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❆❜str❛❝t

❚❤❡r❡ ❛r❡ ♥✉♠❡r♦✉s ♠♦❞❡❧s ❢♦r s♣❡❝✐❢②✐♥❣ t❤❡ ✉♥❝❡rt❛✐♥t② ♦❢ ❢✉t✉r❡ ✐♥st❛♥t❛♥❡♦✉s
✈♦❧❛t✐❧✐t② ♦r ✈❛r✐❛♥❝❡✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❍❡st♦♥✱ ❙❆❇❘ ❛♥❞ ❩❆❇❘ ♠♦❞❡❧s✳ ❖❢t❡♥ ✐t
✐s ♦❜s❡r✈❡❞ t❤❛t ❛ s♣❡❝✐✜❝ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧ ✐s ❝❤♦s❡♥ ♥♦t ❢♦r ♣❛rt✐❝✉❧❛r
❞②♥❛♠✐❝❛❧ ❢❡❛t✉r❡s✱ r❡❧❡✈❛♥t ❢♦r ❡①♦t✐❝ ♣❛②♦✛ str✉❝t✉r❡s✱ ❜✉t ✐♥st❡❛❞ ❢♦r ❝♦♥✈❡✲
♥✐❡♥❝❡ ❛♥❞ ❡❛s❡ ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❚❤❡ ❙❆❇❘ ♠♦❞❡❧✱ ✇✐t❤ ✐ts s❡♠✐✲❝❧♦s❡❞ ❢♦r♠
❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♣r✐❝❡s ♦❢ ✈❛♥✐❧❧❛ ♦♣t✐♦♥s✱ ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ ❡①❛♠♣❧❡✳ ■♥
t❤✐s ❛rt✐❝❧❡✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ t❤❛t ✐♥❝❧✉❞❡s ❛❧❧ ♣r❛❝t✐❝❛❧❧② r❡❧❡✈❛♥t
st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧s ❛♥❞ ✐♥tr♦❞✉❝❡s ♥❡✇ ✈❛r✐❛♥ts ♦❢ t❤❡ ❩❆❇❘ ♠♦❞❡❧✳ ■♥
♣❛rt✐❝✉❧❛r✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠❡❛♥✲r❡✈❡rt✐♥❣ ❩❆❇❘ ❛♥❞ ❢r❡❡ ❩❆❇❘ ♠♦❞❡❧s✳ ❲❡ ✉s❡
t❤❡ ♠❡t❤♦❞ ♦❢ ❞❡r✐✈✐♥❣ ❛♥ ❡✛❡❝t✐✈❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❞❡♥s✐t②✳
❚❤✐s ❛♣♣r♦❛❝❤ ❧❡❛❞s t♦ t❤❡ ❦♥♦✇♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❙❆❇❘ ♠♦❞❡❧✱
❜✉t ❛❧s♦ ♣r♦✈✐❞❡s ❡①♣r❡ss✐♦♥s ❢♦r ❛r❜✐tr❛❣❡✲❢r❡❡ ♠♦❞❡❧s✳ ◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts
✐❧❧✉str❛t❡ ♦✉r ❛♣♣r♦❛❝❤✳

❑❡②✇♦r❞s✿ ❙t♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②✱ ❙❆❇❘✱ ❩❆❇❘✱ ❋r❡❡ ❜♦✉♥❞❛r② ❩❆❇❘✱ ▼❡❛♥✲
r❡✈❡rt✐♥❣ ❩❆❇❘✱ ❊✛❡❝t✐✈❡ P❉❊✱ ❆♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛
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❞❡r❧②✐♥❣ ❛ss❡t✳ ■♥ ♦✉r ❡①♣♦s✐t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❢♦r✇❛r❞ r❛t❡✱
✇❤✐❝❤ s✐♠♣❧✐✜❡s t❤❡ ❙❉❊s ❝♦♥s✐❞❡r❡❞ ❜② ❡♥s✉r✐♥❣ t❤❛t t❤❡ ❛ss❡t ❤❛s ♥♦ ❞r✐❢t✳ ❚❤❡
✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② s✉r❢❛❝❡ ✐s ❞❡✜♥❡❞ ✐♥ r❡❧❛t✐♦♥ t♦ ❛ r❡❢❡r❡♥❝❡ ✈❛❧✉❛t✐♦♥ ♠♦❞❡❧ ✇✐t❤
❛♥ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ❢♦r ✈❛♥✐❧❧❛ ❊✉r♦♣❡❛♥ ❝❛❧❧ ❛♥❞ ♣✉t ♦♣t✐♦♥s✳ ❋♦r t❤❡ ✉♥❞❡r❧②✐♥❣
❛ss❡t✱ F ✱ str✐❦❡ ✈❛❧✉❡✱ K✱ ❛♥❞ ♠❛t✉r✐t② t✐♠❡✱ T ✱ t❤❡ ❝♦♥tr❛❝t ♣❛②s

VT = max(FT −K, 0) ❢♦r ❛ ❝❛❧❧✱ ❛♥❞

VT = max(K − FT , 0) ❢♦r ❛ ♣✉t✳

●✐✈❡♥ t❤❡ ♠❛t✉r✐t②✱ str✐❦❡ ❛♥❞ ❝✉rr❡♥t ✭t✐♠❡✲t0✮ ♣r✐❝❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣✱ f ✱ t❤❡
r❡❢❡r❡♥❝❡ ❢♦r♠✉❧❛ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❝✉rr❡♥t ♣r✐❝❡✱ Vt0 ✱ ♠✉st ❤❛✈❡ ♦♥❧② ♦♥❡
❛❞❞✐t✐♦♥❛❧ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠✱ t❤❡ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t②✱ ✇❤✐❝❤ ✐s s♣❡❝✐✜❡❞ ✐♥ ♦r❞❡r t♦
♠❛t❝❤ t❤❡ q✉♦t❡❞ ♠❛r❦❡t ♣r✐❝❡✱ V▼❛r❦❡t✳ ❚❤❡ st❛♥❞❛r❞ r❡❢❡r❡♥❝❡ ♠♦❞❡❧s ✉s❡❞ ❛r❡
t❤❡ ❇❧❛❝❦ ❛♥❞ ❇❛❝❤❡❧✐❡r ♠♦❞❡❧s✳ ❙✐♥❝❡ ✇❡ s❤❛❧❧ ♦♥❧② ❝♦♥s✐❞❡r ❡①❛♠♣❧❡s ❢♦r ✐♥t❡r❡st
r❛t❡s✱ ✇❡ ✉s❡ t❤❡ ❇❛❝❤❡❧✐❡r ♠♦❞❡❧✱ ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ●❛✉ss ♦r ♥♦r♠❛❧ ♠♦❞❡❧✳

❚❤❡ ❇❛❝❤❡❧✐❡r ♣r✐❝✐♥❣ ❢♦r♠✉❧❛s ❢♦r ❝❛❧❧s ❛♥❞ ♣✉ts ❛r❡

Cφ(T,K, σ) = (f −K) Φ(d) + σ
√
Tφ(d) ❛♥❞

Pφ(T,K, σ) = (K − f) Φ(−d) + σ
√
Tφ(d)

✇✐t❤

d =
f −K

σ
√
T − t0

,

✇❤❡r❡ Φ(·) ❛♥❞ φ(·) ❛r❡ t❤❡ ♥♦r♠❛❧ ❈❉❋ ❛♥❞ P❉❋ r❡s♣❡❝t✐✈❡❧②✳ ❍❡r❡✱ σ ✐s ❝❛❧❧❡❞
t❤❡ ❇❛❝❤❡❧✐❡r✱ ♥♦r♠❛❧ ♦r ❜♣ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t②✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♠♦❞❡❧
❞❡♣❡♥❞s ♦♥ t❤❡ ❣✐✈❡♥ ♠❛r❦❡t✳ ❋♦r ✐♥st❛♥❝❡ t❤❡ ❇❛❝❤❡❧✐❡r ♠♦❞❡❧ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦
♥❡❣❛t✐✈❡ ❛ss❡t ✈❛❧✉❡s ✭❛♣♣❧✐❝❛❜❧❡ t♦ ✐♥t❡r❡st r❛t❡s✮ ❛♥❞ ❞♦❡s ♥♦t r❡q✉✐r❡ t❤❡ ✈❛❧✉❡s
t♦ ❜❡ ❜♦✉♥❞❡❞✳

❖❢t❡♥ ✇❡ ❛r❡ ♥♦t ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ ❛ s✐♥❣❧❡ ♦♣t✐♦♥ ♣r✐❝❡✱ ❜✉t r❡q✉✐r❡ ♣r✐❝❡s ❢♦r
❛ s❡t ♦❢ ♠❛t✉r✐t✐❡s ❛♥❞ str✐❦❡s✳ ❈♦♥s✐❞❡r ❛ s❡t T := {T1, T2, . . . , TN} ♦❢ ♦♣t✐♦♥
♠❛t✉r✐t✐❡s ❛♥❞ ❧❡t K := {K1,K2, . . . ,KN}✱ Ki := {Ki,1, Ki,2, . . . , Ki,Mi

} ❜❡ s❡ts ♦❢
str✐❦❡ ✈❛❧✉❡s ✐♥❞❡①❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢ ♠❛t✉r✐t✐❡s ❝♦♥s✐❞❡r❡❞✳ ❯s✉❛❧❧② Ki = Kj ❢♦r
❛❧❧ 1 ≤ i, j ≤ N ✳ ◆♦✇✱ ❝♦♥s✐❞❡r t❤❡ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② ❢♦r ❡❛❝❤ q✉♦t❡❞ ♦♣t✐♦♥ ✇✐t❤
r❡s♣❡❝t t♦ Ti ∈ T ✱ Kj ∈ K✿

Σd : T × K → R
+

(T,K) 7→ σd.

✶

Electronic copy available at: https://ssrn.com/abstract=3518141



❚❤❡ ♠❛♣ Σd ✐s ❝❛❧❧❡❞ t❤❡ ❞✐s❝r❡t❡ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② s✉r❢❛❝❡✳ ❋r♦♠ t❤✐s s❡t✱ ✈❛❧✲
✉❡s ❢♦r str✐❦❡s K /∈ K ♠❛② ❜❡ ✐♥❢❡rr❡❞ ❜② ✐♥t❡r♣♦❧❛t✐♦♥ ❛♥❞ ❡①tr❛♣♦❧❛t✐♦♥✳ ❚❤❡
❧❛tt❡r t❡❝❤♥✐q✉❡s ♠✉st r❡s♣❡❝t ❛r❜✐tr❛❣❡ r❡❧❛t✐♦♥s❤✐♣s✱ r❡q✉✐r✐♥❣ ♣r❛❝t✐t✐♦♥❡rs t♦
✉s❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♠❡t❤♦❞s ❝♦♥s✐st❡♥t ✇✐t❤ ❛♥ ❛r❜✐tr❛❣❡✲❢r❡❡ ♠♦❞❡❧✳ ❋✉rt❤❡r♠♦r❡✱
st❛rt✐♥❣ ✇✐t❤ t❤❡ ❝✉rr❡♥t ❧❡✈❡❧s ♦❢ ✈♦❧❛t✐❧✐t② ❛s ❛♥ ✐♥♣✉t✱ ✐t ✐s r❡❧❡✈❛♥t t♦ ❝♦♥s✐❞❡r
t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t✐❡s ✐♥ ♦r❞❡r t♦ ♠❛♥❛❣❡ ❡①♦t✐❝ ♦♣t✐♦♥s✳ ❙✉❝❤
♦♣t✐♦♥s ♠❛②✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥❝❧✉❞❡ ♣❛②♦✛s t❤❛t str♦♥❣❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ❢♦r✇❛r❞
✈♦❧❛t✐❧✐t②✳ ❊①❛♠♣❧❡s ✐♥❝❧✉❞❡ ❢♦r✇❛r❞✲st❛rt✐♥❣ ♦♣t✐♦♥s ❛♥❞ ❝❧✐q✉❡t ♦♣t✐♦♥s✳ Pr❛❝t✐✲
t✐♦♥❡rs r❡❢❡r t♦ t❤❡ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② s✉r❢❛❝❡ ❛s t❤❡ s❦❡✇ ♦r s♠✐❧❡✳ ❚❤❡s❡ ♥❛♠❡s
♦r✐❣✐♥❛t❡ ❢r♦♠ t❤❡ s❤❛♣❡s t❤❛t t❤❡ s✉r❢❛❝❡s ❡①❤✐❜✐t ✐♥ t②♣✐❝❛❧ ♠❛r❦❡t ❡♥✈✐r♦♥♠❡♥ts✳

❲❤✐❧❡ t❤❡r❡ ❛r❡ ♠❛♥② ❛♣♣r♦❛❝❤❡s ❢♦r ♠♦❞❡❧✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ ✐♥st❛♥t❛♥❡♦✉s
✈♦❧❛t✐❧✐t②✱ ✐♥❝❧✉❞✐♥❣ ▲❡✈② ❛♥❞ ❥✉♠♣✲❞✐✛✉s✐♦♥ ♠♦❞❡❧s✱ s❡❡✱ ❡✳❣✳✱ ❬✷✸✕✷✺✱ ✸✶❪ ❢♦r ❛
♥♦♥✲❡①❤❛✉st✐✈❡ ❧✐st✱ ♣r❛❝t✐t✐♦♥❡rs ♠♦st ♦❢t❡♥ ✉s❡ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧s t♦
♠❛♥❛❣❡ t❤✐s t②♣❡ ♦❢ r✐s❦✳ ❙❡❧❡❝t✐♥❣ ❛ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧ ❞❡t❡r♠✐♥❡s t❤❡
❝♦♥t✐♥✉♦✉s ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② s✉r❢❛❝❡✳ ❚❤❡ ♣r♦❝❡ss ♦❢ ♠❛t❝❤✐♥❣ t♦ t❤❡ ♦❜s❡r✈❡❞
❞✐s❝r❡t❡ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② s✉r❢❛❝❡ ✐s ❝❛❧❧❡❞ ❝❛❧✐❜r❛t✐♦♥✱ ❛♥❞✱ ♦♥❝❡ ❛ ♠♦❞❡❧ ✐s ❝❛❧✐✲
❜r❛t❡❞✱ t❤❡ ❝♦♥t✐♥✉♦✉s ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② s✉r❢❛❝❡ ♠❛② ❜❡ ✉s❡❞ ❢♦r ✐♥t❡r♣♦❧❛t✐♦♥ ❛♥❞
❡①tr❛♣♦❧❛t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝♦♥t✐♥✉♦✉s ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② s✉r❢❛❝❡ ❣✐✈❡♥ ❜② t❤❡
♠❛♣

Σc,0 : [0, T ]× [Kl, Ku] → R
+

(T,K) 7→ σc

❛♥❞ ✐ts ❞②♥❛♠✐❝s Σc,t(T,K)✱ t ∈ R
+✳ ❇② ❝❤♦♦s✐♥❣ ❛ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧

t❤❡s❡ ❞②♥❛♠✐❝s ❛r❡ ✐♠♣❧✐❝✐t❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♠♦❞❡❧✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝♦♥s✐❞❡r
t❤❡ ❝♦✉♣❧❡❞ ❙❉❊s ❣✐✈❡♥ ❜②















dF̃t = C(F̃t)vt dW
(1)
t , F̃t0 = f,

dvt = µ(vt) dt+ ν(vt) dW
(2)
t , vt0 = α,

✇✐t❤ d〈W (1),W (2)〉t = ρ dt.

✭✶✳✶✮

❚❤❡ ❝❤♦✐❝❡ ♦❢ ♠♦❞❡❧ ❛♥❞ ♣❛r❛♠❡t❡rs s❤♦✉❧❞ ❡♥s✉r❡ t❤❡ ❜❡st ✜t t♦ t❤❡ ❝✉rr❡♥t
✭❞✐s❝r❡t❡✮ ♠❛r❦❡t ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② s✉r❢❛❝❡ ❛♥❞ t❤❛t t❤❡ ❞②♥❛♠✐❝s ❛r❡ s✉✐t❛❜❧❡ ❢♦r
r✐s❦ ♠❛♥❛❣❡♠❡♥t ❛♥❞ tr❛❞✐♥❣ ♦❢ ❡①♦t✐❝ ❝♦♥tr❛❝ts✳ ❖❢t❡♥ ❡❛s❡ ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥
❞❡t❡r♠✐♥❡s t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♠♦❞❡❧✱ r❛t❤❡r t❤❛♥ ♠♦❞❡❧ s✉✐t❛❜✐❧✐t②✳ ❲❡ ♣r♦✈✐❞❡ ❛
❣❡♥❡r❛❧ ♠♦❞❡❧✐♥❣ ❛♣♣r♦❛❝❤ ✇✐t❤ ❛ tr❛❝t❛❜❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ t❤❛t ❞♦❡s
♥♦t r❡q✉✐r❡ t❤✐s ❝♦♠♣r♦♠✐s❡✳

❚♦ ❛❝❤✐❡✈❡ ♥✉♠❡r✐❝❛❧ tr❛❝t❛❜✐❧✐t②✱ ✇❡ ✉s❡ s✐♥❣✉❧❛r ♣❡rt✉r❜❛t✐♦♥ ♠❡t❤♦❞s t♦ ❞❡r✐✈❡
❛♥ ❛♣♣r♦①✐♠❛t❡ P❉❊✱ ❝❛❧❧❡❞ t❤❡ ❡✛❡❝t✐✈❡ P❉❊✱ ❢♦r t❤❡ ♠❛r❣✐♥❛❧ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t②
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♦❢ t❤❡ ❛ss❡t✳ ❍❡r❡✱ t❤✐s ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② s❤♦✉❧❞ ❜❡ ✉♥❞❡rst♦♦❞ ❛s

P

[

F < F̃t < F + dF
∣

∣

∣
F̃t0 = f, vt0 = α

]

.

❚❤✐s t❡❝❤♥✐q✉❡ ✇❛s ♦r✐❣✐♥❛❧❧② ✐♥tr♦❞✉❝❡❞ ❜② ❍❛❣❛♥ ❡t ❛❧✳ ❬✾✱ ✶✶✱ ✶✹✱ ✶✺❪ ❢♦r ❙❆❇❘
♠♦❞❡❧s✳ ❖✉r ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ♣r♦✈✐❞❡s ❛♥ ❡①t❡♥s✐♦♥ t♦ t❤✐s ❛♣♣r♦❛❝❤ ❛♥❞ ❝♦✈❡rs
♠♦st ✇❡❧❧ ❦♥♦✇♥ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❙❆❇❘ ♠♦❞❡❧s ♠❡♥✲
t✐♦♥❡❞ ❛❜♦✈❡✱ ❜✉t ❛❧s♦ t❤❡ ❙t❡✐♥✲❙t❡✐♥ ❬✸✸❪ ❛♥❞ ❙❝❤♦❡❜❡❧✲❩❤✉ ❬✸✵❪ ♠♦❞❡❧s✳

❍❛✈✐♥❣ ❞❡r✐✈❡❞ t❤❡ ❣❡♥❡r❛❧ ❡✛❡❝t✐✈❡ ❡q✉❛t✐♦♥✱ ✇❡ ❛r❡ ✐♥ ❛ ♣♦s✐t✐♦♥ t♦ ❝♦♥s✐❞❡r
♠❛♥② st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧ ✈❛r✐❛♥ts✳ ◆❛t✉r❛❧❧②✱ ♦✉r ❛♣♣r♦❛❝❤ ✐♥❝❧✉❞❡s t❤❡
st❛♥❞❛r❞ ❙❆❇❘ ♠♦❞❡❧ ❛s ❛ s♣❡❝✐❛❧ ❝❛s❡✱ ❜✉t ✐t ❛❧s♦ ✐♥❝❧✉❞❡s t❤❡ ❞✐s♣❧❛❝❡❞ ❙❆❇❘✱
♠❡❛♥✲r❡✈❡rt✐♥❣ ❙❆❇❘ ✭♠r❙❆❇❘✮ ❛♥❞ ❢r❡❡ ❜♦✉♥❞❛r② ❙❆❇❘ ✭❢❙❆❇❘✮ ♠♦❞❡❧s✳ ❋r❡❡
❜♦✉♥❞❛r② ♠♦❞❡❧s ❤❛✈❡ ❛ ✈♦❧❛t✐❧✐t② ❢✉♥❝t✐♦♥ ❣✐✈❡♥ ❜② |Ft|β✱ ❛♥❞ ✇❡r❡ ✐♥tr♦❞✉❝❡❞
❜② ❆♥t♦♥♦✈ ❡t ❛❧✳ ❬✹❪✳ ❲❡ ❛❧s♦ ❢♦❝✉s ♦♥ ❩❆❇❘ t②♣❡ ♠♦❞❡❧s✱ ♦r✐❣✐♥❛❧❧② ✐♥tr♦❞✉❝❡❞
❜② ❆♥❞r❡❛s❡♥ ❛♥❞ ❍✉❣❡ ❬✶❪✳ ❲❡ t❛❦❡ t❤✐s ❛s ❛ st❛rt✐♥❣ ♣♦✐♥t ❛♥❞ ❝♦♥s✐❞❡r t❤❡
❞✐s♣❧❛❝❡❞ ❩❆❇❘✱ ♠❡❛♥✲r❡✈❡rt✐♥❣ ❩❆❇❘ ✭♠r❩❆❇❘✮ ❛♥❞ ❢r❡❡ ❜♦✉♥❞❛r② ❩❆❇❘ ✭❢❩✲
❆❇❘✮ ♠♦❞❡❧s✳

❖✉r ♠❡t❤♦❞♦❧♦❣② r❡❧✐❡s ♦♥ ❡✣❝✐❡♥t❧② s♦❧✈✐♥❣ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❡✛❡❝t✐✈❡ P❉❊✳
❚❤❡ ❛❧t❡r♥❛t✐✈❡ ✇♦✉❧❞ ❜❡ t♦ s♦❧✈❡ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠✳ ❋r♦♠ ❛ ♥✉♠❡r✐✲
❝❛❧ ♣❡rs♣❡❝t✐✈❡✱ ❛ ♥♦♥✲③❡r♦ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❛ss❡t ❛♥❞ t❤❡ ✈♦❧❛t✐❧✐t② ❞r✐✈❡r
♠❛❦❡s ✐t ✐♠♣♦ss✐❜❧❡ t♦ ❛♣♣❧② ❛❧t❡r♥❛t✐♥❣ ❞✐r❡❝t✐♦♥ ✐♠♣❧✐❝✐t ✭❆❉■✮ ♠❡t❤♦❞s ❞✐✲
r❡❝t❧②✳ ❋♦r ❛♥ ❛♣♣r♦❛❝❤ t❤❛t ✉s❡s tr❛♥s❢♦r♠s ❛♥❞ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❍❡st♦♥
♠♦❞❡❧✱ s❡❡ ❬✶✼❪✳ ❚r❛♥s❢♦r♠❛t✐♦♥s ♠❛② ❜❡ ♣r♦❜❧❡♠❛t✐❝ ✇❤❡♥ ✐t ❝♦♠❡s t♦ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ tr❛♥s❢♦r♠❡❞ ❞②♥❛♠✐❝s ♠❛② ❜❡ ♠♦r❡ ❝♦♠♣❧✐✲
❝❛t❡❞ t❤❛♥ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡s✳ ❆♥♦t❤❡r ❛♣♣r♦❛❝❤ ✐s t♦ ❤❛♥❞❧❡ t❤❡ t❡r♠s ✐♥✈♦❧✈✐♥❣
❜♦t❤ q✉❛♥t✐t✐❡s FT ❛♥❞ vT ❜② ❛♥ ❡①♣❧✐❝✐t st❡♣✱ ❜✉t t❤✐s r❡q✉✐r❡s s♠❛❧❧ t✐♠❡ st❡♣s
✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ♥✉♠❡r✐❝❛❧ ✐♥st❛❜✐❧✐t②✳ ❍♦✇❡✈❡r✱ ❢♦r t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✱
t❤❡ P❡❛❝❡♠❛♥✲❘❛❝❤❢♦r❞✲❉♦✉❣❧❛s ♠❡t❤♦❞ ❬✻✱✷✼❪ ♠❛② ❜❡ ✉s❡❞❀ ✐t ♠❛② ❡✈❡♥ ❜❡ ❝♦♠✲
❜✐♥❡❞ ✇✐t❤ ❛♥ ❛♣♣r♦♣r✐❛t❡ s♦❧✈❡r s♦ t❤❛t ❛♥ ❡①♣❧✐❝✐t st❡♣ ✐s ♥♦t ♥❡❝❡ss❛r②✳ ■t❡r❛t✐✈❡
s♦❧✈❡r ❛❧❣♦r✐t❤♠s✱ s✉❝❤ ❛s ❇✐❈●❙t❛❜ ❬✼✱✷✾❪✱ ❞♦ ♥♦t ❡✈❡♥ r❡q✉✐r❡ ❛♥ ❡①♣❧✐❝✐t ♠❛tr✐①
r❡♣r❡s❡♥t❛t✐♦♥✳ ❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❡①❛♠♣❧❡s t♦ ✐❧❧✉str❛t❡ t❤❡ ♥❡✇ ♠♦❞❡❧s✱ ✇❡ ✉s❡
t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✸✱✷✵✱✷✶❪✳

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ♣r♦❝❡❡❞s ❛s ❢♦❧❧♦✇s✿ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠❡t❤♦❞♦❧✲
♦❣② ❛♥❞ ❞❡r✐✈❡ t❤❡ ❡✛❡❝t✐✈❡ P❉❊ ❢♦r t❤❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦✳ ❚❤❡ ✇❤♦❧❡ ❞❡r✐✈❛t✐♦♥✖
✐♥❝❧✉❞✐♥❣ ❛❧❧ ❞❡t❛✐❧s✖❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳ ■♥ ❙✉❜s❡❝t✐♦♥ ✷✳✷ ✇❡ ❝♦♥s✐❞❡r
t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ❢♦r♠✉❧❛ ❛♥❞ t❤❡♥ ♣r♦✈✐❞❡ ♠♦r❡ ❞❡t❛✐❧ ♦♥ ❝♦♥❝r❡t❡ ♠♦❞❡❧s ✐♥
❙✉❜s❡❝t✐♦♥ ✷✳✸✳ ■♥ ❙✉❜s❡❝t✐♦♥ ✷✳✸✳✶ ✇❡ ✉s❡ t❤❡ ♠❡t❤♦❞ t♦ ❛♥❛❧②③❡ t❤❡ s♠✐❧❡ ❞②✲
♥❛♠✐❝s ♦❢ t❤❡ ❩❆❇❘ ♠♦❞❡❧✱ ✇❤✐❧❡ ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✸✳✷ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡①t❡♥❞❡❞
❩❆❇❘ ♠♦❞❡❧s✳
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❚❤❡ ❛♣♣r♦❛❝❤ t❛❦❡♥ t♦ ❞❡♠♦♥str❛t❡ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ✐♥ ❙❡❝t✐♦♥ ✸ ✐s ❜❛s❡❞ ♦♥
♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ P❉❊ s♦❧✈❡rs✳ ❲❡ ✉s❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t♦ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧t✐♥❣
st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧✐♥❣ ❛♣♣r♦❛❝❤❡s ✐♥ ❙✉❜s❡❝t✐♦♥ ✸✳✶ ❛♥❞ t❤❡ ❝❛❧✐❜r❛t✐♦♥
❜❡❤❛✈✐♦r ✐♥ ❙✉❜s❡❝t✐♦♥ ✸✳✷✳ ❋✐♥❛❧❧②✱ ❙✉❜s❡❝t✐♦♥ ✸✳✸ ❝♦♠♣❛r❡s ♦✉r ❛♣♣r♦❛❝❤ t♦ ❛
❝❧❛ss✐❝❛❧ ▼♦♥t❡ ❈❛r❧♦ ❛♣♣r♦❛❝❤ ❬✷✷❪✳ ❙❡❝t✐♦♥ ✹ ❝♦♥❝❧✉❞❡s ✇✐t❤ ❛ s✉♠♠❛r②✱ ❞r❛✇s
❝♦♥❝❧✉s✐♦♥s ❛♥❞ ♦✉t❧✐♥❡s ❞✐r❡❝t✐♦♥s ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤✳

✷ ▼❛✐♥ ❘❡s✉❧ts

❚♦ ♣r♦✈✐❞❡ ❛ tr❛❝t❛❜❧❡ ✇❛② t♦ ❝♦♠♣✉t❡ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❣❡♥❡r❛❧ t✇♦ ❞✐♠❡♥s✐♦♥❛❧
❙❉❊ ✐♥ ✭✶✳✶✮✱ ♦✉r ♠❛✐♥ ❣♦❛❧ ✐s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❞②♥❛♠✐❝s ❜② ❛ s✉✐t❛❜❧❡ ♦♥❡
❞✐♠❡♥s✐♦♥❛❧ ❧♦❝❛❧ ✈❡rs✐♦♥✳ ❋♦r t❤✐s ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠❛r❣✐♥❛❧ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t②
♦❢ t❤❡ ❛ss❡t✱ ❛❧s♦ ❝❛❧❧❡❞ t❤❡ r❡❞✉❝❡❞ ❞❡♥s✐t② ♦r ❡✛❡❝t✐✈❡ ♣r♦❜❛❜✐❧✐t②✱ ❛s ♦✉r ♠❛✐♥
♦❜❥❡❝t ♦❢ ✐♥t❡r❡st✳ ❚❤❡ r❡❞✉❝❡❞ ❞❡♥s✐t② Q ♦❢ F ❛t t✐♠❡ t✱ st❛rt✐♥❣ ❢r♦♠ t✐♠❡ t0✱ ✐s
❞❡✜♥❡❞ ❛s

Q(t, F ) dF = P

[

F < F̃t < F + dF
∣

∣

∣
F̃t0 = f, vt0 = α

]

. ✭✷✳✶✮

●✐✈❡♥ t❤❡ r❡❞✉❝❡❞ ❞❡♥s✐t② ❢♦r ❛ s♣❡❝✐✜❡❞ ❡①❡r❝✐s❡ t✐♠❡ T ✱ ✇❡ ❝❛♥ t❤❡♥ r❡❝♦✈❡r t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❝❛❧❧ ❛♥❞ ♣✉t ♣r✐❝❡s ❢♦r ❛❧❧ str✐❦❡s ❜② ❛♥ ❡✈❛❧✉❛t✐♦♥ ♦❢

CQ(T,K) =

∫ ∞

K

(F −K)Q(T, F ) dF ❛♥❞

PQ(T,K) =

∫ K

−∞

(K − F )Q(T, F ) dF.

❚♦ ❝♦♠♣✉t❡ t❤❡ r❡❞✉❝❡❞ ❞❡♥s✐t②✱ ✇❡ ❞❡r✐✈❡ ❛ P❉❊ ♦❢ t❤❡ ❢♦r♠

∂tQ(t, F ) = ∂FF [D(t, F )Q(t, F )] , Q(t0, f) = δ(F − f), ✭✷✳✷✮

✇❤❡r❡ D(·, ·) ✐s ❛ ❢✉♥❝t✐♦♥ t❤❛t ✐♥✈♦❧✈❡s t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛♥❞ ❞❡♣❡♥❞s ♦♥ t
❛♥❞ t❤❡ ❛ss❡t ✈❛❧✉❡ F ✳ ■t ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❧♦❝❛❧ ✈♦❧❛t✐❧✐t② ❢✉♥❝t✐♦♥✳ ❚♦ ❞❡r✐✈❡ t❤✐s
P❉❊✱ ✇❡ ✉s❡ s✐♥❣✉❧❛r ♣❡rt✉r❜❛t✐♦♥ ♠❡t❤♦❞s t♦ s②st❡♠❛t✐❝❛❧❧② ❛♥❛❧②③❡ t❤❡ s②st❡♠















dF̃t = εC(F̃t)vt dW
(1)
t , F̃t0 = f,

dvt = µ(vt) dt+ εν(vt) dW
(2)
t , vt0 = α,

✇✐t❤ d〈W (1),W (2)〉t = ρ dt.

✭✷✳✸✮

❖♥❝❡ t❤❡ r❡s✉❧t ✐s ❞❡r✐✈❡❞ ✇❡ s❡t ε ❜❛❝❦ t♦ 1✳
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❚❤❡ ❡✛❡❝t✐✈❡ P❉❊✱ ❛❧s♦ ❝❛❧❧❡❞ t❤❡ ❡✛❡❝t✐✈❡ ❢♦r✇❛r❞ ❡q✉❛t✐♦♥✱ ✐s ❛❝❝✉r❛t❡ t♦ ♦r❞❡r
O(ε2)✳ ❋♦r ❛❝❤✐❡✈✐♥❣ ❛ st❛❜❧❡ ❛♥❞ ❡✣❝✐❡♥t ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ t♦ s♦❧✈❡ t❤❡
P❉❊✱ ✇❡ ❡s♣❡❝✐❛❧❧② ♥❡❡❞ t♦ s♣❡❝✐❢② t❤❡ ❜♦✉♥❞❛r② ❜❡❤❛✈✐♦✉r✳ ❚❤✐s ❧❡❛❞s ✉s t♦
❝♦♥s✐❞❡r t✇♦ P❉❊s ❢♦r ❛❝❝✉♠✉❧❛t✐♥❣ ♣r♦❜❛❜✐❧✐t②✳ ❚❤❡ ❧♦✇❡r ❜♦✉♥❞❛r② bl ✐s ❡✐t❤❡r
❡①♣❧✐❝✐t❧② s♣❡❝✐✜❡❞ ✇❤❡♥ t❤❡ ♠♦❞❡❧ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ✐s ♥♦t ❛❞♠✐ss✐❜❧❡ ❢♦r ✈❛❧✉❡s
❜❡❧♦✇ bl✱ ♦r ❛rt✐✜❝✐❛❧❧② ✇❤❡♥ s❡tt✐♥❣ ✉♣ t❤❡ ❣r✐❞ ❢♦r ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥✳ ❚❤❡
✉♣♣❡r ❜♦✉♥❞❛r② ✐s s❡t ❜② s♣❡❝✐❢②✐♥❣ t❤❡ ❤✐❣❤❡st ❧❡✈❡❧ bu ✇❡ ✇✐s❤ t♦ ❝♦♥s✐❞❡r✳ ❚❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t✐❡s ❛r❡ ❞❡♥♦t❡❞ ❜② QL ❛♥❞ QR✳ ■♥
♦✉r s❡tt✐♥❣ t❤❡ P❉❊s ❛r❡ ❣✐✈❡♥ ❜②

∂tQ
L(t) = lim

F↓bl
∂F [D(t, F )Q(t, F )] , QL(t0) = 0

❛♥❞ ∂tQ
R(t) = − lim

F↑bu
∂F [D(t, F )Q(t, F )] , QR(t0) = 0.

❋♦r t❤❡ ❙❆❇❘ ♠♦❞❡❧ t❤❡ ❞❡r✐✈❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✸✱ ✷✶❪✱ t❤❡ ❢❙❆❇❘ ♠♦❞❡❧ ✐s
❝♦♥s✐❞❡r❡❞ ✐♥ ❬✷✵❪✳

◆❡①t✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❡✛❡❝t✐✈❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❣❡♥❡r❛❧ s❡tt✐♥❣ ✭✶✳✶✮✱ t❤❡♥ ✇❡ r❡str✐❝t
♦✉rs❡❧✈❡s t♦ ❛ s♣❡❝✐❛❧ ❝❧❛ss ♦❢ ❞②♥❛♠✐❝s✱ ❝❛❧❧❡❞ t❤❡ ❩❆❇❘ ❝❧❛ss✳ ❚❤✐s ✐♥❝❧✉❞❡s t❤❡
st❛♥❞❛r❞ ❩❆❇❘ ♠♦❞❡❧ ❬✶❪✱ ❜✉t ❛❧s♦ t❤❡ ❢r❡❡ ❜♦✉♥❞❛r② ✈❡rs✐♦♥ ♦❢ ❩❆❇❘ ✭❢❩❆❇❘✮✱
✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡s t❤❡ r❡s✉❧ts ❢r♦♠ ❬✹❪✱ ❛♥❞ t❤❡ ♠❡❛♥✲r❡✈❡rt✐♥❣ ❩❆❇❘ ✭♠r❩❆❇❘✮✳

✷✳✶ ❚❤❡ ❊✛❡❝t✐✈❡ P❉❊

❚♦ ❞❡r✐✈❡ t❤❡ ❡✛❡❝t✐✈❡ P❉❊ ✇❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s r❡❧❛t❡❞ t♦ ✭✶✳✶✮✿

❆ss✉♠♣t✐♦♥ ■✳ ❚❤❡ ❞r✐❢t t❡r♠✱ µ(·)✱ ✐s ❞✐✛❡r❡♥t✐❛❜❧❡✱ ✇✐t❤ ❞❡r✐✈❛t✐✈❡ µ′(·)✱ ❛♥❞ ❛
s♦❧✉t✐♦♥ Y (t, t0, α) t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ P❉❊ ❡①✐sts✿











∂tY (t, t0, α) = µ(Y (t, t0, α))

Y (t, t, α) = α

Y (t0, t0, α) = α.

❆ss✉♠♣t✐♦♥ ■■✳ ❚❤❡ ❢✉♥❝t✐♦♥ Y ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ❤❛s ❛♥ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥
y(t0, t, a) s✉❝❤ t❤❛t

Y (t, t0, α) = a ⇔ α = y(t0, t, a).

❘❡♠❛r❦ ✷✳✶✳ ❋✉♥❝t✐♦♥s µ(·) ❛❧❧♦✇✐♥❣ ❛ ❝❧♦s❡❞✲❢♦r♠ s♦❧✉t✐♦♥ ✐♥❝❧✉❞❡✿

✭✐✮ ❢♦r µ(x) = µ t❤❡ s♦❧✉t✐♦♥ ✐s Y (t, t0, α) = α + µ(t− t0)✳

✭✐✐✮ ❢♦r µ(x) = κ(θ − x) t❤❡ s♦❧✉t✐♦♥ ✐s Y (t, t0, α) = αe−κ(t−t0) + θ(1− e−κ(t−t0))✳

✺
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❆ss✉♠♣t✐♦♥ ■■■✳ ❚❤❡ ❢✉♥❝t✐♦♥s

X(t, t0, α) = ∂αY (t, t0, α), Z(t, u) = Z(t, u, t0, α) = y(u, t, Y (t, t0, α)),

z(F ) =

∫ F

f

1

C(u)
du, s(t) = S(t0, t, α) =

∫ t

t0

Z(t, u, t0, α)
2 du

❛♥❞

ψ(t, u, Z) = ν
(

Z(t, u)
)

Z(t, u)X
(

t, u, Z(t, u)
)

❛r❡ ✇❡❧❧ ❞❡✜♥❡❞✶✱ X
(

t, u, Z(t, u)
)−1

❡①✐sts✱ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡❣r❛❧ ❢✉♥❝t✐♦♥s ❛r❡
❞❡✜♥❡❞✿

I1(t) = ρ

∫ t

t0

ψ(t, u, Z) du,

I2(t) = 2

∫ t

t0

ν
(

Z(t, u)
)2
X
(

t, u, Z(t, u)
)2

∫ t

u

Z(t, v)X
(

t, v, Z(t, v)
)−1

dv du,

I3(t) = ρ

∫ t

t0

ψ(t, u, Z)

∫ t

u

Z(t, v)X
(

t, v, Z(t, v)
)−1

dv du,

I4(t) = ρ2
∫ t

t0

ψ(t, u, Z)

∫ t

u

∂Z

(

ψ(t, v, Z)
)

X
(

t, v, Z(t, v)
)−1

dv du,

I5(t) =

∫ t

t0

ν
(

Z(t, u)
)2
X
(

t, u, Z(t, u)
)2
du.

❆ss✉♠♣t✐♦♥ ■❱✳ ❚❤❡ ❢✉♥❝t✐♦♥ C(·) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t f ✱ ✇✐t❤ ❞❡r✐✈❛t✐✈❡ ❞❡♥♦t❡❞
❜② C ′(·)✳
❚❤❡♦r❡♠ ✷✳✷✳ ●✐✈❡♥ t❤❛t t❤❡ ❣❡♥❡r❛❧ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧ ✭✶✳✶✮ ♦❜❡②s ❆s✲

s✉♠♣t✐♦♥s ■✕■❱✱ ❛♥ ❡✛❡❝t✐✈❡ P❉❊ ❢♦r t❤❡ ❡✛❡❝t✐✈❡ ♣r♦❜❛❜✐❧✐t② ✭✷✳✶✮✱ ♦❢ t❤❡ ❢♦r♠

✭✷✳✷✮✱ ❝❛♥ ❜❡ ❞❡r✐✈❡❞✱ ✇✐t❤ ❢✉♥❝t✐♦♥ D ❣✐✈❡♥ ❜②

D(t, F ) =
1

2
a(t)2C(F )2eG(t)

(

1 + 2b(t)z(F ) + c(t)z(F )2
)

,

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ s♣❡❝✐✜❡❞ ❛s

a(t) = Y (t, t0, α), c(t) = b(t)2 +
1

a(t)s(t)2
I2(t)−

6b(t)

s(t)2
I3(t) +

2

a(t)s(t)2
I4(t),

b(t) =
1

a(t)s(t)
I1(t), G(t) = −s(t)c(t)− s(t)b(t)Γ0 +

1

a2
I5(t)

✶◆♦t❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ z(F ) ❞✐✛❡rs ❜② ❛ ❢❛❝t♦r ♦❢ 1

ε
❝♦♠♣❛r❡❞ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ✐♥ ✭❆✳✹✮✳

✻
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❛♥❞

Γ0 = −C ′(f).

Pr♦♦❢✳ ■♥ ❆♣♣❡♥❞✐① ❆ ✇❡ s❤♦✇ t❤❛t t❤❡ ❡✛❡❝t✐✈❡ P❉❊ ♦❢ ♦r❞❡r O(ε2) ✐s ❣✐✈❡♥ ❜②







∂tQ(t, F ) =
1

2
ε2a(t)2∂FF

[

C(F )2Q(t, F )eε
2G(t)

(

1 + 2εb(t)z(F ) + ε2c(t)z(F )2
)

]

Q(t, F ) → δ(F − f) ❛s t→ t+0 .
✭✷✳✹✮

❚❤✐s ❝♦♠❡s ❢r♦♠ ❝♦♠❜✐♥✐♥❣ ✭❆✳✸✮✱ ✭❆✳✺✮✱ ✭❆✳✶✵✮ ❛♥❞ ✭❆✳✶✮✳ ❙❡tt✐♥❣ ε t♦ 1 ②✐❡❧❞s
t❤❡ ❞❡s✐r❡❞ ❢♦r♠✳

❘❡♠❛r❦ ✷✳✸✳ ❚❤❡ ❝❧❛ss ♦❢ ♠♦❞❡❧s ✐s ♥♦t r❡str✐❝t❡❞ t♦ t❤❡ ❛❜♦✈❡ ❝❤♦✐❝❡s ♦❢ t❤❡
❢✉♥❝t✐♦♥ Γ0✳ ❈❤♦♦s✐♥❣ ❛ ❞✐✛❡r❡♥t ❢♦r♠ ❝♦✉❧❞ ✐♥ t✉r♥ ✐♠♣♦s❡ ❛ ♥❡✇ ✈❡rs✐♦♥ ♦❢
❆ss✉♠♣t✐♦♥ ■❱✳

❋✐❣✉r❡ ✶ s❤♦✇s t❤❡ ♦✉t♣✉t ♦❜t❛✐♥❡❞ ❜② ♥✉♠❡r✐❝❛❧❧② s♦❧✈✐♥❣ t❤❡ ❡✛❡❝t✐✈❡ P❉❊✳ ■t
✐s t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ❛ss❡t ❛t ♠❛t✉r✐t② ❛♥❞ ❞❡♣❡♥❞s ♦♥ ❛❧❧ t❤❡ ✐♥♣✉t ♣❛r❛♠❡t❡rs✳
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❋✐❣✉r❡ ✶✿ ❖✉t♣✉t ❢r♦♠ ♥✉♠❡r✐❝❛❧❧② s♦❧✈✐♥❣ t❤❡ ❡✛❡❝t✐✈❡ P❉❊ ❢♦r ❙❆❇❘✱ ❩❆❇❘✱
♠r❙❆❇❘ ❛♥❞ ♠r❩❆❇❘✳
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✷✳✷ ■♠♣❧✐❡❞ ❱♦❧❛t✐❧✐t② ❋♦r♠✉❧❛

❆s s❡❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✱ t❤❡ ❡✛❡❝t✐✈❡ P❉❊ ♦❢ t❤❡ ❣❡♥❡r❛❧ ♠♦❞❡❧ ✐s ♦❢ t❤❡ s❛♠❡
❢♦r♠ ❛s t❤❡ ❝❧❛ss✐❝❛❧ ♦r ♠❡❛♥✲r❡✈❡rt✐♥❣ ❙❆❇❘ ❬✶✵✱ ✶✻❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❜♦t❤ t❤❡s❡
♠♦❞❡❧s ✜t ✐♥t♦ t❤❡ s❛♠❡ ❢r❛♠❡✇♦r❦✱ ✇❤✐❝❤ ❛❧❧♦✇s ❢♦r ❛ ❞✐r❡❝t ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
t❤❡ ✐♠♣❧✐❡❞ ♥♦r♠❛❧ ♦r ❇❧❛❝❦ ✈♦❧❛t✐❧✐t② ❬✾❪✳

❚♦ s❤♦✇ t❤❛t ♦✉r ♠♦❞❡❧ ❛❧s♦ ✜ts ✐♥t♦ t❤✐s ❢r❛♠❡✇♦r❦✱ ✇❡ ✉s❡ ❊✛❡❝t✐✈❡ ▼❡❞✐❛
t❤❡♦r② ❬✶✷❪ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❡✛❡❝t✐✈❡ P❉❊ ♦❢ ❊q✉❛t✐♦♥ ✭✷✳✹✮ ❜② ❛ s✉✐t❛❜❧❡ ❙❆❇❘
❡✛❡❝t✐✈❡ P❉❊✳ ❚♦ ❢❛❝✐❧✐t❛t❡ t❤✐s ✇❡ ❝♦♥s✐❞❡r ❛ ✜①❡❞ ♠❛t✉r✐t② T ❛♥❞ s❡t t❤❡ ✐♥✐t✐❛❧
t✐♠❡ t0 = 0✱ ❢r♦♠ ♥♦✇ ♦♥✳ ❲❡ st❛rt ❜② ❞❡✜♥✐♥❣ t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t ♣❛r❛♠❡t❡rs b̄✱
c̄ ❛♥❞ Ḡ✱ ✇❤✐❝❤ ❛❧❧♦✇ ❢♦r ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✷✳✹✮ t♦ ♦r❞❡r O(ε2)✱ ❛t
t✐♠❡ T ✳ ❚❤❡s❡ ♣❛r❛♠❡t❡rs ❛r❡ ❣❡♥❡r❛❧❧② ❣✐✈❡♥ ❜② ❬✶✷✱ ❊q✉❛t✐♦♥ ✷✳✹❪✿

b̄ =
2

T 2

∫ T

0

ub(u) du

c̄ =
3

T 3

∫ T

0

u2c(u) du+
18

T 3

∫ T

0

b(u)

∫ u

0

vb(v) dv du− 3b̄2

Ḡ =
1

T

∫ T

0

G(u) du+
1

T

∫ T

0

u(c(u)− c̄) du.

◆♦t❡ t❤❛t ❜❡❢♦r❡ ✉s✐♥❣ t❤❡s❡ ❡q✉❛t✐♦♥s✱ t❤❡ ❢✉♥❝t✐♦♥s b ❛♥❞ c ♦❢ ❚❤❡♦r❡♠ ✷✳✷ ♠✉st
❜❡ ♠♦❞✐✜❡❞ t♦ ✜t ✐♥t♦ t❤❡ s❡tt✐♥❣ ♦❢ ❬✶✷✱ ❊q✉❛t✐♦♥ ✷✳✷❪✳

❲✐t❤ t❤❡ ❝♦♥st❛♥t ❡✛❡❝t✐✈❡ ♣❛r❛♠❡t❡rs ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ s♦ ❝❛❧❧❡❞ ❡✛❡❝t✐✈❡ ❙❆❇❘
♣❛r❛♠❡t❡rs✿

νeff =
√
c̄, ρeff =

b̄√
c̄
, αeff = α

(

1 +
1

2
Ḡ+

1

4
αb̄Γ0T

)

. ✭✷✳✺✮

❚❤❡s❡ ❛❧❧♦✇ ✉s t♦ ❛♣♣r♦①✐♠❛t❡ ♦✉r ♠♦❞❡❧ t♦ ♦r❞❡r O(ε2) ✇✐t❤ ❛ ❙❆❇❘ ♠♦❞❡❧✱
❛♥❞ ✐♥ t✉r♥ ♣r♦✈✐❞❡ ✉s ✇✐t❤ t❤❡ ✈❛r✐♦✉s ❛✈❛✐❧❛❜❧❡ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② ❢♦r♠✉❧❛❡✳ ❖♥❡
♣r♦♠✐♥❡♥t ❡①❛♠♣❧❡ ✇♦✉❧❞ ❜❡ t❤❡ ❢♦r♠✉❧❛ ♣r♦✈✐❞❡❞ ✐♥ ❬✾❪✿

σ(T,K) = ε
νeff(K − f)

R(ζ)

{

1 + ε2Θ(ζ)T ✐❢ Θ ≥ 0
1

1−ε2Θ(ζ)T
✐❢ Θ < 0,

✇✐t❤

R(ζ) = log

(

ρeff + ζ + E(ζ)

1 + ρeff

)

,

Θ(ζ) =
ν2eff
24

(

3
ρeff + ζ − ρeffE(ζ)

R(ζ)E(ζ)
− 1

)

+
∆0α

2
new

6

(

1− ρ2eff +
(ρeff + ζ)E(ζ)− ρeff

R(ζ)

)

,

✽
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✇❤❡r❡

ζ =
νeff
αnew

∫ K

f

1

C(u)
du, E(ζ) =

√

1 + 2ρζ + ζ2,

αnew = αeff

(

1− 1

4
ρeffνeffαeffΓ0T

)

, ∆0 =
1

4
C(f)C ′′(f)− 1

8
C ′(f)2.

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r s♣❡❝✐❛❧ ❝❛s❡s t♦ ✐❧❧✉str❛t❡ t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ ♦✉r
❛♣♣r♦❛❝❤✳

✷✳✸ ❩❆❇❘✲t②♣❡ ▼♦❞❡❧s

●✐✈❡♥ t❤❡ ♣r❡✈❛✐❧✐♥❣ ♥❡❣❛t✐✈❡ ✐♥t❡r❡st r❛t❡ r❡❣✐♠❡ ❢♦r s♦♠❡ ❝✉rr❡♥❝✐❡s✱ ✇❡ ❢♦❝✉s
♦♥ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧s t❤❛t ❛r❡ ♦❢t❡♥ ❛♣♣❧✐❡❞ ❢♦r ♠❛♥❛❣✐♥❣ t❤❡ ✈♦❧❛t✐❧✐t②
r✐s❦ ❢♦r t❤✐s ❛ss❡t ❝❧❛ss✳ ❙✉❝❤ ♠♦❞❡❧s ❛r❡ ❛♣♣❧✐❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ t♦ ♣❛r❛♠❡tr✐③❡ t❤❡
✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② s✉r❢❛❝❡✱ ❜✉t ❛❧s♦ ❢♦r ♣r✐❝✐♥❣ ❝❛s❤✲s❡tt❧❡❞ s✇❛♣t✐♦♥s ❛♥❞ ❝♦♥st❛♥t
♠❛t✉r✐t② s✇❛♣s✳ ❙✐♥❝❡ ♣r❛❝t✐t✐♦♥❡rs ❤❛✈❡ ❢♦✉♥❞ t❤❛t st❛♥❞❛r❞ ❙❆❇❘ ♠♦❞❡❧s ❛r❡
t♦♦ r❡str✐❝t✐✈❡ ❢♦r t❤✐s t❛s❦✱ ✇❡ ❝♦♥s✐❞❡r s♣❡❝✐✜❝ ❝❤♦✐❝❡s ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts t❤❛t ❧❡❛❞
t♦ ❩❆❇❘✲t②♣❡ ♠♦❞❡❧s✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❝♦♥s✐❞❡r st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧s ♦❢
t❤❡ ❢♦r♠ ✭✷✳✸✮ ✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥s µ✱ C ❛♥❞ ν ❛r❡ ♦❢ t❤❡ ❢♦r♠ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✳

µ C ν ▼♦❞❡❧

0 F̃ β
t vt ❙❆❇❘

0 F̃ β
t 1 ◆♦r♠❛❧ ❙❆❇❘ ✭♥❙❆❇❘✮

0 (F̃t + d)β vt ❉✐s♣❧❛❝❡❞ ❙❆❇❘

0 |F̃t|β vt ❋r❡❡ ❙❆❇❘ ✭❢❙❆❇❘✮

κ(θ − vt) F̃ β
t vt ♠❡❛♥ r❡✈❡rt✐♥❣ ❙❆❇❘ ✭♠r❙❆❇❘✮

0 F̃ β1

t vβ2

t ❩❆❇❘

0 (F̃t + d)β1 vβ2

t ❉✐s♣❧❛❝❡❞ ❩❆❇❘

0 |F̃t|β1 vβ2

t ❋r❡❡ ❩❆❇❘ ✭❢❩❆❇❘✮

κ(θ − vt) F̃ β1

t vβ2

t ♠❡❛♥ r❡✈❡rt✐♥❣ ❩❆❇❘ ✭♠r❩❆❇❘✮

❚❛❜❧❡ ✶✿ P❛r❛♠❡tr✐③❛t✐♦♥s ♦❢ t❤❡ ❩❆❇❘✲t②♣❡ ♠♦❞❡❧s✳

❚❤❡ ❙❆❇❘✲t②♣❡ ♠♦❞❡❧s ✇❡r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✹✱ ✶✺✱ ✷✵✱ ✷✻❪ ❛♥❞ t❤❡ ❩❆❇❘ ♠♦❞❡❧
✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶❪✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❞✐s♣❧❛❝❡❞ ❩❆❇❘✱ ❞❩❆❇❘✱ t❤❡ ❢r❡❡ ❩❆❇❘✱
❢❩❆❇❘✱ ❛♥❞ t❤❡ ♠❡❛♥✲r❡✈❡rt✐♥❣ ❩❆❇❘✱ ♠r❩❆❇❘✱ ♠♦❞❡❧s✳ ❋✉rt❤❡r♠♦r❡✱ ♦✉r ♥✉✲
♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤ ❢♦r s♦❧✈✐♥❣ t❤❡ st❛♥❞❛r❞ ❩❆❇❘ ♠♦❞❡❧ ❞✐✛❡rs ❢r♦♠ t❤❡ ❛♣♣r♦❛❝❤
✐♥ ❬✶❪ ❛♥❞ ✐s ❛r❜✐tr❛❣❡ ❢r❡❡ ❜② ❝♦♥str✉❝t✐♦♥✳

✾
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❚❤❡ ♠♦❞❡❧s ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✶ ❛r❡ ❛ ♥♦♥✲❡①❤❛✉st✐✈❡ ❧✐st ✇✐t❤ ♦t❤❡r ❝❤♦✐❝❡s ♣♦ss✐✲
❜❧❡✳ ❉✐✛❡r❡♥t ❝❤♦✐❝❡s ❢♦r t❤❡ ❢✉♥❝t✐♦♥ C ❛r❡✱ ❢♦r ❡①❛♠♣❧❡✱ s✉❣❣❡st❡❞ ✐♥ ❬✶✽❪ ♦r ❬✶✾❪✳

❘❡♠❛r❦ ✷✳✹✳ ◆♦t❡ t❤❛t t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❢✉♥❝t✐♦♥ C ♦❢ t❤❡ ❢r❡❡
❙❆❇❘ ❛♥❞ ❢r❡❡ ❩❆❇❘ ♠♦❞❡❧ ✐s ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t t❤❡ ♣♦✐♥t 0 ❛♥❞ t❤✉s ✇♦✉❧❞
♥♦t s❛t✐s❢② t❤❡ ❆ss✉♠♣t✐♦♥ ■❱ ❛♥❞ ✜t ✐♥t♦ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳ ❚♦
♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠ ✇❡ ❢♦❧❧♦✇ t❤❡ s❡tt✐♥❣ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❢r❡❡ ❙❆❇❘ ♠♦❞❡❧ ❬✹❪
❛♥❞ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ f 6= 0✳

✷✳✸✳✶ ❊✛❡❝t✐✈❡ P❉❊ ❢♦r ❩❆❇❘

❈♦♥s✐❞❡r t❤❡ ❩❆❇❘ ♠♦❞❡❧ ❛s s♣❡❝✐✜❡❞ ✐♥ ❚❛❜❧❡ ✶✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦❡✣❝✐❡♥ts
❢♦r t❤❡ ❡✛❡❝t✐✈❡ P❉❊ ✐♥ ✭✷✳✹✮ ♠❛② ❜❡ ❣r❡❛t❧② s✐♠♣❧✐✜❡❞✳

❋✐rst ♦❢ ❛❧❧ t❤❡ ❢✉♥❝t✐♦♥ Y ❤❛s ❛♥ ❡①♣❧✐❝✐t ❢♦r♠ t❤❛t ❡q✉❛❧s t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡✿

Y (t, t0, α) = α

❊✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ♥❡❡❞❡❞ ❢♦r t❤❡ ❡✛❡❝t✐✈❡ P❉❊ ②✐❡❧❞s

b = ρναβ2−2,

c̃ = ν2α2(β2−2)(1 + (β2 − 1)ρ2),

G(t) = −ρ2ν2α2(β2−1)(t− t0)(β2 − 1)− (t− t0)ρνα
β2Γ0

✭✷✳✻✮

❛♥❞ ❣✐✈❡s t❤❡ ❩❆❇❘ ❡✛❡❝t✐✈❡ P❉❊ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥

D(t, F ) =
1

2
α2C(F )2(1 + 2bz(F ) + c̃z(F )2)eG(t).

❋♦r t❤❡ ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❩❆❇❘ ♠♦❞❡❧✱ ✇❡ ✉s❡ t❤❡ ❡✛❡❝t✐✈❡ ❙❆❇❘
♣❛r❛♠❡t❡rs ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳ ●✐✈❡♥ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥
✭✷✳✻✮✱ t❤❡ ❡✛❡❝t✐✈❡ ❙❆❇❘ ♣❛r❛♠❡t❡rs ❛r❡ ❣✐✈❡♥ ❜②✿

νeff = ναβ2−1
√

1 + (β2 − 1)ρ2

ρeff =
ρ

√

1 + (β2 − 1)ρ2

αeff = α

(

1 +
1

4
ρ2ν2α2(β2−1)(1− β2)T

)

✭✷✳✼✮

◆♦t❡ t❤❛t t❤❡s❡ ❛r❡ t❤❡ ❝♦❡✣❝✐❡♥ts ✉s❡❞ ❢♦r t❤❡ ❛❝t✉❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ■♥ ♣❛r✲
t✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② s❡t ε = 1 ❛♥❞ ❛♣♣r♦①✐♠❛t❡❞ t❤❡ ♦r✐❣✐♥❛❧ ❡①♣♦♥❡♥t✐❛❧

✶✵
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❢✉♥❝t✐♦♥✳ ❚♦ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ t❡r♠
√

D(t, F ) r❡♠❛✐♥s r❡❛❧✱ ✇❡ ❢✉rt❤❡r ✐♠♣♦s❡
t❤❡ ❝♦♥❞✐t✐♦♥

β2 > 1 +
ρ2 − 1

ρ2
.

❙✐♥❝❡ ✇❡ ❛r❡ ✉s✐♥❣ ❛ ❙❆❇❘ ♠♦❞❡❧ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❩❆❇❘ ♠♦❞❡❧✱ ✐t ✐s ♥♦t
s✉r♣r✐s✐♥❣ t❤❛t ✇❡ ♦❜s❡r✈❡ s✐♠✐❧❛r ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♠♦❞❡❧s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ✇❡
s❤✐❢t t❤❡ ✉♥❞❡r❧②✐♥❣ ❢♦r✇❛r❞ r❛t❡ f ✱ ❛s ❞♦♥❡ ✐♥ ❋✐❣✉r❡ ✷✱ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡
✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② ♠♦✈❡s ✐♥ s❛♠❡ ❞✐r❡❝t✐♦♥ ❛s t❤❡ ❢♦r✇❛r❞✳

0.0000

0.0005
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-0.002 0.003 0.008 0.013 0.018 0.023
Strikes

Implied Bachelier Volatility 

ZABR ZABR_Shifted

❋✐❣✉r❡ ✷✿ ❚❤❡ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② ❢♦r t❤❡ ❩❆❇❘ ♠♦❞❡❧ ✇✐t❤ ♣❛r❛♠❡t❡rs β = 0.5✱
β2 = 0.8✱ ν = 0.3✱ ρ = −0.8✱ ❛♥ ✉♥❞❡r❧②✐♥❣ ❢♦r✇❛r❞ r❛t❡ ♦❢ f = 0.005✱ ✇❤✐❝❤ ✐s
s❤✐❢t❡❞ ❜② 0.002✱ ❛♥❞ ❛ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ 0.001✳

✷✳✸✳✷ ❊✛❡❝t✐✈❡ P❉❊ ❢♦r ❢❩❆❇❘ ❛♥❞ ♠r❩❆❇❘

❍❛✈✐♥❣ ❡①❛♠✐♥❡❞ t❤❡ ❩❆❇❘ ♠♦❞❡❧✱ ✇❡ ❝❛♥ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥s
♦❢ t❤❡ ❢r❡❡ ❩❆❇❘ ❛♥❞ ♠❡❛♥✲r❡✈❡rt✐♥❣ ❩❆❇❘ ♠♦❞❡❧s✳

❋♦r t❤❡ ❢r❡❡ ❩❆❇❘ ♠♦❞❡❧✱ t❤❡ ❡✛❡❝t✐✈❡ ❙❆❇❘ ♣❛r❛♠❡t❡rs ❛r❡ t❤❡ s❛♠❡ ❛s ❢♦r
t❤❡ ❩❆❇❘ ♠♦❞❡❧ ❛♥❞ ❛r❡ ❣✐✈❡♥ ✐♥ ✭✷✳✼✮✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧s ❧✐❡s
❡①❝❧✉s✐✈❡❧② ✐♥ t❤❡ ❢✉♥❝t✐♦♥ C(F )✱ ❛s ✇❛s t❤❡ ❝❛s❡ ✐♥ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❙❆❇❘ t♦
t❤❡ ❢r❡❡ ❙❆❇❘ ♠♦❞❡❧✱ s❡❡ ❬✷✵❪✳

❈♦♥s✐❞❡r✐♥❣ t❤❡ ♠❡❛♥✲r❡✈❡rt✐♥❣ ❩❆❇❘ ♠♦❞❡❧ ✇✐t❤ ❛ r❡✈❡rs✐♦♥ ❜❛❝❦ t♦ t❤❡ ✐♥✐t✐❛❧
st❛t❡✱ ✐✳❡✳✱ ✇✐t❤ θ = α✱ ❛s s♣❡❝✐✜❡❞ ✐♥ ❚❛❜❧❡ ✶✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛r❛♠❡t❡rs ❢♦r
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t❤❡ ❡✛❡❝t✐✈❡ ❢♦r✇❛r❞ ❡q✉❛t✐♦♥ ❝❤❛♥❣❡ ❛♥❞ ❛r❡ ❣✐✈❡♥ ❜②

b(t) =
ρναβ2−2

κ(t− t0)

(

1− e−κ(t−t0)
)

,

c(t) =
(1 + ρ2)ν2α2(β2−2)

κ2(t− t0)2
(

1− e−κ(t−t0)
)2

+
6ρ2ν2α2(β2−2)

κ3(t− t0)3
(

1− e−κ(t−t0)
)(

1− κ(t− t0)− e−κ(t−t0)
)

+(1 + β2)
2ρ2ν2α2(β2−2)

κ2(t− t0)2
(

1− (1 + κ(t− t0))e
−κ(t−t0)

)

,

G(t) = −α2(t− t0)c−
ρναβ2

κ

(

1− e−κ(t−t0)
)

Γ0 +
ν2α2(β2−1)

2κ

(

1− e−2κ(t−t0)
)

.

❋✐①✐♥❣ ❛ s♣❡❝✐✜❡❞ ♠❛t✉r✐t② T ✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥st❛♥t ❡✛❡❝t✐✈❡ ♣❛r❛♠❡t❡rs ♦❢
❙❡❝t✐♦♥ ✷✳✷ ❛r❡ ❣✐✈❡♥ ❜②

b̄ =
2ρναβ2−1

κ2T 2

(

κT − 1 + e−κT
)

,

c̄ =
3(1 + ρ2)ν2α2(β2−1)

2(κT )3
(

2κT + 4e−κT − 3− e−2κT
)

+6(1 + β2)
ρ2ν2α2(β2−1)

(κT )3
(

κT + 2e−κT − 2 + κTe−κT
)

−12ρ2ν2α2(β2−1)

(

κT − 1 + e−κT

(κT )2

)

Ḡ =
ν2α2(β2−1)

4κ2T

(

2κT + e−2κT − 1
)

− 1

2
c̄T − ρναβ2

κ2T

(

κT − 1 + e−κT
)

Γ0.

❍❡r❡ ✇❡ ❝❛♥ ♥♦✇ ✉s❡ ✭✷✳✺✮ t♦ ❞❡r✐✈❡ t❤❡ ❡✛❡❝t✐✈❡ ❙❆❇❘ ♣❛r❛♠❡t❡rs✳ ❆s s❡❡♥ ✐♥
❋✐❣✉r❡ ✸ ❛♥❞ ✹✱ ✐♥ ❜♦t❤ ❝❛s❡s ✇❡ st✐❧❧ ♦❜s❡r✈❡ t❤❛t t❤❡ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② ♠♦✈❡s
t♦❣❡t❤❡r ✇✐t❤ t❤❡ s❤✐❢t❡❞ ✉♥❞❡r❧②✐♥❣✳

✸ ◆✉♠❡r✐❝❛❧ ❊①❛♠♣❧❡s

❋♦r ♦✉r ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❡ ✉s❡ t❤❡ ❡✛❡❝t✐✈❡ ❙❆❇❘ ♣❛r❛♠❡t❡rs ❞❡r✐✈❡❞
❢♦r ❡❛❝❤ ♠♦❞❡❧ ❛♥❞ t❤❡ ♠❡t❤♦❞s ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✸✱✷✵✱✷✶❪ ❛❞❛♣t❡❞ t♦ ♦✉r s❡tt✐♥❣✳
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❋✐❣✉r❡ ✹✿ ▼❡❛♥ r❡✈❡rt✐♥❣ ❩❆❇❘ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② ✇✐t❤ ♣❛r❛♠❡t❡rs ❛s ✐♥ ❋✐❣✉r❡ ✷
❛♥❞ κ = 0.2✳

✸✳✶ ❈♦♠♣❛r✐s♦♥ ❙❆❇❘ ❛♥❞ ❩❆❇❘ ❚②♣❡ ▼♦❞❡❧s

❚♦ s❡❡ t❤❡ ✐♠♣❛❝t ♦❢ ♦✉r ♥❡✇ ♠♦❞❡❧s✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t✐❡s ❣❡♥❡r❛t❡❞
❜② ❡❛❝❤ ♠♦❞❡❧✳ ❋♦r t❤✐s ✇❡ ✉s❡ t❤❡ s❛♠❡ ♣❛r❛♠❡t❡rs ❛s ✐♥ ❋✐❣✉r❡ ✷ ❛♥❞ ✈❛r✐♦✉s
✈❛❧✉❡s ❢♦r t❤❡ ♥❡✇ ♣❛r❛♠❡t❡rs β2 ❛♥❞ κ✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺ ❛♥❞
❋✐❣✉r❡ ✻✳ ❆s ✇❡ ❝❛♥ s❡❡✱ t❤❡ ❝❤❛♥❣❡ ❢r♦♠ ❛ ❙❆❇❘ t♦ ❛ ❩❆❇❘ ♠♦❞❡❧ ❤❡❛✈✐❧②
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❋✐❣✉r❡ ✻✿ ■♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② ❢♦r t❤❡ ♠❡❛♥ r❡✈❡rs✐♦♥ ❩❆❇❘ ✇❤❡♥ κ ❝❤❛♥❣❡s✳

✐♥✢✉❡♥❝❡s t❤❡ s♠✐❧❡✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❖❚▼ ❡♥❞ s❤♦✇s ♠✉❝❤ st❡❡♣❡r ❜❡❤❛✈✐♦✉r✳
❚❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ♠❡❛♥ r❡✈❡rs✐♦♥ ❛❣❛✐♥ ✇♦r❦s ✐♥ t❤❡ ❝♦♥tr❛r② ❞✐r❡❝t✐♦♥ ❛♥❞ ❜r✐♥❣s
t❤❡ ♠♦❞❡❧ ❝❧♦s❡r t♦ t❤❡ ❙❆❇❘ ❝❛s❡✳

■♥ ❋✐❣✉r❡ ✼ ✇❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ❩❆❇❘ ♠♦❞❡❧✳ ❍❡r❡ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡
♠♦❞❡❧ ❡①❤✐❜✐ts ❛ ♠✉❝❤ ❤✐❣❤❡r ❛♥❞ st❡❡♣❡r ♣❡❛❦ ✐♥ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥✱ ❝♦♠♣❛r❡❞
✇✐t❤ t❤❡ ❙❆❇❘ ♠♦❞❡❧✳
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❋✐❣✉r❡ ✼✿ ❉❡♥s✐t② ❢♦r t❤❡ ❩❆❇❘ ♠♦❞❡❧ ✇❤❡♥ β2 ❝❤❛♥❣❡s✳

❋✐♥❛❧❧②✱ ❋✐❣✉r❡ ✽ s❤♦✇s t❤❛t t❤❡ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② ❢♦r♠✉❧❛s ②✐❡❧❞ ❛ ❣♦♦❞ ❛♣♣r♦①✲
✐♠❛t✐♦♥ t♦ t❤❡ ♠♦❞❡❧s ❢♦r ♠♦❞❡r❛t❡ t♦ ❤✐❣❤ str✐❦❡s✳ ❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❙❆❇❘
♠♦❞❡❧✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❜❡❝♦♠❡s ✇♦rs❡ ❢♦r ❧♦✇ str✐❦❡s✳

✸✳✷ ❈❛❧✐❜r❛t✐♦♥

❖♥❡ ❝r✉❝✐❛❧ ❛s♣❡❝t ♦❢ ❛ ♠♦❞❡❧ ✐s ✐ts ❛❜✐❧✐t② t♦ ✜t t♦ r❡❛❧ ♠❛r❦❡t ❞❛t❛✳ ❖♥❡ ❝♦♠♠♦♥
✇❛② t♦ ❝❛❧✐❜r❛t❡ ❛ ♠♦❞❡❧ ✐s t♦ ❝♦♥s✐❞❡r ❛ s❡t ♦❢ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t✐❡s ❛♥❞ tr② t♦
❛❞❥✉st t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs t♦ ♠✐♥✐♠✐③❡ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ ♠❛r❦❡t ❛♥❞ ♠♦❞❡❧
✈♦❧❛t✐❧✐t✐❡s✳ ❋♦r ♦✉r ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥t ✇❡ ❝❛❧✐❜r❛t❡❞ t❤❡ ♠♦❞❡❧s ♦♥ ❛ s❡t ♦❢
♥♦r♠❛❧ s✇❛♣t✐♦♥ ✈♦❧❛t✐❧✐t✐❡s ✇✐t❤ ♠❛t✉r✐t② ❛♥❞ t❡♥♦r ♦❢ ✺ ②❡❛rs✳ ❚❤❡ ✈♦❧❛t✐❧✐t②
❞❛t❛ ✐s ❢♦r t❤❡ ❊❯❘ ❝✉rr❡♥❝② ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞❛t❡s ✷ ❙❡♣t ✷✵✶✾ ❛♥❞ ✶ ◆♦✈
✷✵✶✾✳

❙✐♥❝❡ ✇❡ ❛r❡ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ✈❛r✐♦✉s ♠♦❞❡❧s ✇✐t❤ ❛ ✈❡rs✐♦♥ ♦❢ t❤❡ ❙❆❇❘ ♠♦❞❡❧✱
✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ ✜t ✐s ♦❢ t❤❡ s❛♠❡ q✉❛❧✐t②✳ ■♥ ❢❛❝t✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❩❆❇❘
♠♦❞❡❧✱ ✇❡ ❝❛♥ ♣r❡❞❡t❡r♠✐♥❡ t❤❡ ♥❡✇ ♣❛r❛♠❡t❡r β2 ❜❛s❡❞ ♦♥ ❛ ♠❛r❦❡t ❛♥❛❧②s✐s ❛♥❞
❝❛❧✐❜r❛t❡ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛r❛♠❡t❡rs t♦ s✇❛♣t✐♦♥ ❞❛t❛✳ ■♥ ❋✐❣✉r❡s ✾ ❛♥❞ ✶✵ ✇❡ ❝❛♥
s❡❡ t❤❛t t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ✜t ♠❛t❝❤❡s t❤❡ ❙❆❇❘ ♠♦❞❡❧ ❢♦r ✈❛r✐♦✉s ❞❛t❡s ❛♥❞ ✜①❡❞
β2✳ ❆❧s♦✱ ❢♦r t❤❡ ♠❡❛♥✲r❡✈❡rt✐♥❣ ❩❆❇❘✱ ✐♥ ❋✐❣✉r❡ ✾✱ ✇❡ ♦❜s❡r✈❡ ❛ ❝❛❧✐❜r❛t✐♦♥ r❡s✉❧t
s✐♠✐❧❛r t♦ t❤❛t ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❙❆❇❘ ♠♦❞❡❧✳ ❖✈❡r❛❧❧ ❛ ❣♦♦❞ ✜t ♦❢ t❤❡ ♠♦❞❡❧s t♦
t❤❡ ♠❛r❦❡t ❞❛t❛ ✐s ♦❜s❡r✈❡❞✳

■❢ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❝❛❧✐❜r❛t✐♦♥ ✐s s✐♠✐❧❛r t♦ t❤❛t ♦❢ t❤❡ ❙❆❇❘ ♠♦❞❡❧✱ ✐♥❞❡❡❞
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❩❆❇❘ ❛♥❞ ♠r❩❆❇❘ ♠♦❞❡❧s✳

✶✻

Electronic copy available at: https://ssrn.com/abstract=3518141



0.0E+00

2.0E-06

4.0E-06

6.0E-06

8.0E-06

1.0E-05

1.2E-05

1.4E-05

1.6E-05

1.8E-05

0.985 0.99 0.995 1 1.005 1.01 1.015 1.02 1.025 1.03 1.035
Strikes

Implied Bachelier Volatility Absolute Error 

SABR ZABR_0.9 mrZABR

0.0E+00

1.0E-06

2.0E-06

3.0E-06

4.0E-06

5.0E-06

6.0E-06

7.0E-06

8.0E-06

9.0E-06

0.985 0.99 0.995 1 1.005 1.01 1.015 1.02 1.025 1.03 1.035
Strikes

Implied Bachelier Volatility Absolute Error 

SABR ZABR_0.9 mrZABR

❋✐❣✉r❡ ✾✿ ❚❤❡ ❩❆❇❘ ♠♦❞❡❧ ✇✐t❤ ♣❛r❛♠❡t❡r β2 = 0.9 ❛♥❞ t❤❡ ♠r❩❆❇❘ ♠♦❞❡❧
✇✐t❤ κ = 0.3 ❝❛❧✐❜r❛t❡❞ t♦ t✇♦ ❞✐✛❡r❡♥t ❞❛t❡s✳

✇❡ ♠❛② ❛s❦ ♦✉rs❡❧✈❡s ✇❤② ✇❡ ❛r❡ ♥♦t ✉s✐♥❣ t❤❡ ❙❆❇❘ t♦ ❜❡❣✐♥ ✇✐t❤✳ ❍❡r❡ ✐t
✐s r❡❧❡✈❛♥t t♦ ♠❡♥t✐♦♥ t❤❛t ✐♥ ♠♦st ❛♣♣❧✐❝❛t✐♦♥s✱ ✇❡ ❛r❡ ♥♦t ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥
♠❛t❝❤✐♥❣ t❤❡ ❝✉rr❡♥t ♠❛r❦❡t ❞❛t❛✱ ❜✉t ✇❡ ❛❧s♦ ✇❛♥t t♦ ♣r♦✈✐❞❡ ❛ s❡t ♦❢ ❡❝♦♥♦♠✐❝
s❝❡♥❛r✐♦s ❢♦r ❢✉t✉r❡ ♣r✐❝❡s ♦r ♦❜❧✐❣❛t✐♦♥s t❤❛t ♠❛② ❜❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❛♥❞ ❡✈❡♥
♣❛t❤ ❞❡♣❡♥❞❡♥t✳ ■♥ ❬✺❪ ✐t ✐s s❤♦✇♥ t❤❛t ♠♦❞❡❧s ✇✐t❤ t❤❡ s❛♠❡ ❝❛❧✐❜r❛t✐♦♥ q✉❛❧✐t②
♠❛② r❡✈❡❛❧ t❤❡✐r ✢❡①✐❜✐❧✐t② ✇❤❡♥ ❡①♦t✐❝ ❞❡r✐✈❛t✐✈❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❋♦r ✐♥st❛♥❝❡✱
❈▼❙ ✐♥❞❡① r❡❧❛t❡❞ ❞❡r✐✈❛t✐✈❡s ✐❧❧✉str❛t❡ t❤✐s✳ ❲❡ ❞♦ ♥♦t r❡♣❡❛t t❤✐s st✉❞② ❤❡r❡✳

❯s✐♥❣✱ ❢♦r ❡①❛♠♣❧❡✱ ❛♥ ❊✉❧❡r✲▼❛r✉②❛♠❛ s❝❤❡♠❡ t♦ s✐♠✉❧❛t❡ t❤❡ ♠♦❞❡❧✱ t❤❡ ❛❞✲
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❋✐❣✉r❡ ✶✵✿ ❚❤❡ ❩❆❇❘ ♠♦❞❡❧ ✇✐t❤ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ β2 ❝❛❧✐❜r❛t❡❞ t♦ ♦♥❡ ❞❛t❡✳

❞✐t✐♦♥❛❧ ♣❛r❛♠❡t❡rs ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡✱ s✐♥❝❡✱ ❛t ❡❛❝❤ t✐♠❡ st❡♣✱ ✇❡ ✇♦✉❧❞
♥❡❡❞ ❛ ❞✐✛❡r❡♥t ❙❆❇❘ ♠♦❞❡❧ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥✳ ❲❡ s❤❛❧❧
❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❜❡♥❡✜ts ❝♦♠✐♥❣ ❢r♦♠ s✉❝❤ ❝♦♥s✐❞❡r❛t✐♦♥s ✐♥ ❛
❢✉t✉r❡ st✉❞②✳

✸✳✸ ❈♦♠♣❛r✐s♦♥ t♦ ▼❈

❋♦r t❤❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❛ ▼♦♥t❡ ❈❛r❧♦ ❡①♣❡r✐♠❡♥t ✇❡ ❝❤♦s❡ t❤❡ s❛♠❡ ♣❛r❛♠❡t❡r
s❡t ❛s ❛❜♦✈❡ ❛♥❞ r❛♥ ❛ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ♦♥❡ ♠✐❧❧✐♦♥ ♣❛t❤s ✇✐t❤ 240 t✐♠❡ st❡♣s
❢♦r ❛❧❧ t❤❡ ♠♦❞❡❧s ❡①❝❡♣t ❢♦r t❤❡ ❢r❡❡ ❙❆❇❘ ❛♥❞ ❩❆❇❘ ♠♦❞❡❧s ✇❤❡r❡ ✇❡ ✉s❡❞
t❡♥ ♠✐❧❧✐♦♥ ♣❛t❤s ✇✐t❤ 480 t✐♠❡ st❡♣s✳ ❋✐❣✉r❡ ✶✶ s❤♦✇s t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ✐♠♣❧✐❡❞
❇❛❝❤❡❧✐❡r ✈♦❧❛t✐❧✐t② ♦❜s❡r✈❡❞✳ ❚❤❡ r❡s✉❧ts ❢r♦♠ ✉s✐♥❣ ❜♦t❤ ❛♣♣r♦❛❝❤❡s ❛r❡ ✈❡r②
❝❧♦s❡✳ ❍❡r❡ ✇❡ ♦❜s❡r✈❡ ❛♥ ❛✈❡r❛❣❡ r❡❧❛t✐✈❡ ❡rr♦r ♦❢ ❛❜♦✉t 5%✱ ✇✐t❤ t❤❡ ♠♦st
s✐❣♥✐✜❝❛♥t ❝♦♥tr✐❜✉t✐♦♥ ✐♥ t❤❡ t❛✐❧s✳
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❋✐❣✉r❡ ✶✶✿ ■♠♣❧✐❡❞ ❇❛❝❤❡❧✐❡r ✈♦❧❛t✐❧✐t② ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❈❛❧❧ ♦♣t✐♦♥ ♣r✐❝❡s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❡✛❡❝t✐✈❡ ❡q✉❛t✐♦♥
❛♥❞ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥ ❢♦r t❤❡ ❙❆❇❘ ✭t♦♣ ❧❡❢t✮✱ ❩❆❇❘ ✭t♦♣ r✐❣❤t✮✱ ♠r❙❆❇❘ ✭♠✐❞ ❧❡❢t✮✱ ♠r❩❆❇❘ ✭♠✐❞ r✐❣❤t✮✱
❢❙❆❇❘ ✭❜♦tt♦♠ ❧❡❢t✮ ❛♥❞ ❢❩❆❇❘ ✭❜♦tt♦♠ r✐❣❤t✮✳
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❋✐❣✉r❡ ✶✷✿ ❘❡❧❛t✐✈❡ ❡rr♦r ❢♦r t❤❡ ✐♠♣❧✐❡❞ ❇❛❝❤❡❧✐❡r ✈♦❧❛t✐❧✐t② ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡
❝❛❧❧ ♦♣t✐♦♥ ♣r✐❝❡s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❡✛❡❝t✐✈❡ ❡q✉❛t✐♦♥ ❛♥❞ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥
❢♦r t❤❡ ❙❆❇❘✱ ❩❆❇❘✱ ♠r❙❆❇❘✱ ♠r❩❆❇❘✱ ❢❙❆❇❘ ❛♥❞ ❢❩❆❇❘✳

❋✐❣✉r❡ ✶✷ s❤♦✇s t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ str✐❦❡ ❛♥❞ ❢♦r ❛❧❧ t❤❡ ♠♦❞❡❧s
❝♦♥s✐❞❡r❡❞✳

✹ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❙✉♠♠❛r②

❲❡ ❤❛✈❡ ♦✉t❧✐♥❡❞ ❛♥ ❛♣♣r♦❛❝❤ ❛♣♣❧✐❝❛❜❧❡ t♦ ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②
♠♦❞❡❧s✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ ❛♥ ❡✛❡❝t✐✈❡ P❉❊ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ st♦❝❤❛st✐❝
✈♦❧❛t✐❧✐t② ♠♦❞❡❧✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ ❞❡r✐✈❡❞ ❛ ✭♦♥❡ ❞✐♠❡♥s✐♦♥❛❧✮ ❧♦❝❛❧ ✈♦❧❛t✐❧✐t②
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✭t✇♦ ❞✐♠❡♥s✐♦♥❛❧✮ ♠♦❞❡❧✳ ❚❤❡♥✱ ✇❡ ❛♣♣❧✐❡❞ ❛❝❝✉r❛t❡ ❛♥❞
❡✣❝✐❡♥t ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s t♦ ❝❛❧❝✉❧❛t❡ ♦♣t✐♦♥ ♣r✐❝❡s✳ ●❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r ❛♣✲
♣❧✐❝❛❜✐❧✐t② ✇❡r❡ ❞❡r✐✈❡❞✳ ❲❡ ❡①t❡♥❞ t❤❡ ♠♦❞❡❧✐♥❣ t♦ ✐♥❝❧✉❞❡ t❤❡ ❩❆❇❘ ♠♦❞❡❧ ❛♥❞
✐♥tr♦❞✉❝❡❞ t❤❡ ❢r❡❡ ❩❆❇❘ ❛♥❞ ♠❡❛♥✲r❡✈❡rt✐♥❣ ❩❆❇❘ ♠♦❞❡❧s✳ ❚❤❡ ✢❡①✐❜✐❧✐t② ♦❢
t❤❡ ♥❡✇ ♠♦❞❡❧s ✇❛s ❡①♣❧♦r❡❞ ❛♥❞ ❛ ♥✉♠❡r✐❝❛❧ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❡①✐st✐♥❣ ♠❡t❤♦❞s
✇❛s ❣✐✈❡♥✳

❚♦ ❞❡r✐✈❡ t❤❡ r❡s✉❧ts ✇❡ ❛♣♣❧✐❡❞ s✐♥❣✉❧❛r ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r②✳ ❚❤❡r❡ ❛r❡✱ ❤♦✇❡✈❡r✱
♦t❤❡r t❡❝❤♥✐q✉❡s t❤❛t ♠❛② ❜❡ ✉s❡❞ t♦ ❞❡r✐✈❡ ❛ ❧♦❝❛❧ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧ ❛ss♦❝✐❛t❡❞ ✇✐t❤
❛ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧✳ ❋♦r ✐♥st❛♥❝❡ ✇❡ st✐❧❧ ✇✐s❤ t♦ ❝♦♠♣❛r❡ ♦✉r r❡s✉❧ts t♦
t❤♦s❡ ❞❡r✐✈❡❞ ✈✐❛ t❤❡ ♠❡t❤♦❞ ♦❢ ▼❛r❦♦✈✐❛♥ Pr♦❥❡❝t✐♦♥✱ s❡❡ ❡✳❣✳ ❬✷✱ ✸✱ ✷✽❪✳ ❋r♦♠ ❛
♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ♣❡rs♣❡❝t✐✈❡✱ ✇❡ ❛♣♣❧✐❡❞ t❤❡ ♠❡t❤♦❞ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✶✸✱ ✷✵✱ ✷✶❪✳
❲❤✐❧❡ ✇❡ ❤❛✈❡ ✐♥❝❧✉❞❡❞ ❛ ❜❛s✐❝ ❝♦♠♣❛r✐s♦♥ t♦ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✇❡
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st✐❧❧ ✇✐s❤ t♦ ❞❡r✐✈❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❢♦r t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥ ❛s ✐♥ ❬✸✷❪✳
❚❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❞❡r✐✈❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛♥❛❧②③✐♥❣ t❤❡
❍❡st♦♥ ♠♦❞❡❧ s❡❡♠s t♦ ❜❡ ❛ ❣♦♦❞ st❛rt✐♥❣ ♣♦✐♥t ❢♦r ❢✉rt❤❡r ❛♥❛❧②③✐♥❣ t❤❡ q✉❛❧✐t②
♦❢ ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥ ✉s✐♥❣ ❡✛❡❝t✐✈❡ ❡q✉❛t✐♦♥s✳

❆ ❆♣♣❡♥❞✐①✿ ❉❡r✐✈❛t✐♦♥s

❆✳✶ ❉❡r✐✈✐♥❣ t❤❡ ❊✛❡❝t✐✈❡ ❋♦r✇❛r❞ ❊q✉❛t✐♦♥

❆s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ❛♥❛❧②③❡ ❛ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧ ♦❢ t❤❡ ❢♦r♠















dF̃t = εC(F̃t)vt dW
(1)
t , F̃t0 = f,

dvt = µ(vt) dt+ εν(vt) dW
(2)
t , vt0 = α,

✇✐t❤ d〈W (1),W (2)〉t = ρ dt.

❋♦❧❧♦✇✐♥❣ ❍❛❣❛♥ ❡t ❛❧✳ ❬✽✱✶✵✱✶✻❪✱ ✇❡ ❞❡✜♥❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② p(t0, f, α, t, F, A)
t❤❛t F̃ (t) = F ❛♥❞ vt = A ❛t t✐♠❡ t✱ ❣✐✈❡♥ t❤❛t F̃ (t0) = f ❛♥❞ vt0 = α ❛t t✐♠❡ t0✳
❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ♠♦♠❡♥ts

Q(k)(t0, f, α, t, F ) =

∫ ∞

0

Akp(t0, f, α, t, F, A) dA

❛♥❞ s❡t
Q(t, F ) = Q(0)(t0, f, α, t, F ) ✭❆✳✶✮

t♦ ❜❡ t❤❡ r❡❞✉❝❡❞ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ♦❢ t❤❡ ♠♦❞❡❧ ❣✐✈❡♥ t0✱ f ❛♥❞ α✳

❆✳✷ ❱♦❧❛t✐❧✐t② ❉r✐❢t

❇❡❢♦r❡ ❛♥❛❧②③✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ P❉❊ ❡q✉❛t✐♦♥s✱ ❧❡t ✉s ✜rst t❛❦❡ ❛ ❧♦♦❦ ❛t t❤❡
❞r✐❢t t❡r♠ ♦❢ t❤❡ ✈♦❧❛t✐❧✐t② ❢✉♥❝t✐♦♥✳ ❋♦r t❤✐s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ P❉❊ ❣✐✈❡♥
❜② t❤❡ ❞r✐❢t t❡r♠











∂tY (t, t0, α) = µ(Y (t, t0, α))

Y (t, t, α) = α

Y (t0, t0, α) = α.

✭❆✳✷✮

❇② ❆ss✉♠♣t✐♦♥s ■ ❛♥❞ ■■ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥ Y (t, t0, α) ❛♥❞ ❛♥
✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ y(t0, t, a)✱ s✉❝❤ t❤❛t

Y (t, t0, α) = a ⇔ α = y(t0, t, a).
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❈♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥t❡❣r❛t❡❞ ❢♦r♠ ♦❢ t❤❡ P❉❊ ✭❆✳✷✮✱ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ Y (t, t0, α)
s❛t✐s❢②

∂t0Y (t, t0, α) = −µ(α) +
∫ t

t0

µ′(Y (s, t0, α))∂t0Y (s, t0, α) ds

❛♥❞ ∂αY (t, t0, α) = 1 +

∫ t

t0

µ′(Y (s, t0, α))∂αY (s, t0, α) ds.

❚❤✐s✱ ✐♥ t✉r♥✱ ✐♠♣❧✐❡s t❤❛t

∂t0Y (t, t0, α) = −µ(α)∂αY (t, t0, α).

❘❡♠❛r❦ ❆✳✶✳ ◆♦t❡ t❤❛t ✐♥ ❜♦t❤ ❝❛s❡s ♦❢ t❤❡ ❘❡♠❛r❦ ✷✳✶ ✇❡ ❤❛✈❡ t❤❛t Y ❝♦✐♥❝✐❞❡s
✇✐t❤ t❤❡ ❡①♣❡❝t❡❞ ✈♦❧❛t✐❧✐t②✿

Y (t, t0, α) = E
[

vt | vt0 = α
]

.

■❢ µ ✐s ❛ ♥♦♥✲❧✐♥❡❛r ❢✉♥❝t✐♦♥✱ t❤✐s ✇♦✉❧❞ ♥♦t ❜❡ tr✉❡ ❛♥②♠♦r❡✱ s✐♥❝❡ ✇❡ ✇♦✉❧❞ ❤❛✈❡
t♦ ❡①❝❤❛♥❣❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥ µ✱ ✇❤✐❝❤ ✐♥ ❣❡♥❡r❛❧ ❝❛♥ ♥♦t ❜❡ ❞♦♥❡✳

❆✳✸ ❚❤❡ ❋♦r✇❛r❞ ❊q✉❛t✐♦♥

◆♦✇✱ ✇❡ st❛rt ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❑♦❧♠♦❣♦r♦✈ ❢♦r✇❛r❞ ❡q✉❛t✐♦♥ t♦ ❣❡t

∂tp(t, F, A) = −∂A
[

µ(A)p(t, F, A)
]

+
1

2
ε2∂FF

[

C(F )2A2p(t, F, A)
]

+ε2ρ∂FA

[

C(F )Aν(A)p(t, F, A)
]

+
1

2
ε2∂AA

[

ν(A)2p(t, F, A)
]

,

✇❤❡r❡ ✇❡ ❤❛✈❡ ❛❜❜r❡✈✐❛t❡❞ p(t0, f, α, t, F, A) ❛s p(t, F, A)✳ ■♥t❡❣r❛t✐♥❣ ♦✈❡r A ❛♥❞
❝♦♥s✐❞❡r✐♥❣ r❡✢❡❝t✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t♦ ❝♦♥s❡r✈❡ t❤❡ ♣r♦❜❛❜✐❧✐t②✱ ❛s ❞♦♥❡ ❢♦r
❡①❛♠♣❧❡ ✐♥ ❬✶✵❪✱ ✇❡ ❣❡t

∫ ∞

0

∂A

[

µ(A)p(t, F, A)
]

dA =
[

µ(A)p(t, F, A)
]∣

∣

∣

∞

0
= 0

∫ ∞

0

∂FA

[

C(F )Aν(A)p(t, F, A)
]

dA = ∂F

[

C(F )Aν(A)p(t, F, A)
]∣

∣

∣

∞

0
= 0

∫ ∞

0

∂AA

[

ν(A)2p(t, F, A)
]

dA = ∂A

[

ν(A)2p(t, F, A)
]
∣

∣

∣

∞

0
= 0.

❲✐t❤ t❤✐s✱ ✇❡ ❣❡t t❤❡ ❢♦r✇❛r❞ ❡q✉❛t✐♦♥






∂tQ
(0)(t, F ) =

1

2
ε2∂FF

[

C(F )2Q(2)(t, F )
]

Q(0)(t, F ) → δ(F − f) ❛s t→ t+0 ,
✭❆✳✸✮

❢♦r t > t0
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❆✳✹ ❚❤❡ ❇❛❝❦✇❛r❞ ❊q✉❛t✐♦♥

◆❡①t✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❑♦❧♠♦❣♦r♦✈ ❜❛❝❦✇❛r❞ ❡q✉❛t✐♦♥ ❢♦r Q(k) ❣✐✈❡♥ ❜②



























−∂t0Q(k) = µ(α)∂αQ
(k) +

1

2
ε2α2

[

C(f)2∂ffQ
(k) + 2ρ

ν(α)

α
C(f)∂fαQ

(k)

+

(

ν(α)

α

)2

∂ααQ
(k)

]

Q(k) → αkδ(F − f) ❛s t0 → t−,

✇❤❡r❡ ✇❡ ❤❛✈❡ ❛❜❜r❡✈✐❛t❡❞ Q(k)(t0, f, α, t, F ) ❛s Q
(k)✳ ❚♦ ❝❛♥❝❡❧ t❤❡ ❞r✐❢t t❡r♠✱ ❧❡t

✉s ❝❤❛♥❣❡ ✈❛r✐❛❜❧❡s ❢r♦♠ α t♦ a = Y (t, t0, α)✳ ❆s s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ❆✳✷ t❤❡ ❝❤❛♥❣❡
♦❢ ✈❛r✐❛❜❧❡s ✐s ♣r♦✈✐❞❡❞ ❜②

∂α → ∂αY (t, t0, α)∂a = X(t, t0, y(t0, t, a))∂a,

∂t0 → ∂t0 − µ(α)∂αY (t, t0, α)∂a = ∂t0 − µ(y(t0, t, a))X(t, t0, y(t0, t, a))∂a.

❍❡r❡✱ ✇❡ ✉s❡ t❤❡ ❢✉♥❝t✐♦♥ X ❛s ❛♥ ❛❜❜r❡✈✐❛t✐♦♥ ♦❢ ∂αY (t, t0, α)✳ ❲✐t❤ t❤✐s t❤❡
❞r✐❢t t❡r♠ ✈❛♥✐s❤❡s ❛♥❞ ✇❡ ❣❡t







−∂t0Q(k) =
1

2
ε2y(t0, t, a)

2
[

C(f)2∂ffQ
(k) + 2ρν̃C(f)∂fαQ

(k) + ν̃2∂ααQ
(k)
]

Q(k)(t0, f, a) → akδ(F − f) ❛s t0 → t−,

✇❤❡r❡ ✇❡ ❤❛✈❡ ❛❜❜r❡✈✐❛t❡❞ Q(k)(t0, f, a, t, F ) ❛s Q
(k)✱ ❛♥❞

ν̃ = ν̃(t0, t, a) =
ν(y(t0, t, a))

y(t0, t, a)
X(t, t0, y(t0, t, a)).

◆♦t❡ t❤❛t t❤✐s ❡q✉❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♦♥❡ ✐♥ ❬✶✻✱ ❆✳✶✾❪✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s
t❤❡ ❢♦r♠ ♦❢ ν̃(t0, t, a) ✇❤❡r❡ ✇❡ ❤❛✈❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ♦♥ y(t0, t, a)✳ ❚❤✉s✱
✉♥t✐❧ ✇❡ r❡❛❝❤ t❤❡ ♣♦✐♥t ✇❤❡r❡ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠ ♦❢ ν̃ ✐s ♥❡❡❞❡❞✱ ♦✉r r❡❛s♦♥✐♥❣ ✐s t❤❡
s❛♠❡ t❤❛t ✉s❡❞ ❜② ❍❛❣❛♥ ❡t ❛❧✳ ❬✽✱ ✶✻❪✳ ◆❡✈❡rt❤❡❧❡ss✱ ❢♦r ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ ❜r✐❡✢②
♣r❡s❡♥t t❤❡ ♠❛✐♥ st❡♣s✳

❲❡ st❛rt ❜② ❝❤❛♥❣✐♥❣ t❤❡ ✈❛r✐❛❜❧❡ f t♦

z =
1

ε

∫ F

f

1

C(u)
du ✭❆✳✹✮

❛♥❞ r❡✲s❝❛❧❡ Q(k) t♦ ❜❡

Q(k)(t0, f, a, t, F ) =
ak

εB(0)
Q̃(k)(t0, z, a, t, F ) ✭❆✳✺✮
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✇✐t❤ ✈❛r✐❛❜❧❡s

B(εz) = C(f) ❛♥❞ Γ(εz) =
B′(εz)

B(εz)
.

❚❤✐s ②✐❡❧❞s t❤❡ ❡q✉❛t✐♦♥











































−∂t0Q̃(k) = y(t0, t, a)
2

[

1

2
∂zzQ̃

(k) − 1

2
εΓ(εz)∂zQ̃

(k) − εkρ
ν̃

a
∂zQ̃

(k)

+
1

2
ε2k(k − 1)

ν̃2

a2
Q̃(k) − ερν̃∂zaQ̃

(k)

+ ε2k
ν̃2

a
∂aQ̃

(k) +
1

2
ε2ν̃2∂aaQ̃

(k)

]

Q̃(k) → δ(z) ❛s t0 → t−,

✇❤❡r❡ ✇❡ ❤❛✈❡ ❛❜❜r❡✈✐❛t❡❞ Q̃(k)(t0, z, a, t, F ) ❛s Q̃
(k)✳

◆♦✇✱ t♦ ❝❛♥❝❡❧ t❤❡ a ❞❡♣❡♥❞❡♥t t❡r♠ y(t0, t, a)
2 ✐♥ ❢r♦♥t ♦❢ ❡✈❡r② t❡r♠✱ ✇❡ ❝❤❛♥❣❡

t❤❡ t✐♠❡ s❝❛❧✐♥❣ ❢r♦♠ t0 t♦ s ❣✐✈❡♥ ❜②

s = S(t0, t, a) =

∫ t

t0

y(u, t, a)2 du.

❆❣❛✐♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✐♥✈❡rs❡ ❞❡♥♦t❡❞ ❜② t̃0 s✉❝❤ t❤❛t t0 = t̃0(s, t, a) ✇❤❡♥ s =
S(t0, t, a)✳ ❚❤❡♥ ✇❡ ❣❡t t❤❡ ♥❡✇ P❉❊























































∂sQ̃
(k) =

1

2
∂zzQ̃

(k) − 1

2
εΓ(εz)∂zQ̃

(k) − ερν̃
(

∂as ∂zsQ̃
(k) + ∂zaQ̃

(k)
)

+
1

2
ε2ν̃2

(

∂as
2 ∂ssQ̃

(k) + ∂aas ∂sQ̃
(k)
)

− εkρ
ν̃

a
∂zQ̃

(k)

+ε2k
ν̃2

a
∂as ∂sQ̃

(k) +
1

2
ε2k(k − 1)

ν̃2

a2
Q̃(k)

+ε2k
ν̃2

a
∂aQ̃

(k) +
1

2
ε2ν̃2

(

2∂as ∂saQ̃
(k) + ∂aaQ̃

(k)
)

Q̃(k) → δ(z) ❛s s→ 0+,

✭❆✳✻✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ❛❜❜r❡✈✐❛t❡❞ Q̃(k)(s, z, a, t, F ) ❛s Q̃(k)✳ ◆♦t❡ t❤❛t t❤✐s ❡q✉❛t✐♦♥ ❝♦r✲
r❡s♣♦♥❞s t♦ t❤❡ ♦♥❡s ✐♥ ❢♦r ❡①❛♠♣❧❡ ❬✶✻✱ ❆✳✷✾❪ ♦r ❬✽✱ ❆✳✷✽❪✳ ◆♦✇✱ ✇❡ ❛r❣✉❡ t❤❛t t♦
❧❡❛❞✐♥❣ ♦r❞❡r ✇❡ ♦♥❧② ❤❛✈❡ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥







∂sQ̃
(k) =

1

2
∂zzQ̃

(k)

Q̃(k) → δ(z) ❛s s→ 0+.
✭❆✳✼✮

✷✹
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❚❤✉s✱ ✐❢ ✇❡ ❡①♣❛♥❞ Q̃(k) = Q̃
(k)
0 + εQ̃

(k)
1 + ε2Q̃

(k)
2 + · · · ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡

✜rst t❡r♠ Q̃
(k)
0 ✐s ❣✐✈❡♥ ❜② t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭❆✳✼✮ ❛s

Q̃
(k)
0 (s, z, a) = Q̃

(k)
0 (s, z) =

1√
2πs

e−
z
2

2s .

■♥ ♣❛rt✐❝✉❧❛r✱ Q̃
(k)
0 ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ a ❛♥❞ t❤✉s ∂aQ̃

(k) ✐s ❛❝t✉❛❧❧② ♦❢ ♦r❞❡r O(ε)
❛♥❞ t❤❡ ❧❛st t✇♦ t❡r♠s ♦❢ ✭❆✳✻✮ ❛r❡ ♦❢ ♦r❞❡r O(ε3) ❛♥❞ ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞✳

❆✳✺ ❈♦♠♣✉t✐♥❣ Q̃(2)

❲✐t❤ ✭❆✳✻✮ ✇❡ ❝❛♥ s❡t ✉♣ t❤❡ t✇♦ P❉❊s ❢♦r Q̃(0) ❛♥❞ Q̃(2)✳ ❲✐t❤♦✉t ❡①♣❧✐❝✐t❧②
✇r✐t✐♥❣ t❤❡♠ ❞♦✇♥✱ ✇❡ ❝❛♥ st✐❧❧ s❡❡ t❤❛t ❢♦r k = 2 t❤❡ P❉❊ ❝♦♥t❛✐♥s ❛❧❧ t❤❡ t❡r♠s
♦❢ k = 0 ❛♥❞ t❤❡ ❛❞❞✐t✐♦♥❛❧ t❡r♠s ♦❢ t❤❡ ❧❛st ❧✐♥❡s✳ ❙✐♥❝❡ ♦✉r ❣♦❛❧ ✐s t♦ ❡①♣r❡ss
Q̃(2) ✐♥ t❡r♠s ♦❢ Q̃(0) ❛♥❞ t♦ ✐♥s❡rt t❤✐s ❜❛❝❦ ✐♥t♦ t❤❡ ❢♦r✇❛r❞ ❡q✉❛t✐♦♥✱ ✇❡ ✉s❡ t❤❡
❛♥s❛t③

Q̃(2)(s, z, a, t, F ) = H(s, z, a, t, F )e2εb(s,a)z+ε2c̃(s,a)z2+ε2G(s,α)

❛♥❞ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ P❉❊ ❢♦r H ❝♦rr❡s♣♦♥❞s t♦
t❤❡ ♦♥❡ ♦❢ Q̃(0)✳

❚❤✐s ②✐❡❧❞s t❤❡ P❉❊ ❣✐✈❡♥ ❜②

∂sH =
1

2
∂zzH − 1

2
εΓ(εz)∂zH − ερν̃

(

∂as ∂zsH + ∂zaH
)

+
1

2
ε2ν̃2

(

∂as
2 ∂ssH + ∂aas ∂sH

)

−
(

s∂sb+ b− ρν̃

a

)

2εz

s
H

−
(

s∂sc̃+ 2c̃− 2ρν̃
(

∂ab+ ∂sb ∂as
))ε2z2

s
H

+

(

− ∂sG+ c̃+ 2b2 − 4
ρν̃

a
b+

ν̃2

a2
− bΓ0 − 2ρν̃

(

∂ab+ ∂sb ∂as
)

)

ε2H

+2

(

b− ρν̃

a

)

ε

(

∂zH +
z

s
H

)

− 2

(

ρν̃b− ν̃2

a

)

ε2∂as ∂sH,

✭❆✳✽✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ❛❜❜r❡✈✐❛t❡❞ H(s, z, a, t, F ) ❛s H✳ ❍❡r❡ Γ0 = Γ(0) ✐s ❛ s✉✐t❛❜❧❡
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ Γ(εz) ✇✐t❤ ♦r❞❡r O(ε2)✳ ❚♦ ❜r✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ♦❢ H ❝❧♦s❡r t♦
t❤❡ ♦♥❡ ❢♦r Q̃(0) ✇❡ s❡t b s✉❝❤ t❤❛t

s∂sb+ b− ρν̃

a
= 0,

✷✺
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✐♥ ✇❤✐❝❤ ❝❛s❡ b ❤❛s t❤❡ ❢♦r♠

b(s, a) =
1

as
I1(s, t, a)

✇✐t❤ I1 = I1(s, t, a) = ρ

∫ s

0

ν̃
(

t̃0(x, t, a), t, a
)

dx.

❙✇✐t❝❤✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✈❛r✐❛❜❧❡ ❢r♦♠ x t♦ u = t̃0(x, t, a)✱ I1(s, t, a) ♠❛② ❜❡
✇r✐tt❡♥ ❛s

I1(s, t, a) = ρ

∫ t

t̃0(s,t,a)

ν̃
(

u, t, a
)

y2(u, t, a) du

= ρ

∫ t

t̃0(s,t,a)

ν
(

y(u, t, a)
)

y(u, t, a)X(t, u, y(u, t, a)) du.

◆♦t❡ t❤❛t ❤❡r❡ t❤❡ ♦♥❧② s ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ✐♥t❡❣r❛❧ I1 ❝♦♠❡s ❢r♦♠ t❤❡ ❜♦✉♥❞❛r②
t̃0(s, t, a)✳ ❚♦ ❤❛♥❞❧❡ t❤❡ t❡r♠ ❝♦♥t❛✐♥✐♥❣ ε(∂zH + z

s
H) ✇❡ r❡❝❛❧❧ t❤❛t

H0(s, z) =
1√
2πs

e−
z
2

2s

❛♥❞ t❤❛t ∂zH
0(s, z) + z

s
H0(s, z) = 0✳ ❲✐t❤ t❤✐s t❤❡ P❉❊ ♦❢ ♦r❞❡r O(ε) ✐s

∂sH =
1

2
∂zzH − 1

2
εΓ0∂zH − ερν̃∂as ∂zsH.

❆s ✐♥ ❬✶✻❪ ✇❡ ❝❛♥ s❤♦✇ t❤r♦✉❣❤ t❤❡ ❝♦♥❝r❡t❡ ❢♦r♠ ♦❢ H0 t❤❛t H1 ❤❛s t❤❡ ❢♦r♠

H1(s, z) = −1

2
sΓ0∂zH

0 − I3(s, t, a)∂zzzH
0

✇✐t❤ I3(s, t, a) =
1

2
ρ

∫ s

0

ν̃(t̃0(x, t, a), t, a)∂aS(t̃0(x, t, a), t, a) dx.

❯s✐♥❣ ♦✉r ♥❡✇ ❢♦r♠ ♦❢ ν̃ ❛♥❞ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠ ♦❢ ∂aS(t̃0(x, t, a), t, a) ❣✐✈❡♥ ❜②

∂aS(t̃0, t, a) = 2

∫ t

t̃0

y(u, t, a)∂ay(u, t, a) du

= 2

∫ t

t̃0

y(u, t, a)X(t, u, y(u, t, a))−1 du,

✇❡ ❣❡t

I3 = I3(s, t, a) = ρ

∫ t

t̃0(s,t,a)

ν(y(u, t, a))y(u, t, a)X(t, u, y(u, t, a))

×
∫ t

u

y(v, t, a)X(t, v, y(v, t, a))−1 dv du.

✷✻
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▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ❛s ✐♥ ❬✶✻❪ t❤❛t

ε

(

∂zH +
z

s
H

)

=
3I3
s2

ε2z2

s
H −

(

3I3
s2

− 1

2
Γ0

)

ε2H +O(ε3).

❇❡❢♦r❡ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs c̃ ❛♥❞ G ✐♥ ✭❆✳✽✮ ✇❡ r❡✇r✐t❡ t❤❡ ❧❛st t❡r♠ ✐♥
t❡r♠s ♦❢ H✳ ❋♦r t❤✐s ♥♦t❡ t❤❛t t♦ ♦r❞❡r O(ε2) ✇❡ ❤❛✈❡

ε2∂sH =
1

2
ε2s∂zzH =

1

2
ε2
(

z2

s2
− 1

s

)

H.

❲✐t❤ t❤✐s✱ t❤❡ P❉❊ ✐♥ ✭❆✳✽✮ s✐♠♣❧✐✜❡s t♦

∂sH =
1

2
∂zzH − 1

2
εΓ(εz)∂zH − ερν̃

(

∂as ∂zsH + ∂zaH

)

+
1

2
ε2ν̃2

(

∂as
2 ∂ssH + ∂aas ∂sH

)

−
[

s∂sc̃+ 2c̃− 2ρν̃∂ab+ 6
I3
s
∂sb

−
(

2ρν̃s∂sb− ρν̃b+
ν̃2

a

)

∂as

s

]

ε2z2

s
H

+

[

− ∂sG+ c̃+ 2b2 − 4
ρν̃

a
b+

ν̃2

a2
− ρν̃

a
Γ0 − 2ρν̃∂ab

+ 6
I3
s
∂sb−

(

2ρν̃s∂sb− ρν̃b+
ν̃2

a

)

∂as

s

]

ε2H.

❆✳✺✳✶ ❈♦♠♣✉t✐♥❣ c̃

❋r♦♠ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ✐t ✐s ❝❧❡❛r t❤❛t ✇❡ s❤♦✉❧❞ ❝❤♦♦s❡ c̃ ✐♥ ♦r❞❡r t♦ ❝❛♥❝❡❧ t❤❡
ε2z2

s
H t❡r♠✳ ❚❤✐s ♠❡❛♥s ✇❡ s❡t

s∂sc̃+ 2c̃− 2ρν̃∂ab+ 6
I3
s
∂sb−

(

2ρν̃s∂sb− ρν̃b+
ν̃2

a

)

∂as

s
= 0.

▼✉❧t✐♣❧②✐♥❣ ❜② s ❛♥❞ s✉♠♠❛r✐③✐♥❣ t❤❡ t❡r♠s ②✐❡❧❞s

∂s
(

s2c̃
)

+ 6I3∂sb = 2sρν̃∂ab+ ∂as
ν̃2

a
+
(

2ρν̃s∂sb− ρν̃b
)

∂as

= 2sρν̃∂ab+ ∂as
ν̃2

a
+
(

2ρν̃∂s
(

sb
)

− 3ρν̃b
)

∂as.

❚❛❦✐♥❣ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ t❤❛t I3 ✇❛s ❝❤♦s❡♥ t♦ s❛t✐s❢②

∂sI3 =
1

2
ρν̃∂as,

✷✼
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✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t c ♠✉st s♦❧✈❡

∂s
(

s2c̃
)

= −6∂s
(

I3b
)

+
ν̃2

a
∂as+ 2ρν̃

(

∂s
(

sb
)

∂as+ s∂ab
)

.

❚♦ ❡①♣❧✐❝✐t❧② s♦❧✈❡ t❤✐s✱ ❧❡t ✉s ✜rst ❝♦♥s✐❞❡r t❤❡ ❧❛st t❡r♠ ♦❢ t❤✐s ❡q✉❛t✐♦♥✳ ❲❡ ❣❡t

∂s
(

sb
)

∂as+ s∂ab = ∂s

(

1

a
I1

)

∂as+ ∂a

(

1

a
I1

)

=
1

a
∂aS∂sI1 −

1

a2
I1 +

1

a
∂aI1. ✭❆✳✾✮

❘❡❝❛❧❧ t❤❛t I1(s, t, a) ✐s ❞❡✜♥❡❞ ❛s

I1(s, t, a) = ρ

∫ t

t̃0(s,t,a)

ν
(

y(u, t, a)
)

y(u, t, a)X(t, u, y(u, t, a)) du.

■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ♠❡❛♥s ❢♦r t❤❡ a✲❞❡r✐✈❛t✐✈❡ t❤❛t ✇❡ ❤❛✈❡

∂aI1(s, t, a) = −∂at̃0(s, t, a)ρν̃(t̃0(s, t, a), t, a)y2(t̃0(s, t, a), t, a)

+ρ

∫ t

t̃0(s,t,a)

∂a

(

ν(y(u, t, a))y(u, t, a)X(t, u, y(u, t, a))
)

du.

❋♦❧❧♦✇✐♥❣ ❬✶✻❪ ✇❡ ❝❛♥ s❡❡ t❤❛t ✇❡ ❤❛✈❡

∂aS(t̃0(s, t, a), t, a) = y2(t̃0(s, t, a), t, a)∂at̃0(s, t, a).

❚❤✉s✱ ✭❆✳✾✮ r❡❞✉❝❡s t♦

∂s
(

sb
)

∂as+ s∂ab

= − 1

a2
I1(s, t, a) +

1

a
ρ

∫ t

t̃0(s,t,a)

∂a

(

ν(y(u, t, a))y(u, t, a)X(t, u, y(u, t, a))
)

du

= −1

a
sb+

1

a
ρ

∫ t

t̃0(s,t,a)

∂a

(

ν(y(u, t, a))y(u, t, a)X(t, u, y(u, t, a))
)

du,

❛♥❞ ②✐❡❧❞s

2ρν̃
[

∂s
(

sb
)

∂as+ s∂ab
]

=

− ∂s
(

s2b2
)

+
2ρν̃

a
ρ

∫ t

t̃0(s,t,a)

∂a

(

ν(y(u, t, a))y(u, t, a)X(t, u, y(u, t, a))
)

du.
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❙✇✐t❝❤✐♥❣ ❢r♦♠ c̃ t♦ c = c̃+ 2b2 ✇❡ ✜♥❛❧❧② ❣❡t

∂s
(

s2c
)

= −6∂s
(

I3b
)

+
ν̃2

a
∂as+ ∂s

(

s2b2
)

+
2ρν̃

a
ρ

∫ t

t̃0(s,t,a)

∂a

(

ν(y(u, t, a))y(u, t, a)X(t, u, y(u, t, a))
)

du.

◆♦✇✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ✐♥t❡❣r❛t❡ ♦✈❡r s t♦ ❝♦♥❝❧✉❞❡ t❤❛t

s2c(s, a) = s2b2 +
1

a
I2(s, t, a)− 6I3(s, t, a)b+

2

a
I4(s, t, a).

❍❡r❡ t❤❡ ✐♥t❡❣r❛❧ ❢✉♥❝t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜②

I2(s, t, a)

=

∫ s

0

∂aS
(

t̃0(x), t, a
)

ν̃
(

t̃0(x), t, a
)2
dx

=

∫ t

t̃0(s,t,a)

∂aS
(

u, t, a
)

ν(y(u, t, a))2X(t, u, y(u, t, a))2 du

= 2

∫ t

t̃0(s,t,a)

ν(y(u, t, a))2X(t, u, y(u, t, a))2
∫ t

u

y(v, t, a)∂ay(v, t, a) dv du

= 2

∫ t

t̃0(s,t,a)

ν(y(u, t, a))2X(t, u, y(u, t, a))2
∫ t

u

y(v, t, a)X(t, v, y(v, t, a))−1 dv du

❛♥❞

I4(s, t, a)

=

∫ s

0

ρν̃(t̃0(x, t, a), t, a)ρ

∫ t

t̃0(x,t,a)

∂a

(

ν(y(v, t, a))y(v, t, a)X(t, v, y(v, t, a))
)

dv dx

= ρ2
∫ t

t̃0(s,t,a)

ψ(u, t, a)

∫ t

u

∂aψ(v, t, a) dv du.

❍❡r❡ t❤❡ ❢✉♥❝t✐♦♥ ψ ✐s ❞❡✜♥❡❞ ❛s

ψ(u, t, a) = ν(y(u, t, a))y(u, t, a)X(t, u, y(u, t, a)).
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❆✳✺✳✷ ❈♦♠♣✉t✐♥❣ ●

❆♥❛❧♦❣♦✉s❧② t♦ ❞❡t❡r♠✐♥✐♥❣ c̃✱ ✇❡ s❡t G t♦ ❝❛♥❝❡❧ t❤❡ r❡♠❛✐♥✐♥❣ ε2H t❡r♠✳ ❚❤✐s
♠❡❛♥s

∂sG = c̃+ 2b2 − 4
ρν̃b

a
+
ν̃2

a2
− ρν̃

a
Γ0 − 2ρν̃∂ab+ 6

I3
s
∂sb

−
(

2ρν̃s∂sb− ρν̃b+
ν̃2

a

)

∂as

s

= c̃+ 2b2 − 4
ρν̃b

a
+
ν̃2

a2
− ρν̃

a
Γ0 − s∂sc̃− 2c̃

= −∂s(sc)− ∂s(sb)Γ0 +
ν̃2

a2
.

◆♦✇ ✇❡ ❝❛♥ ✐♥t❡❣r❛t❡ ♦✈❡r s ❛♥❞ ❝♦♥❝❧✉❞❡ t❤❛t

G(s, a) = −sc− sbΓ0 +
I5(s, t, a)

a2
,

✇✐t❤

I5(s, t, a) =

∫ s

0

ν̃(t̃0(x, t, a), t, a)
2 dx =

∫ t

t̃0(s,t,a)

ν(y(v, t, a))2X(t, u, y(u, t, a))2 du.

❆✳✻ ❚❤❡ ❊✛❡❝t✐✈❡ ❋♦r✇❛r❞ ❊q✉❛t✐♦♥

❲✐t❤ t❤❡s❡ ❝❤♦✐❝❡s ✇❡ ❤❛✈❡ ❢♦✉♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ P❉❊ ❢♦r H✿






















∂sH =
1

2
∂zzH − 1

2
εΓ(εz)∂zH − ερν̃

(

∂as ∂zsH + ∂zaH
)

+
1

2
ε2ν̃2

(

∂as
2 ∂ssH + ∂aas ∂sH

)

H → δ(z) ❛s s→ 0+,

✇❤❡r❡ ✇❡ ❤❛✈❡ ❛❜❜r❡✈✐❛t❡❞ H(s, z, a, t, F ) ❛s H✳ ❙✐♥❝❡ t❤✐s ✐s t❤❡ s❛♠❡ ❡q✉❛t✐♦♥
❛s ❢♦r Q̃(0)(s, z, a, t, F )✱ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② H(s, z, a, t, F ) ❛s Q̃(0)(s, z, a, t, F ) t♦ ♦r❞❡r
O(ε2)✳ ❙♦✱ ✇❡ ❤❛✈❡

H(s, z, a, t, F ) = Q̃(0)(s, z, a, t, F ).

❚❤✉s✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t

Q̃(2)(s, z, a, t, F ) = Q̃(0)(s, z, a, t, F )e2εb(s,a)z+ε2c̃(s,a)z2+ε2G(s,a),

❛♥❞ ❜② ❢✉rt❤❡r ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

Q̃(2)(s, z, a, t, F ) = Q̃(0)(s, z, a, t, F )eε
2G(s,a)(1 + 2εb(s, a)z + ε2c(s, a)2z2). ✭❆✳✶✵✮
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◆♦✇✱ t♦ ❡①♣r❡ss t❤✐s ✐♥ t❡r♠s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ✈❛r✐❛❜❧❡s α ❛♥❞ t0✱ s✐♠♣❧② r❡❝❛❧❧ ♦✉r
♣r❡✈✐♦✉s ❝❤❛♥❣❡s ♦❢ ✈❛r✐❛❜❧❡

a = Y (t, t0, α)

❛♥❞ s =

∫ t

t0

y(u, t, a)2 du.

❋✉rt❤❡r♠♦r❡✱ r❡❝❛❧❧ t❤❛t y ✇❛s ❞❡✜♥❡❞ ❛s t❤❡ ✐♥✈❡rs❡ ♦❢ Y ✳ ❚❤✉s✱ ✇❡ ❝❛♥ ❡①♣r❡ss
y(u, t, a) ❛s

y(u, t, a) = y(u, t, Y (t, t0, α)) = Z(t, u, t0, α).

❲✐t❤ t❤✐s ✇❡ ❝❛♥ ❡①♣r❡ss s ✐♥ t❡r♠s ♦❢ α ❛s

s =

∫ t

t0

Z(t, u, t0, α)
2 du.

▼❛❦✐♥❣ t❤❡s❡ ❝❤❛♥❣❡s ✐♥ t❤❡ ✐♥t❡❣r❛❧ ❢✉♥❝t✐♦♥s I1✲I5 ②✐❡❧❞s t❤♦s❡ ❢♦✉♥❞ ✐♥ ❆ss✉♠♣✲
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