = —
£ 5 (skvk — 8K UK)

and EK:§K—T)K/S\K,

with the mean values 55 = & S5 s, and 9% = & S 7, v
Thanks to the ergodic framework of the process,

Hi (M 0) = HA ) = Eoo [(A(S — £) = V)]

almost surely as K — oo, i.e. the least squares estimate corresponds asymptotically to min-
imising the variability of the model’s residuum. Furthermore,

vareo(S)

- .
A = AT = coveo (S, V)

while  lg — 0" = Eoo(S) — Eoo(V)/ N
almost surely as K — oo.

We denote in the following the model’s residuals r, = S\K(dk — ZK) — vg. We suppose
disposing of successive observations of the residual (ry, 7';) at time t; and t; + 7 to estimate
empirically the autocorrelation of the noise. The asymptotic autocorrelation of the Ornstein-
Uhlenbeck process &,(t) is e~ 7P while the asymptotic variance is 625~} /2. The least-squares
estimators for the noise relaxation rate S and the noise volatility o are

5y = JoB@x(r)

- and 5%:23KHK(5\K,ZK),

with éx (1) = + Zle r7, the empirical estimation of the autocorrelation of the residuals at
time lag 7. Here again, the ergodic theorem allows to show that ¢x(7) = coo(T),

B = D) g (0 = 2O ),

almost surely as K — co. |

Single-file experimental data are used to calibrate the parameters. The data come from
experiments done on a quasi-circular geometry of length 27 m with soldiers in 2007 in Germany
(see the schemes Fig. 4 and [32, 38] for details on the data). Extracting speed and spacing
observations from the trajectories, the estimates of the parameters were A= 0.98 s—h (=
0.34m, 3 =023s!and & = 0.09 ms®? [38]. The trajectories for the experiments done
with 28, 45 and 62 participants (corresponding to a density level of 1 ped/m, 1.7 ped/m and
2.3 ped/m) are plotted in Fig. 5, top panels, while the simulated trajectories obtained with
the calibrated stochastic model are shown in the bottom panels. The simulation results are
obtained using a Euler-Maruyama scheme with time step 6t = 0.01 s.
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Low density
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Trajectories
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Time

Space

Figure 4. Schemes for the single-motion experiment and the collection of the trajectory data.
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=
[}
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Figure 5. Trajectories of single-file pedestrian motions with density levels 1 ped/m (left panels),
1.7 ped/m (central panels) and 2.3 ped/m (right panel). Top panels: Real experimental data. Bottom
panels: Simulation of the calibrated stochastic pedestrian model. We observe stop-and-go waves for
medium and high density levels in both real data and simulation.
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Appendix 1. The covariance of the spacing difference to the homogeneous solution is, by
using Eq. (23),

1

372’ [Ae)\At} ! cov(y(t),y(s)) [ATQAATS} _

(Al) t s T .
_ / / e—()\A—i-ﬁIN)ue—(/\A +BIN)v (eQBmln{u,v} _ 1) dv du
0 JO

t u
- / / o~ AA+BIN)u ,~(AAT+BIN)v <625v _ 1) dv du
0 JO

t s
N / / eI = OAT 4810 (200 1) dy
0 u

t u
:/ 67(/\A+ﬁIN)u/ [ef(/\AT,BIN)v _e—(AATJrﬁ[N)v} dv du
0 0

+ / t |:67()\A*/31N)u _ (A8 IN)U} / T OATHEINY gy gy
0 u

= /0 e [y — AT AT — ]
—e OB [y — =OATHOI] [\ AT 4 BTy | du
+ /0 ' {e—(AA—BIN)u _ e—(/\A-i-ﬁIN)u} [e—(/\AT+BIN)u B e_uAumN)s}
AT + BIn] R

Finally,

2 t
cor(y(1).y(s)) = G54 [ e _ AT gy

(A2) H)\AT - BIN} . [)\AT + ﬁIN} 1] by

_ Oie—BsAe)\At /t [e—(,\A—ﬂIN)u _ e—(AA—i—BIN)u] du [)\AT +ﬂfzv}_1 AT
26 0
— g2 [AeAAt _ Ae‘ﬁt] [/\A+ﬁIN]_1 |:)\2(AT)2 B BQIN}—le)\ATsAT

2

+U/\ [eAAATt Iy AT (s-1) [AQ (AT)2 B ﬂQIer
2
o _8s _B(s— _
T “e s AMt — e=BlsD Al AA - B!

_ [e—,@SAeAAt _ 6—5(t+s)A] [/\A—l— ﬂ]_1:| [)\AT ~|—,3:| -1 AT,

since A+ AT = ~AAT and AT = BIy] ' = AT+ BIy] 7T =28 A2 (A7) - 821y ] -
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Appendix 2. The covariance and autocovariance of the spacing difference at the limit
N, L — oo with L/N constant are the Riemann integrals

o 021 F(z)
oV (r) = T /21 2 e,
with
F(z) _#e 1 1 N 1
A \B=P - (-2) 48 (- x)
SeAz=1)T 23 1 1

T G (o) e (- )

In the following, the covariances and autocovariances are determined by using the Cauchy
formula. We obtain the variance if j =0 and 7 =0

_02[1+1_ 25]_ o?
T2 A8 A+B8 X -p52] A+ P)

(A3) covy (0)
For j > 0 and 7 = 0, the covariance is

J
T8 A+8  2B(\+ Byt

(A4) cov;°(0)

and corj°(0) = MO+ ,B)]j. For j =0 and 7 > 0, the auto-covariance is if ‘#‘ <1, ie. if

B <24,

() o2 | e BT 2667)\7 N e)\(Akﬁl)T‘|

covy' (1) = — -

(A5) AN A+5 A2 -2 A=p
B o2 6757 2667)\7' 67577— B o2 P\e—ﬂr _ ﬁe_/\T]
B m[wrﬁ ESCE A—B] - M3[A2 — 2]

Similarly, we get if 8 > 2\

B o2 e BT e BT 2567)\7— B o2 [)\e—ﬁr _ Be—)\r}
_W[A—ﬂJFAJrﬁ B AQ—ﬂQ] N -

and corg®(7) = [Ae A7 — e /[A — B]. Note that by taking A = 3 + ¢ and by calculating
the auto-covariance at the limit € — 0 we obtain

covy(7)

026—/\7'

covyo(T) =

while cord(7) = e M[1 + A7] if B = A.
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