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We consider the dynamics of relativistic spin-half particles in quantum graphs with transparent
branching points. The system is modeled by combining the quantum graph concept with the one of
transparent boundary conditions applied to the Dirac equation on metric graphs. Within such an
approach, we derive simple constraints, which turn the usual Kirchhoff-type boundary conditions at
the vertex equivalent to the transparent ones. Our method is applied to quantum star graph. An
extension to more complicated graph topologies is straightforward.
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I. INTRODUCTION

Due to the recent development in condensed matter
physics, modeling of relativistic particle dynamics in low-
dimensional systems attracted much attention. It has
been discovered that such materials as graphene [1–3],
carbon nanotubes (CNT) [4], topological insulators [5, 6],
and some types of superconductors [7, 8], can provide
quasiparticle excitations, which can mimic relativistic dy-
namics. Such quasiparticles are described in terms of the
Dirac, Weyl and Bogoliubov de Gennes equations. Low
dimensional functional materials, in which such quasi-
particles appear, can be used for engineering of different
nanoscale electronic and optoelectronic devices in emerg-
ing quantum technologies.

Effective functionalization and device optimization in
such technologies require solving the problem of tunable
particle transport in low-dimensional structures. Sub-
sequently, this requires developing effective and realistic
models for the relativistic quasiparticle transport in low-
dimensional systems. As most of the low-dimensional
systems, arising in condensed matter, exhibit a branched
structure, the above task can be reduced to the prob-
lem of relativistic quasiparticle dynamics modeling in
branched quantum systems. These latter mentioned are
usually modeled in terms of so-called quantum graphs,
which has attracted much attention during past three
decades (see, Refs. [9–13] for review recent developments
in this research field).

In this paper we consider the problem of transpar-
ent quantum graphs for relativistic (spin-half) quasipar-
ticles described in terms of the Dirac equation on met-
ric graphs. The model we propose can be directly ap-
plied to the problem of tunable transport of relativistic
quasiparticles in branched graphene nanoribbons, car-
bon nanoribbon networks, topological insulator networks
and branched optical fibers, where the Dirac quasiparti-
cles appear. Combining quantum graph and transparent
boundary conditions concepts, we derive explicit vertex

boundary conditions, providing reflectionless transport
of quasiparticles through the branching points. We re-
veal simple constraints for the regime, when the motion
of relativistic spin-half quasiparticle in quantum graph
becomes reflectionless, i.e., the quantum graph becomes
transparent with respect to the particle transport.
The motivation for the study of transparent quantum

graphs arises from the wide range of practical applica-
tions in optoelectronics and condensed matter physics.
Effective signal transfer in optoelectronic networks re-
quires a reduction to minimum losses. Spin, charge and
energy transport in branched nanomaterials used in na-
noelectronic devices also requires minimization of losses
caused by backscattering of quasiparticles. In the con-
text of relativistic quantum dynamics with reflectionless
transport, this problem will appear in low-dimensional
functional materials (e.g., graphene, CNT, topological in-
sulators, one-dimensional branched quasimolecules, etc).
Different quantum wire networks appearing in solid state
physics are also potential structures, where the wave
transport can be tuned from the diffusive to the ballistic
regime using transparent boundary conditions.
The paper is organized as follows. In the next section

we give a brief description of the transparent boundary
conditions for the Dirac equation on a real line. Sec-
tion III presents a short introduction to the Dirac equa-
tion on quantum graphs. Section IV includes our study
of Dirac particles in transparent quantum graphs. A nu-
merical justification of the obtained results is stated in
Section V. Finally, Section VI concludes our work with
some final remarks.

II. TRANSPARENT BOUNDARY CONDITIONS
FOR THE DIRAC EQUATION ON A LINE

The standard way for the description of particle and
wave scattering in quantum mechanics is the scatter-
ing matrix based approach. However, within such an
approach one does not use explicit solutions of the
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Schrödinger equation and hence, it is less effective for
the cases, when one needs to describe the transmission of
the wave through the boundary of two domains. More-
over, it does not provide any solution for the problem
of tunable scattering and transmission of particles for a
given point/domain using the initial conditions for the
Schrödinger equation.
An effective approach providing solutions of the prob-

lem of reflectionless transmission of the waves and par-
ticles through the given point/boundary in terms of a
Cauchy problem has attracted much attention during
the past three decades. Within such an approach, one
can formulate boundary conditions for the absence of
backscattering at a given point or domain boundary, al-
though the explicit form of such boundary conditions
are much more complicated than those of Dirichlet, Neu-
mann and Robin conditions. Such boundary conditions
are called transparent boundary conditions.
The early treatment of the problem of transparent

boundary conditions (TBCs) in terms of the acoustic
wave equation dates back to the pioneering work of
Engquist and Majda [14, 15]. The further develop-
ment of the concept of TBCs for some parabolic and
hyperbolic PDEs was presented by Halpern [16] and
Sofronov [17]. A more comprehensive study of TBCs
for the Schrödinger equation and other wave equation
can be found in [18–33]. Earlier, approximate TBCs for
the linear Schrödinger equation were formulated by Shi-
bata [34] and Kuska [35], where the dispersion relations
for the plane waves are approximated in order to derive
approximative TBCs. A strict mathematical analysis of
TBCs for different wave equations, including the quan-
tum mechanical Schrödinger equation can be found in
the Refs. [21, 22, 25, 32, 33]. Here we briefly recall the
formulation of TBCs on a line following the Refs. [19–22].
Before proceeding to transparent quantum graphs, fol-

lowing the Ref. [36], we briefly present the concept of
TBCs for the Dirac equation. We consider the following
Dirac equation (in units ~ = c = 1) posed on an interval
[0, L] ⊂ R:

i∂tφ = −i∂xχ+mφ,

i∂tχ = −i∂xφ−mχ.
(1)

The initial conditions for Eq. (1) are imposed as

φ(x, 0) = φI(x), χ(x, 0) = χI(x), x ∈ [0, L]. (2)

Further, we divide the entire space into interior (0 < x <
L) and two exterior (x ≤ 0 and x ≥ L) domains. Then,
the interior problem (x ∈ (0, L), t > 0) reads

i∂tφ = −i∂xχ+mφ,

i∂tχ = −i∂xφ−mχ,

φ(x, 0) = φI(x),

χ(x, 0) = χI(x),

(T0φ)(0, t) = χ(0, t),

(TLφ)(L, t) = χ(L, t).

(3)

For the exterior problems (x ≤ 0 and x ≥ L, t > 0) we
have

i∂tφ = −i∂xχ+mφ,

i∂tχ = −i∂xφ−mχ,

φ(x, 0) = 0,

χ(x, 0) = 0,

φ(0, t) = Φ1(t),

χ(0, t) = (T0φ)(0, t),

φ(L, t) = Φ2(t),

χ(L, t) = (TLφ)(L, t).

(4)

By introducing the following Laplace transformations

φ̃(x, s) =

∫ +∞

0

φ(x, t) e−st dt, (5)

χ̃(x, s) =

∫ +∞

0

χ(x, t) e−st dt, (6)

one can rewrite Eq. (1) as ordinary differential equations

−i∂xχ̃(x, s) = (is−m)φ̃(x, s),

−i∂xφ̃(x, s) = (is+m)χ̃(x, s).
(7)

The general solution of the system (7) can be written as

φ̃(x, s) = c1 e
− +

√
s2+m2x + c2 e

+
√
s2+m2x,

χ̃(x, s) = −c1κ e
− +

√
s2+m2x + c2κ e

+
√
s2+m2x,

(8)

where κ =
+
√
is−m

+
√
is+m

. Since we require φ̃, χ̃ ∈ L2(0,+∞),

we obtain for x ≥ L (right exterior domain) the condition
c1 = 0, and thus

φ̃(x, s) = c2 e
+
√
s2+m2x,

χ̃(x, s) = c2κ e
+
√
s2+m2x.

(9)

From the initial condition of the problem (4) we obtain

c2 = φ̃(L, s)e−
+
√
s2+m2L = Φ̃2(s)e

− +
√
s2+m2L,

hence

φ̃(x, s) = Φ̃2(s) e
+
√
s2+m2(x−L),

χ̃(x, s) = Φ̃2(s)κ e
+
√
s2+m2(x−L) = κφ̃(x, s).

(10)

Thus, one gets finally

χ̃(L, s) = κφ̃(L, s). (11)

Using the inverse Laplace transformation we have

χ(L, t) =
d

dt

∫ t

0

I0
(
m(t− τ)

)
φ(L, τ) dτ

+ im

∫ t

0

I0
(
m(t− τ)

)
φ(L, τ) dτ,

(12)
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FIG. 1: Star graph with N semi-infinite bonds.

where I0(z) denotes the modified Bessel function. Anal-
ogously, one can get the TBC at x = 0 [36]:

χ(0, t) =−
d

dt

∫ t

0

I0
(
m(t− τ)

)
φ(0, τ) dτ

− im

∫ t

0

I0
(
m(t− τ)

)
φ(0, τ) dτ.

(13)

In this paper we extend the above procedure to the case
of Dirac particle motion on quantum graphs. We note
that so far the practical applications of the TBC con-
cept for physical systems is quite restricted, except, may
be the Refs. [37–39], where linear and nonlinear (soliton)
wave dynamics in transparent graphs have been consid-
ered.

III. DIRAC EQUATION ON QUANTUM
GRAPHS

In this section, following the Ref. [40], we briefly re-
call the modelling of relativistic Dirac particles in quan-
tum graphs. For nonrelativistic particles, the quantum
graph concept has been introduced first by Exner, Seba
and Stovicek [41] to describe free quantum motion on
branched wires. In fact, the early treatment of the quan-
tum mechanical motion in branched molecular struc-
tures dates back to the Refs. [42–44], who studied it
in the context of organic molecules. Later, Kostrykin
and Schrader [45] derived the general boundary condi-
tions providing self-adjointness of the Schrödinger opera-
tor on graphs. Relativistic quantum mechanics described
by Dirac [40] and Bogoliubov-de Gennes operators [46]
on graphs have been studied recently. Parity-time (PT)
symmetric quantum graphs are considered in [47]. Hul
et al. [10] considered experimental realization of quan-
tum graphs in optical microwave networks. An impor-
tant topic related to quantum graphs was studied in the
context of quantum chaos theory and spectral statistics
[9, 12, 40]. Spectral properties and the band structure
of periodic quantum graphs also attracted much interest
[13, 48]. The possibility of tuning the directed transport
in quantum driven star graph has been also studied in

[49], where the reflection at the central vertex has been
discussed.
Thus, quantum graphs can be determined as one- or

quasi-one dimensional branched quantum wires, where
the particle and wave motion can be described in terms
of quantum mechanical wave equations on metric graphs
by imposing the boundary conditions at the branching
points (vertices) and bond ends. The metric graph itself
is a set of bonds with assigned length and which are con-
nected to each other at the vertices according to a rule
called the topology of a graph, which is given in terms of
the adjacency matrix [9, 12]:

Cij = Cji =

{
1 if i and j are connected,

0 otherwise,

for i, j = 1, 2, . . . , N .
We start with, although the simplest, but very impor-

tant, star-shaped graph shown in Fig. 1. Star graphs
can be considered as the smallest building blocks for any
more complicated graphs. The Dirac equation (in units
~ = c = 1) on each bond (bj) of a star graph can be
written as

i∂tφj = −i∂xχj +mφj ,

i∂tχj = −i∂xφj −mχj .
(14)

In terms of the Dirac operator D the system of equa-
tions (14) can be written as

i∂tψj = Dψj , (15)

where ψj = (φj , χj)
⊤, and

D := −iσx∂x +mσz, (16)

with the Pauli matrices σx =

(
0 1
1 0

)
, σz =

(
1 0
0 −1

)
.

To solve Eq. (14), one needs to impose self-adjoint
boundary conditions at the vertex (branching point). To
do this, we introduce the following scalar product on the
star graph as

〈ψ, ϕ〉 =
N∑

j=1

∫

bj

(
φju

∗
j + χjv

∗
j

)
dx, (17)

where ψ = (ψ1, ψ2, . . . , ψN ), ϕ = (ϕ1, ϕ2, . . . , ϕN ), and
ψj = (φj , χj)

⊤, ϕj = (uj , vj)
⊤ for j = 1, 2, . . . , N .

Defining the following skew-Hermitian scalar product
on a graph

Ω(ψ, ϕ) = 〈Dψ,ϕ〉 − 〈ψ,Dϕ〉

= i

N∑

j=1

[
φj(0)vj(0)− φj(Lj)vj(Lj)

+ χj(0)uj(0)− χj(Lj)uj(Lj)
]
.

(18)

One can prove (see, [40]) that self-adjointness of the
Dirac operator on the graph is provided by the condi-
tion Ω(ψ,ϕ) = 0. A set of vertex boundary conditions
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fulfilling this condition can be written as

φ1(0) = φ2(0) = · · · = φN (0),

χ1(0) + χ2(0) + · · ·+ χN (0) = 0,

φj(Lj) = 0, j = 1, 2, . . . , N.

(19)

The first condition represents the continuity at the ver-
tex, while the second one provides the Kirchhoff rule at
the vertex.

IV. DIRAC PARTICLES IN TRANSPARENT
QUANTUM GRAPHS

In this section we apply the procedure presented in Sec-
tion II for the derivation of transparent vertex boundary
conditions for the Dirac equation on quantum graphs. It
should be noted that the reflectionless motion of waves
and particles in networks has been considered earlier
within the different approaches in the Refs. [50–55]. In
[50] the S-matrix based approach is utilized for the con-
struction of scattering matrices providing the absence
of backscattering. Indirect observations of the possibil-
ity for the wave transmission through the graph vertex
were presented earlier in several studies, in particular by
Naimark and Solomyka [52], using some properties of the
weighted Laplacian on metric graphs. The possibility
for reducing a homogeneous tree graph investigation, us-
ing its symmetry, into a family of one-dimensional prob-
lems with point interactions was considered by Exner and
Lipovsky [53].
The existence of the reflectionless and equitransmitting

vertex couplings has been studied in [54, 55]. Despite
a certain number of publications containing a study of
reflectionless wave transmission through the graph ver-
tices, all these studies did not use the concept of trans-
parent boundary conditions for the Schrödinger equation.
In [51], the transparent boundary conditions (TBCs) are
considered for the wave equation on a metric tree graph
with self-similar structure at infinity, where the proper-
ties of reflectionless transport are studied numerically.
However, the latter mentioned leads to very complicated
numerical work, whose accuracy cannot be easily con-
trolled. It should be noted that the direct application of
TBCs for quantum graphs converts the problem into a
very complicated numerical problem with almost uncon-
trolled accuracy.
Therefore, one needs to develop methods allowing to

avoid the direct utilization of a TBC at the branching
point, but instead turn the vertex boundary conditions
equivalent to the TBCs. Here we combine the above con-
cepts of TBCs and quantum graphs to design the ver-
tex boundary conditions providing reflectionless trans-
mission of waves through the graph branching points.
In the following, such graphs will be called “transpar-
ent quantum graphs”. Recently, such an approach has
been proposed for quantum graphs described by a (linear)
Schrödinger equation on metric graphs [37]. Constraints

applying the usual continuity and the Kirchhoff rule to
the TBC at the vertex were found in the form of simple
sum rule. An extension to the case of solitons described
by the nonlinear Schrödinger equation on metric graphs
has been presented in [39]. Here we will use a similar ap-
proach for relativistic quasiparticles in networks modeled
by the Dirac equation on quantum graphs. Such quasi-
particles appear, e.g., in branched graphene nanoribbons
(see, Refs. [56–59]).
Let us consider a star graph shown in Fig. 1. For sim-

plicity (without losing generality) we consider first a star
graph with three bonds. To each bond bj of the graph we
assign a coordinate xj , which indicates the position along
the bond: for bond b1 it is x1 ∈ (−∞, 0] and for b1,2 they
are x2,3 ∈ [0,+∞). In the following we use the shorthand
notation Ψj(x) for Ψj(xj) and it is understood that x is
the coordinate on the bond j to which the component Ψj

refers. The Dirac equation (in units ~ = c = 1) on each
bond bj (b1 (−∞; 0], b2,3 [0; +∞)) of such graph can be
written as

i∂tφj = −i∂xχj +mφj ,

i∂tχj = −i∂xφj −mχj .
(20)

We impose the boundary conditions at the vertex as fol-
lows

α1φ1|x=0 = α2φ2|x=0 = α3φ3|x=0, (21)

1

α1
χ1|x=0 =

1

α2
χ2|x=0 +

1

α3
χ3|x=0. (22)

Our task is to derive constraints, which provide reflec-
tionless transmission of Dirac quasiparticles at the ver-
tex. To do this, we impose a TBC at the vertex. Then, in
analogy with the procedure described in Section II, the
‘interior’ problem is given in b1 and can be written as

i∂tφ1 = −i∂xχ1 +mφ1,

i∂tχ1 = −i∂xφ1 −mχ1,

φ1(x, 0) = φI1(x),

χ1(x, 0) = χI
1(x),

(Tφ1)(0, t) = χ1(0, t).

(23)

The two ‘exterior’ problems on b2,3 are given as

i∂tφ2,3 = −i∂xχ2,3 +mφ2,3,

i∂tχ2,3 = −i∂xφ2,3 −mχ2,3,

φ2,3(x, 0) = 0,

χ2,3(x, 0) = 0,

φ2,3(0, t) = Φ2,3(t),

χ2,3(0, t) = (Tφ2,3)(0, t).

(24)

Further, we introduce the following Laplace transforma-
tion:

φ̃2,3(x, s) =

∫ +∞

0

φ2,3(x, t) e
−st dt, (25)

χ̃2,3(x, s) =

∫ +∞

0

χ2,3(x, t) e
−st dt. (26)
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the regime when the sum rule is fulfilled (no reflection oc-

curred): α1 =
√

2/3, α2 = 1 and α3 =
√
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Then, the two ‘exterior’ problems (24) are written as

−i∂xχ̃2,3(x, s) = (is−m)φ̃2,3(x, s),

−i∂xφ̃2,3(x, s) = (is+m)χ̃2,3(x, s).
(27)

The general solution of the system (27) reads

φ̃2,3(x, s) = c
(1)
2,3 e

− +
√
s2+m2x + c

(2)
2,3 e

+
√
s2+m2x,

χ̃2,3(x, s) = −c
(1)
2,3κ e

− +
√
s2+m2x + c

(2)
2,3κ e

+
√
s2+m2x,

(28)

where κ =
+
√
is−m

+
√
is+m

. Since φ̃2,3, χ̃2,3 ∈ L2(0;+∞), we
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FIG. 3: (Color online). Time dependence of the partial and
total norms for the case shown in Fig. 2.

obtain for the ‘exterior’ problems on b2,3

c
(1)
2,3 = 0,

hence the exterior solution is

φ̃2,3(x, s) = c
(2)
2,3 e

+
√
s2+m2x,

χ̃2,3(x, s) = c
(2)
2,3κ e

+
√
s2+m2x.

(29)

Now, the initial conditions of the problem (24) yield

c
(2)
2,3 = φ̃2,3(0, s) = Φ̃2,3(s),

hence

φ̃2,3(x, s) = Φ̃2,3(s) e
+
√
s2+m2x,

χ̃2,3(x, s) = Φ̃2,3(s)κ e
+
√
s2+m2x

= κφ̃2,3(x, s).

(30)

From the vertex boundary conditions (21)-(22) we get

φ̃2,3|x=0 =
α1

α2,3
φ̃1|x=0,

χ̃2,3|x=0 = κ
α1

α2,3
φ̃1|x=0

χ̃1|x=0 =
α1

α2
χ̃2|x=0 +

α1

α3
χ̃3|x=0

=
α1

α2

(
κ
α1

α2
φ̃1|x=0

)
+
α1

α3

(
κ
α1

α3
φ̃1|x=0

)

= α2
1

( 1

α2
2

+
1

α2
3

)
κφ̃1|x=0.

(31)

The Laplace transformed Kirchhoff rule in Eq. (22) yields

χ1(0, t) = A

[
d

dt

∫ t

0

I0
(
m(t− τ)

)
φ1(0, τ) dτ

+ im

∫ t

0

I0
(
m(t− τ)

)
φ1(0, τ) dτ

]
, (32)
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where A = α2
1

(
1
α2

2

+ 1
α2

3

)
and I0(z) denotes the modified

Bessel function.
It is clear that the boundary condition in Eq. (32) co-

incides with that in Eq. (12) and hence, provides reflec-
tionless transmission of Dirac quasiparticles for the bond
b1, when A = 1, i.e. the following sum rule is fulfilled:

1

α2
1

=
1

α2
2

+
1

α2
3

. (33)

In this way, the vertex boundary conditions given
by Eqs. (21)-(22) become equivalent to the transparent
vertex boundary conditions, provided the sum rule in
Eq. (33) is fulfilled.

V. NUMERICAL EXPERIMENT

This section provides the numerical justification of our
obtained results. The configuration of the experimental
set-up consists of a star graph with three bonds. The free
time evolution of the Gaussian Dirac spinor

G(x) =
( 1

2πσ2

)1/4

exp
(
−
(x− x0)

2

4σ2

)(
1
1

)

compactly supported in the first bond is studied. This is
done by considering the following initial conditions:

(
φ1(x, 0)
χ1(x, 0)

)
= G(x),

with x0 = −5, σ = 0.9, and

(
φ2,3(x, 0)
χ2,3(x, 0)

)
=

(
0
0

)
.

We choose m = 0.01 such that the transmission process
is rather demonstrable, that is, the wave packet retains
its shape for the considered time period. The leap-frog
scheme (see, [36] for details) with the space discretiza-
tion ∆x = 0.0125 and the time step ∆t = 0.01 is utilized
for the numerical experiment. The plots in Fig. 2 show
the position probability density |φj(x, t)|

2 + |χj(x, t)|
2,

j = 1, 2, 3 at four consecutive time steps. It is clear
from Fig. 2 that the wave entirely transmits to the sec-
ond and third bonds without any reflections when time
elapses. We note that the above boundary conditions
provide the conservation of the total norm, which is de-
fined as the sum of partial norms for each bond. The
time-dependence of the partial and total norms for this
case is shown in Fig. 3.
In Fig. 4 the reflection coefficient R determined as the

ratio of the partial norm for the first bond to the total
norm

R =
N1

N1 +N2 +N3

is plotted as a function of α1 for the fixed values of
α2 and α3. From this plot one can conclude that the
reflection coefficient becomes zero only at the value of
α1 that provides the fulfillment of the sum rule (33).
This observation clearly confirms once more that the sum
rule in Eq. (33) turns the vertex boundary conditions in
Eqs. (21)-(22) equivalent to the transparent ones.
It should also be noted here that the possibility of

tuning the transition of a wave packet through the ver-
tex comes from selecting the proper parameters α2 and
α3 such that the ‘masses’ of fractions will be N2 =
1−α2

2/(α
2
2+α

2
3) and N3 = 1−α2

3/(α
2
2+α

2
3), accordingly.

VI. CONCLUSIONS

In this paper we studied the problem of a Dirac par-
ticle dynamics in transparent quantum graphs. These
latter mentioned are determined as branched quantum
wires providing reflectionless transmission of waves at the
branching points. The boundary conditions for the time-
dependent Dirac equation on graphs, providing absence
of backscattering at the vertex are formulated explicitly.
A constraint that makes the usual Kirchhoff-type bound-
ary conditions at the vertex equivalent to those of trans-
parent ones is derived in the form of a simple sum rule.
A reflectionless transmission of the Gaussian wave

packet through the vertices, provided these constraints
are fulfilled, is shown numerically for the star graph. This
approach can be directly extended for arbitrary graph
topologies, which contain any subgraph connected to two
or more outgoing, semi-infinite bonds.
The proposed model can be applied for a broad

range of practically important problems in condensed
matter physics, where Dirac quasiparticles appear in
branched graphene nanoribbons, CNT networks, and
branched topological insulators. Moreover, the approach
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can be utilized for modeling polarons dynamics [60, 61]
in branched conducting polymers, where reflectionless

transmission of charge carriers through the branching
points can occur.
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