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COMPUTING ENCLOSURES FOR THE MATRIX EXPONENTIAL*

ANDREAS FROMMER! AND BEHNAM HASHEMI#

Abstract. We present a review of old and develop new interval arithmetic techniques for
computing enclosures for all entries of the exact exponential of a matrix. This means that all the
rounding and truncation errors committed in the course of computation are rigorously taken into
account and the result is mathematically guaranteed to contain the correct matrix exponential. We
consider algorithms relying on verified spectral decomposition, two variants relying on Taylor series
expansion, a Padé approximation and a contour integration approach together with a Chebyshev
approximation based method which is designed for Hermitian matrices. Most of our methods use
the scaling and squaring framework and are examined when applied to both the original matrix as
well as to an approximate diagonalization. In addition to a comparative study of algorithms, several
illustrative numerical examples are given.

Key words. matrix exponential, interval arithmetic, automatic result verification, INTLAB,
scaling and squaring
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1. Introduction. The task of computing the exponential exp(A) of a matrix A €
C™*™ arises in a variety of applications such as in exponential integrators for ODEs
and semi-discretizations of PDEs, in network analysis or in continuous-time Markov
models. The development of stable and efficient methods for computing exp(A) has
thus been a topic of intensive research, see the survey paper [26] from 1978 and its
update [27] from 2003. Presently, a Padé approximation type method [13] combined
with a scaling and squaring approach recently improved in [1] may be considered state
of the art. This approach is, in particular, implemented in MATLARB’s expm function.
Roughly speaking, the approach determines a scaling parameter s and a degree g with
the ultimate goal that the backward error in computing exp(A) via squaring a (g, q)
type Padé approximation of the scaled matrix is in the order of the unit round-off u'.
Specifically, it is shown in [1] how to choose s and ¢ € {3,5,7,9,13} to achieve this
goal in double precision.

An important question is now how well the result of a computation indeed approx-
imates exp(A). In this paper, we develop new approaches which, together with the
approximation to exp(A), also compute mathematically guaranteed error bounds for
each entry of the matrix. Such approaches will be termed verified computations. We
compare them with existing ones with respect to the tightness of the bounds obtained
and the computational complexity. Conceptually, all these verified computations rely
on theoretical results on approximation errors as well as on the use of (machine) in-
terval arithmetic to control the rounding errors related to the use of floating point
arithmetic.

The paper is organized as follows: Section 2 briefly reviews those properties of
interval arithmetic which matter in our setting. Section 3 presents known and develops
new approaches to the verified computation of exp(A). Section 4 shows how these
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2 A. FROMMER AND B. HASHEMI

approaches can be combined with approximate diagonalization. We then present a
variety of numerical experiments and comparisons in Section 5. Some conclusions are
formulated in Section 6.

2. Interval arithmetic. This section summarizes those aspects of interval arith-
metic which are most important for this paper. For a more thorough treatment we
refer to the textbooks [23, 28] and the review paper [39].

Let IR denote the set of all compact intervals @ = [z, T] on the real line. (Interval
quantities will always be denoted in boldface.) The (standard) interval arithmetic
operations +, —, -,/ on IR are defined in the set theoretic sense. They again yield
an element from IR, the bounds of which can be obtained from the bounds of the
interval operands. One way to extend the interval concept to the complex plane is to
take ICq;sc as the set of all compact disks z in the complex plane with center mid (z)
and radius rad (z) and to define the result of an arithmetic operation z; o z9 as the
disk with center mid (z1) o mid (z2) and smallest radius such that it still contains
{z1 029 : 21 € 21,29 € 2z2}. This radius can be computed from the midpoints and
radii of the operands. This circular interval arithmetic can also be used on IR by
restriction to the real axis. The results of multiplication and division are then, in
general, supersets of what one gets from the standard interval arithmetic on IR.

In a floating point environment, it is important that for any arithmetic operation
o € {+,—,-,/} interval arithmetic preserves the very crucial enclosure property

(2.1) {zoy:z€x,ycyt Cxoy.

This means that in the floating point computation of the lower and upper bound of
the result (or its midpoint and radius), we have to use different directed rounding
modes. On a given modern hardware, changing the rounding mode is a very time
consuming operation as compared to the floating point computation itself. Efficient
implementations of machine interval arithmetic as in the MATLAB Toolbox INTLAB
[37] or the C++ library C-XSC [18, 16] therefore try to do as few changes of the
rounding mode as possible, and this can be achieved by using an operator concept
which works on whole arrays in the same spirit as the well-known BLAS (basic linear
algebra subprograms). On IR, circular arithmetic has then to be used, see [36]. It
cannot be emphasized enough that these savings in switchings of the rounding modes
affect run times very substantially: Interval computations then perform comparably
fast than floating point computations, whereas without these techniques they are
likely to be slower by at least two orders of magnitude.

Trivially, the enclosure property (2.1) carries over to any rational expression
r(xla s ,.’En),

{r(x1),...,r(xn) s €x;fori=1,...,n} Cr(xy,...,zn).

If any of the variables x; appears several times in r we typically encounter the phe-
nomenon of overestimation inherent in the use of interval arithmetic, which treats
each occurence of a variable as being independent of its other occurrences. A very
simple case is the expression r(x) = z * 2, which for an interval € IR with 0 € x
gives

r(x) = [~|zZ|, max{z? Z°}] D [0,max{z? Z*}] = {r(z) : v € =}.

We face a similar situation when we use interval arithmetic to compute the square
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COMPUTING ENCLOSURES FOR THE MATRIX EXPONENTIAL 3

B = A - A of an interval matriz A = (a;;) In the expression

n
i,j=1"

n
bi; = 5 Qik - Ak
k=1

the entry a;; is the only one which occurs more than once, either in a;;a;; and
aja;; if 1 # j or in ayay; if ¢ = j. INTLAB as well as virtually any other interval
software provides a function (-)? for intervals which returns (up to roundings) the
exact range of the second power for any interval argument. Using this and replacing
a;;a;; + a;a;; by (aii + ajj)aij in case i # j will thus give, in general, narrower
intervals for the diagonal of B, but for computational efficiency it is important that
the whole computation can still be cast into operations on arrays without explicit
loops and case distinctions. The following self-explaining MATLAB-INTLAB code
shows how this can be achieved using pointwise multiplication:

function S = square (A)

n = size(A,1);

c = diag(A);

A(l:n+l:end) = intval(0); % A(i,i) = intval(0) = [0,0];
C = ones(n,1l)*c' + ¢ * ones(l,n);

C = C.*A;

C(l:n+l:end) = c."2; $ C(i,1i) = c(i)72;

S = AxA + C;

As was observed in [19], proceeding this way we obtain, up to roundings, the interval
hull S of the set S := {A% : A € A}, i.e. the intersection of all interval matrices
containing S. Note that S itself is not an interval matrix. So if we perform another
squaring with S, we will get the interval hull of all the squares of matrices from S
which is in general more than the interval hull of the squares of the matrices from &
and is thus larger than the interval hull of the set {4%: A € A}. It will be important
to be aware of this wrapping effect when considering scaling and squaring approaches
in this paper.

If the two end-points of an interval coincide it is termed a point interval. Perform-
ing machine interval arithmetic with point intervals yields non-point intervals which
contain the exact value of the computation. Interval arithmetic can thus be used as
a tool for an automated forward error analysis yielding lower and upper bounds for
(arithmetic) expressions involving point quantities. For a more involved computation,
though, such a naive use of interval arithmetic will typically end up with quite wide
intervals. To obtain narrow enclosures, specific interval methods have to be used.
For example, rather than just performing Gaussian elimination in interval arithmetic
to solve a linear system Az = b, a narrow enclosure for the solution is obtained by
a correction x, an interval vector, to an approximate solution Z, obtained via some
floating point computation. The vector x is determined in a such a way that

(2.2) — R(AZ —b)+ (I — RA)x C intx

with R being an approximate inverse for A, again computed in standard floating
point arithmetic. By a result from [20, 35], based on Brouwer’s fixed point theorem,
A is non-singular then and A='b € Z + x. As a side remark let us mention that it
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4 A. FROMMER AND B. HASHEMI

was recently shown in [2] that if one uses the restriction of circular arithmetic to the
reals to evaluate the left hand side in (2.2), a much simpler fixed point theorem than
Brouwer’s can be used to show that A~'b €  + x. The outlined method is the basis
of the INTLAB function verifylss.m, see also [41], which will be heavily used in our
algorithms.

As a final remark in this section, let us note that when computing a higher power
A* k> 3 of an interval matrix, the result will typically depend on the order that we
choose for its evaluation. This means that in general we have

(A-A)-A#A-(A-A),

with both sets containing {A3; A € A}. In order to reduce wrapping effects, higher
powers of interval matrices should be computed in a way to minimize the number
of matrix multiplications. For example, for & = 2° we need just s multiplications if
we work recursively § = A, 8 < S%fori =1,...,s, and if k is not a power of 2,
the Patterson-Stockmeyer approach [32] also aims at keeping the number of matrix
multiplications small.

3. Enclosure methods for the matrix exponential. We start this section
with a detailed discussion in the scaling and squaring approach which turns out to be
crucial for the enclosure methods, too. We then proceed by introducing the different
enclosure methods, grouping them by the respective approaches they use to approxi-
mate the exponential of the scaled matrix and discussing the variants resulting from
different ways to perform the interval arithmetic operations involved.

3.1. The scaling and squaring framework. It is easier to well approximate
exp(A) when ||A| is small. This is why scaling and squaring is an ingredient to the
majority of methods to compute exp(A). It relies on the simple identity

exp(A) = <exp (;4))2

Higham [15] notes that the main issue in the accuracy of a scaling and squaring
method is the significant rounding errors which might occur as a result of severe
numerical cancellation in the squaring phase. The fundamental problem can be seen
in the result [12, sec. 3.5]

147 = A(A*) I, < mllAllp,

in which p € {1,00, F'} and v, := %. Here u is the unit roundoff and fI denotes
the result obtained in floating point arithmetic. This shows that the errors in the
computed squared matrix are small compared with the square of the norm of the
original matrix but not necessarily small compared with the matrix being computed.
It is therefore important to keep the number s of squaring steps small. The current
state of the art is the algorithm called expm_new from [1] used in MATLAB’s expm
function. It improves over the classical approach which chooses s based on ||A|| alone
by now also involving || A*||*/* for modest powers k. Since p(A) < ||A¥||1/* < ||A]| for
k=1,...,00 this new approach tends to yield smaller values for s.

From our experiments and the results in [10] it is apparent that enclosure methods
for the matrix exponential have to rely on the scaling and squaring technique, too.
For two reasons we use the classical scaling and squaring strategy, based solely on
|A]| in our enclosure methods: First, in a guaranteed, interval-arithmetic method we
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COMPUTING ENCLOSURES FOR THE MATRIX EXPONENTIAL 5

also have to involve bounds on the approximation error. The second reason is related
to the fact that we consider two variations of each algorithm as explained in the
beginning of section 4 below; we have observed that in the second variation, where we
apply our algorithms to a transformation A of A, the old and new scaling strategies
compute the same scaling factor s, and so the second variation of our algorithms
already prevents overscaling.

3.2. Spectral decomposition for diagonalizable matrices. Assume that A
is diagonalizable, i.e.
A=VDW,

where VIW = I and D = diag(dy,...,d,) is diagonal. The exponential of A is then
given as
exp(A) = Vexp(D)W.

An enclosure method results if we are able to compute interval matrices V and W
such that V € V. W € W and intervals d; containing the eigenvalues d;. We then
have

(3.1) exp(A) € V - diag(exp(dy), ..., exp(dy)) - W,

where we assume that we are able to evaluate the exponential function on intervals
in a way that the result is guaranteed to contain its range over that interval. This is
possible with the standard function implementations for intervals present in INTLAB
or C-XSC, e.g.

The approach outlined here is taken by the vermatfun.m routine of the VERSOFT
package [34], which, by calling the verifyeig.m function of INTLAB [37], uses interval
arithmetic to first compute enclosures (v;,d;) for all eigenpairs (v;,d;),i = 1,...,n
and then obtains W by computing an interval matrix W _which is guaranteed to
contain all solutions W to all linear systems of the form VW =1 for V ¢ V =
[vi | --- | vy]. This is done using the INTLAB function verifylss.m. Note that
vermatfun.m is applicable to general matrix functions, not just the exponential.

This approach has two drawbacks. First, since computing an enclosure for just
one eigenpair has complexity O(n?), its overall complexity is O(n*). Second, if the
eigenvector matrix is ill conditioned, W will consist of relatively wide intervals such
that the right hand side of (3.1) will have wide interval entries, too. As illustrated in
section 5, the same issue arises in the presence of eigenvalue clusters.

Recently, Miyajima [25] presented an enclosure method which requires an ap-
proximate spectral decomposition A ~ VDV ~! only, and then constructs an interval
matrix M which uses an enclosure S for the residual quantity V—1(AV — V A) ob-
tained using interval arithmetic and additional bounds for other quantities to obtain
the enclosure exp(A) € V~!exp(D)MV. This algorithm has complexity O(n?), and
its accuracy crucially depends on the quality of the enclosure S, for which evaluat-
ing AV — V A in interval arithmetic is not sufficient. We will discuss this somewhat
more in section 5. The paper [25] also presents an extension to defective matrices,
where the spectral decomposition is replaced by what is called a numerical Jordan
decomposition. The complexity then increases to O(n?).

3.3. Taylor approximations. Since for any matrix A € C"*" we have

exp(4) =
k=0

| —

Ak

™

!
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6 A. FROMMER AND B. HASHEMI
we can use the first d + 1 terms of this Taylor expansion to obtain the approximation

! A?.

1

The following results on bounds for the truncation error hold, where the first part is

due to Liou [21] and the second to Suzuki, see [14, 45].

THEOREM 3.1. Let ||| be the operator 1-, 2- or co-norm ad assume d—+2 > || A]l.
Then we have

(Y
(d+1)1(1 - L4l

(3-3) lexp(A) = Tu(A)[| < I(d, || A]]) =

Moreover, Ty s(A) == (Td(A/s))S for s € N satisfies

exp(A) = Tus(A)] < AT cenan)

exp s < sd(d—i-l)!eXp .
A consequence of (3.3) is

(3.4) exp(A) € Tu(A) +0(d, | A|)E,

where here as in the sequel E denotes the interval matrix with all entries equal to
[—1.1].

In Oppenheimer’s PhD thesis [30], it was suggested to use the centered form of
the truncated Taylor series (3.2) in order to enclose exp(A). The algorithm, published
later in [31], bounds the truncation error by Liou’s error bound (3.3). Taylor series
are also used in [43] for the accurate computation of the exponential of essentially
nonnegative matrices.

Goldsztejn and Neumaier [10] proposed an enclosure method using scaling and
squaring based on the truncated Taylor series, the enclosure (3.4) and a variant of
Horner’s scheme to evaluate T;;(A) in interval arithmetic according to

(3.5) To(A) =T+ AT+ 3AI+ -+ AT+ 14) ).

We formulate their method as Algorithm 3.1.

Algorithm 3.1 Outline of the truncated Taylor series based enclosure method [10]

1: Scale the matrix so that ||~ Al| < 0.1, i.e. s = max{0, [log,(10 - [|A])]}

2: Determine the smallest integer d such that the truncation error bound from The-
orem 3.1 is less than epacn. (d = 9 in double precision.)

3: Obtain the interval matrix Ty by evaluating T, for the (scaled) matrix using
interval arithmetic (to account fo rounding errors).

4: Use interval arithmetic to compute an upper bound 9 for for 9¥(d, QL
(3.4) and compute C =Ty + JE.

5: Perform s repeated squarings starting with C. The final result is an enclosure for
exp(A4).

All) from

In [10], || - || is taken to be the oo-norm and Ty is obtained via Horner’s scheme
(3.5). The squarings are done in an optimal way according to the function square from
section 2. The choice for the co-norm is in particular motivated by the fact that for this

This manuscript is for review purposes only.
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COMPUTING ENCLOSURES FOR THE MATRIX EXPONENTIAL 7

norm one can show that the radii of the computed enclosures decrease monotonically
with d, the degree of the truncated Taylor approximation. Interestingly, if the norm
of the scaled matrix is less than 0.1, d = 9 already achieves ¥ < epacy in double
precision. It is also shown in [10] that the Horner scheme (3.5) yields substantially
narrower intervals as compared to a “standard” interval arithmetic evaluation of T,;(A)
which first computes all powers of A and then their scaled sum.

In an attempt to obtain smaller radii for the computed enclosures, we implemented
Algorithm 3.1 with the following two modifications:

(3.6) { replace the co-norm by the 2-norm

evaluate Ty(A) using the Paterson-Stockmeyer approach

Using the 2-norm is motivated by the fact that, typically, the 2-norm is smaller
than the co-norm — it is certainly not larger than the co-norm for Hermitian matrices —
so that using || A||2 is likely to require less scalings and also to yield a smaller value for
9 from (3.3). In INTLAB, an interval enclosure, and thus an upper bound, for ||A]|2 is
computed with O(n?) operations, see [40], and thus at a cost comparable to the other
computations of the algorithm. Using the Paterson-Stockmeyer approach reduces the
number of matrix-matrix multiplications and thus the number of wrappings in interval
arithmetic. Details on the Paterson-Stockmeyer approach can be found in [32]; here
we just give it for the case d = 9 where Ty(A) is evaluated according to

Ty(A) =T+ A+ 542+ A (BT + FA+ 547 + A% (BT + FA+ §42 + §4%)),

which requires just one squaring (for A%) and three matrix-matrix multiplications
(including one for A% = A - A?). Note that evaluation of Ty(A) according to Horner’s
scheme (3.5) requires nine matrix-matrix multiplications.

3.4. Padé approximation. The type (k,m) Padé approximation to the scalar
exponential function is given as

pk(z) + rkm(z)’

*P) =)

where pg(z) and ¢, (z) are polynomials of degree k and m, respectively, with ¢,,(0) =
1, and the remainder term r*™(z) satisfies 78 (z) = O(xF+™+1) see [14, p. T9).
In the matrix case, the type (k,m) Padé approximation to exp(A) is thus

exp(A) & Prm(A) = g (A) "' pi(A),
and we have
gm (A) - exp(A) = py(A) + 57 (A),

where t*™(A) = qx(A)r¥™(A). The following theorem gives bounds for every entry
of the matrix TF™ := tFm(A).

THEOREM 3.2. Let || - || be any submultiplicative matriz norm. Then

k! m!
(k+m)! (k+m+1)!

(3.7) 1T | < 7k, m, | A]l) == [AJFFm+ exp(]|Al),

and if || - || is the 1-, 2- or co-norm, then T*™ satisfies

T € w(k,m, ||A||)E.

This manuscript is for review purposes only.
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8 A. FROMMER AND B. HASHEMI

Proof. A classical result from [49] (see also [14, p. 241]) establishes the represen-
tation

_1)m 1
3.8 bm gy = D" i m (A —1/ tA)(1 —t)ktmat.
By = S g e -
Multiplying both sides of (3.8) by ¢ (A) and using the fact that rational functions of

the same matrix commute (see, e.g., [14, Thm. 1.13]), we get

D™ & !
3.9 TF™ = g (A) rem(A) = ——— AP [ exp(tA) (1 — t)Ft™dt.
(39) () rin(4) = G et 1)
Since the Taylor series of the exponential has positive coefficients only, we have that
|lexp(A)|| < exp(]|A4||) for any submultiplicative matrix norm. Taking norms in (3.9)
thus gives

HTH < M 1ex (t||A||)(1 —t)ktmdt
= Erm)l Jo O
HA||k+m+1 1 o
= WGXPWIIAH) ; (1 —t)kt™dt, 0 € [0,1]
]t k! m!
= 0| Al) ————
U tm)] exp(0] H)(k+m+1)!
k! m!

< AlFtm+L Al ==(k Al)-
< T e AL el = w(km. A])
The equality in the second line holds by the generalized mean value theorem. We
thus have established the first part of the theorem, and its second part holds because
the 1-, 2- and oo norms of a matrix are all larger than or equal to the absolute value
of any of the matrix entries. O

An important aspect of Padé approximation is its efficiency compared to Taylor
series, see the discussion in [14], e.g. Since we work with IEEE double precision in
all our numerical computations, we choose m = k = 7 which gives 7 ~ 6.06 x 1016
for ||A|| < 1 which is our target value for the scaling phase. The coeflicients b =
(bo, - .., br) of the polynomial p7(z) = 21'7:0 b;x® are the integers

b= [17,297,280 8,648,640 1,995,840 277,200 25,200 1,512 56 1],

see [14, p. 246]. Moreover, ¢, (z) = pm(—z) for all m. Our implementation represents
an interval arithmetic extension of the method outlined in [14, p. 244] to compute the
interval matrices P 3 pi(A) and Q 3 ¢,,(A). To be specific, we take P = V + U and
Q =V — U where

(3 10) U := A(b7A6 + b5A4 + b3A2 + bll),
’ V.= b6A6 + b4A4 + b2A2 + bo[,

and A, is the (optimal) enclosure for A2 obtained via the function square from sec-
tion 2 applied to A, and, similarly, A, is an enclosure for A* computed as the square
of A, while Ag is an enclosure for A% computed as A, - Ay4. In this way, P and Q are
computed with only two interval matrix-matrix multiplications and two squarings.

Once P and Q are computed, we use Theorem 3.2, which shows that exp(A) is
contained in the solution set of the interval linear system

(3.11) QX =P +7E,

This manuscript is for review purposes only.
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COMPUTING ENCLOSURES FOR THE MATRIX EXPONENTIAL 9

where 7 is an upper bound for w(k,m,||A]|) from (3.7) obtained using an interval
arithmetic evaluation. We take INTLAB’s function verifylss.m to compute an
interval enclosure for the solution set of (3.11).

Algorithm 3.2 summarizes the enclosure method based on Padé approximation
when working in double precision where a (7,7) Padé approximation is sufficient to
bound the approximation error by emacn for matrices with norm < 1.

Algorithm 3.2 Outline of the Padé approximation based enclosure method

1: Scale the matrix so that ||5-Al| < 1, i.e. s = max{0, [log, (|| Al|)]}

2: Compute enclosures P =U +V and Q = U — V for the two polynomials in the
(7,7) Padé approximation, with U,V computed according to (3.10)

3: Compute an upper bound 7 for 71(7,7, & || A||) via an interval arithmetic evaluation
of (3.7)

4: Use INTLAB’s function verifylss.m to obtain an interval matrix C' containing
the solution set of the interval linear system (3.11)

5: Perform s repeated squarings starting with C. The final result is an enclosure for

exp(A).

For the same reasons as in the Taylor series approach, we chose the norm to be
the 2-norm in our computations.

It should be noted that Bochev [5] has already applied a Padé-based algorithm
for enclosing exp(A) which also uses the representation (3.8) of the error. The Padé
approach we present here is different in at least two important aspects: Our approach
relies directly on Theorem 3.2 and does thus not need to compute a rough enclosure
for exp(A) which is required in [6, 5] in a preliminary step. Moreover, [6, 5] has
to use the computationally expensive staggered correction format [44] to accurately
bound the polynomials p; and g and to enclose solutions of the interval linear system
(3.11). Staggered correction formats or other (expensive) means to enhance floating
point accuracy are not required in our approach.

3.5. Contour integration. For the exponential as for any other analytic func-
tion, Cauchy’s formula

(3.12) exp(a) = L/ %(Z)dz,

2mi Jr z—a

where I' is a contour in the complex plane that encloses the point a, carries over to
the matrix function case as

(3.13) exp(A) = %/Fexp(z)(zl — A)ldz,

provided the spectrum of A is enclosed by I, see [14]. We now develop an enclosure
method based on quadrature for (3.12) and a rigorous bound for the remainder term.
We will scale A such that ||A|| < 1, and therefore take T' to be the unit circle

e 0 € 0,27
Then (3.12) becomes

2m 6
exp(a) = / v(0)df, where v(0) = mew (with |a] < 1).
0 _
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The function v is 27-periodic, which is why the standard trapezoidal rule

N

expla) = 20> o(6) + By (0)
k=1

=IN (U)

with N € N and 0, = 2xk/N,k = 1,...,N, has a small error Ry. Indeed, the
following result holds, see [48, Thm. 3.2],[51].

LEMMA 3.3. Suppose v is 2m-periodic and analytic and satisfies |v(0)| < M(c) in
the strip —c < () < ¢ for some ¢ > 0. Then for any N > 1,

27 c
| @i -1 < e,

and the constant 4w is as small as possible.

In order to use this result for the matrix case, recall that by Banach’s lemma (see
[7, p- 33], e.g.), we have that for any operator norm || - ||

_ 1
(3.14) |2l > Al = (I = A7 < = TAl
If || - || is the 1-, 2- or co-norm, this implies in particular
1
(3.15) [(zI — A)"]i| < =1,...,n for |z| > ||A].
| Tl < g
THEOREM 3.4. Let || A|| < 1 where || -|| is the 1-,2- or co-norm, let ¢ be such that
e=¢ > ||A|, and let N € N. Let z, = e>™*/N k. =1,... N. Then with
2e° exp(e)
(3.16) (e N [[A]]) = —
(e —1)(e= —[|A]])
we have
| X
(3.17) exp(A) € N Z zrexp(zr)(zil — A) " 4+ v(c, N, |A|) - E
k=1

In particular, if e=¢ > 2||Al|, we have

(3.18) exp(A sz exp(zi)(zil — A" 4+ 7(¢, N) - E
where
4e%¢ exp(e®
(3.19) (e, N) = Ni—(l)
Proof. We first note that (3.18) follows directly from (3.17), since e~ ¢ > 2||A||
implies G*%HAWI < 2¢¢. With T' the unit circle z = €, 0 € [0,27], Cauchy’s formula

(3.13) expresses each entry [exp(A)];; of the matrix exp(A) as

27
lexp(A)]i; :/0 %exp( )[(ewf—A)fl]ijew .

=:0i;5(0)
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107

truncation error bounds
5
©
T

2 4 6 8 10 12 14 16 18 20 22
number of quadrature points

F1G. 1. Bounds for the quadrature error of the periodic trapezoidal rule. The blue line represents
2.2 x 10715,

Herein, by (3.14), v;; is deﬁned and analytic on an open superset of the strip D¢ =
—c < (0) < ¢ for ¢ with e~ ¢ > ||A]|, and it is 27 periodic. Using (3.15), one then
obtains

exp(e®) 1 .
< =: M (c).
52%}5 |UU( )| — A e—¢ — HAH e (C)
By Lemma 3.3, we thus get
N
_ 2M(c)
1
[exp(A sz exp(zk) zkl —A) ]Z.j < N
which gives (3.17). 0

The enclosure method based on contour integration will have to compute an
enclosure for each of the inverses (z;,I — A)~!. Using verifylss.m to that purpose
will for each k give results where each entry has at least a relative width of €yach.
Since we expect to have O(10) of these systems to solve, it is adequate to require
the bound on the quadrature error to be approximately 10€pach. In order to keep
the computational cost low, in our algorithm we therefore choose ¢ such that N is
minimal under all pairs (N, ¢) which satisfy

2c c
Lliedﬁxf(f)) < 10€mae ~ 2.2 x 10715
Figure 1 illustrates that this is (approximately) achieved for ¢ = 2.5 with N = 21,
A|| <0. 03 This might seem restrictive, but
%Al < 0.18, for example, then we
would need ¢ =1 and N = 40, thus doubling the Computatlonal cost. Also note that
in our numerical experiments other choices than ¢ = 2.5, N = 21 gave comparable if
not larger radii for the enclosure obtained for exp(A4).

Algorithm 3.3 summarizes our approach based on contour integration. In Step 2
we use INTLAB’s verifypoly.m to obtain as narrow as possible enclosures zj for the
roots z of the polynomial 2V — 1; see [29, 38] for an overview of relevant techniques.
Let us also note that in case that A is real we have that zp] — A = (z2y_k—1] — A),
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Algorithm 3.3 Outline of the contour integration based enclosure method

LA < de7¢ e s =

1: Choose ¢ = 2.5 and scale the matrix so that |
maxc{0, [log,(2¢7]| A[})]}

2: Put N = 21 and compute interval enclosures z; for the roots of unity z;, =
e?™k/N | =1,... N.

3: Use INTLAB’s verifylss.m to compute an interval matrix Sy, containing {(zI —
A7tz ez}

4: Compute an upper bound 7 for v(N,¢) via an interval arithmetic evaluation of
(3.19) to get the enclosure C' = Zszl S + 7E for the exponential of the scaled
matrix

5: Perform s repeated squarings starting with C. The final result is an enclosure for
exp(A4).

so (zi] — A)™! = (2y_g_1] — A)~1) which can be used to approximately halve the
computational cost. Specifically, we then invert only 11 interval matrices rather than
N =21.

As the Padé approach, the contour integration approach is based on a rational
approximation. In the Padé scheme we have to once enclose the solution of the interval
linear system (3.11) where all entries of the system matrix and of the right hand side
are intervals. In the contour integration approach we have to enclose the inverses of
several matrices where only the diagonals contain non-point quantities, and we need
more squarings.

3.6. Chebyshev approximation. The Chebyshev polynomials T} for the in-
terval [—1, 1] are the orthogonal polynomials with respect to the inner product (f, g) =

f_ll Jll_Tf(x)g(x)dx on the space of continuous functions on [—1,1]. They satisfy

Ti(z) = cos(k arccos x) for x € [—1,1] and obey the recurrence

(3.20) { To=1,T =z,

Tk = 2:I,‘T]€_1 —T;C_Q, k= 2,3,...,

and the (formal) Chebyshev series of a Lipschitz continuous function f on [—-1 —1] is

given as
oo

<fa Tk>
];) 7<Tk,Tk>T’“'

For f = exp the coefficients of the Chebyshev series are given via the modified Bessel
functions of the first kind I (t) = X [ exp(t cos(6)) cos(kd) df as

(exp, Tp) (exp, T)
To.To) Ip(1), T Th) 2I:(1),k=1,2,...,
see [22, p. 109] and [46, p. 23] e.g.

The use of Chebyshev series for approximating exp(A)b where A is Hermitian
and b is a vector was suggested by Druskin and Knizhnerman [9]. In [3], exp(A) is
computed for sparse A using the degree 17 truncated Chebyshev series. Its advantage
is that, typically, for the same degree, the polynomial approximation given by the
truncated Chebyshev series will give a more accurate approximation than a Taylor
polynomial if one considers the whole interval [—1,1]. For interval arithmetic based
enclosure methods this means that we can scale less and thus save some squarings
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COMPUTING ENCLOSURES FOR THE MATRIX EXPONENTIAL 13

and the associated wrappings as compared to the Taylor approach. This motivates
our investigation of Chebyshev approximation in this work. Its use is restricted to
Hermitian matrices A, however, because we do not have a useable error bound for
general A. To state an enclosure result for the Hermitian case, recall that the Bernstein
ellipse E, is an ellipse with center at zero and foci at £1 whose parameter p > 1 is
the sum of its semi-axis lengths. The following result can be found in [46, Thm. 8.2],
e.g.

LEMMA 3.5. Let f be analytic in [—1,41] and analytically continuable to the open
Bernstein ellipse E,, where it satisfies |f(z)] < M(p). Then, for each d > 0, the

truncated Chebyshev series pg = ZZ:O <<TJ;’7;’23> Ty satisfies

2M (p)p~¢

£@) = pale) < =20

for x € [-1,1].

THEOREM 3.6. Let A be Hermitian with spectrum in [—1,1] and let pa(A) be the
degree d truncated Chebyshev series approximation

d
(3.21) pa(A) = I(D)I + > 21(1) - Tr(A)
k=1

for exp(A). Then, with 7(p,d) defined for p > 1 as

-1 4
o+g p

p—1

(3.22) 7(p,d) := 2e

we have

exp(A) € pa(A) +7(p,d)E.

Proof. Since A is Hermitian we have A = VDV ~! with V being orthonormal
and D = diag()\;) is the diagonal matrix containing the eigenvalues. Also, T} (A) =
VT (D)V~1 for all k and, thus, ps(A) = Vpa(D)V . We thus have

rij| < I|IRll2 = [l exp(A) — pa(A)|l2 = |V (exp(D) — pa(D))V "2
= |[exp(D) — pa(D)|l2 = || exp(D) — pa(D)lso
= ml?lX|eXP()\i) = pa(Ai)l-

-1
The fact that the maximum value of the exponential on F, is e 4 , see [47], together

with Lemma 3.5 now completes the proof. ]

In an algorithm, we want to choose p and d such that 7(p) &~ emaen for d as
small as possible. Figure 2 reports a Chebfun-enabled [8] experiment. It suggests
that d = 14 (and p = 32) is an appropriate choice when working in double precision.

Also, in an interval arithmetic based enclosure method we need to use intervals
enclosing the exact values I (1) of the Bessel functions, and these should be as narrow
as possible. We have used the Arb package [17], a C library for arbitrary-precision
interval arithmetic to obtain enclosures I, of relative radii of about £y, in double
precision for the exact values of Iy(1) for k = 0,1,...,14. Note that those must be
computed only once and can then be stored for every later use.

Before summarizing our approach in Algorithm 3.4, we discuss how we evaluate
the truncated Chebyshev sum pg(A). The direct way to evaluate pg(A) would be to
precompute Ty (A) for k = 0,...,d using the recurrence (3.20) and to subsequently
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14 A. FROMMER AND B. HASHEMI

—-=-observed error

p=

p=4

truncation error bounds

degree d

Fic. 2. Truncation error in chopping Chebyshev series.

evaluate the sum Ioy(1)I + ZZ:1 21;(1)Tk(A). For the scalar case, and a general
Chebyshev approximation pg(z) = ZZ:O arTi(z), it is known that the use of the
Clenshaw recurrence, which interleaves the evaluation of the Chebyshev polynomials
with the summation,

ba+2 = bat1 =0,
bj:21'bj+1_bj+2+aj7 j:d’d—]_’...’o7

and then pg(z) = by — xby, is more stable, see [33, p. 173], e.g. Both, the direct
way and the Clenshaw recurrence rely on three-term recurrences. When applied on
matrices and using interval arithmetic, we thus not only experience the wrapping effect
but also the fact that interval arithmetic treats the same variable occurring several
times as being independent variables, thus having the tendency to further increase
the width of the computed intervals. Analogous phenomena have been observed when
enclosing scalar Chebyshev expansions of high-degree [11]. To alleviate this problem
we suggest to use the matrix analogue of the product formulae

{ Top(x) = 2T¢(z)—1

(3.23) Tops1(z) = 2T (x)Ti(z) — 2

L k=1,2,...

with Ty = 1,71 = x to evaluate Ty (A) using interval arithmetic. Therein, the squares
can be computed using the method from section 2. This approach makes the total
number of multiplications, and thus of the associated wrappings, small. For example,
Ts(A) is computed with just 3 squarings (for Ty, Ty and T»), and Ty4 is computed
with 3 squarings (for T14, Ty and T5) and two matrix multiplications (for 77 and T3).

4. Approximate diagonalization. If V is non-singular and
D=V 'AV <= A=VDV

we have, in exact arithmetic, exp(A) = V exp(D)V !, In floating point arithmetic,
if we compute an enclosure W for V! and then D as D = WAV using interval
arithmetic, we have

(4.1) exp(A) e VEW,
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Algorithm 3.4 Outline of the Chebyshev-based enclosure algorithm (A Hermitian)

1: Scale the matrix so that ||5-Al| < 1, i.e. s = max{0, [log, (|| Al|)]}

2: Use interval arithmetic to compute enclosures for Ty (A) for £k = 0,...,14 via
(3.23) and to then subsequently evaluate S = I+ 211:1:1 2I,T(A), an enclosure
for the value of the truncated Chebyshev series for the scaled matrix.

3: Compute an upper bound 7 for 7(32,14) via an interval arithmetic evaluation of
(3.22) to get the enclosure C = S + 7TE for the exponential of the scaled matrix

4: Perform s repeated squarings starting with C. The final result is an enclosure for
exp(4)

where E is enclosure for {exp(D) : D € D}, and to compute E, we can rely on any of
the techniques presented in the previous section, replacing A by the interval matrix
D.

This observation can be used in an attempt to reduce the wrapping effect. Indeed,
if D were diagonal, there would be no wrapping effect at all when computing powers
of D, and when the off-diagonal elements of D are small compared to the diagonal,
the wrapping effect is also small. The price we pay are additional wrappings due to
the multiplications with V' and W, and here the wrapping effect becomes large when
V' is ill-conditioned.

In our numerical examples we used two variants of this transformation approach.
The first takes V' as a computed approximation of the eigenvector matrix if we can
expect A to be diagonalizable and V' to have small condition, e.g. when A is Her-
mitian. The second uses the MATLAB routine bdschur from the Control System
Toolbox which, for a general matrix A, produces a block diagonal matrix D and a well
conditioned matrix V, computed in floating point arithmetic, such that A ~ VDV ~1;
see [4]. In either case we ue verifylss.m to compute an interval enclosure W for
V=1 Note that the matrix D = WAV will in general have small non-zero enries
outside its (block) diagonal.

5. Numerical examples. We compare the performance of the various algo-
rithms for different classes of matrices with dimensions ranging from n = 50 to
n = 600. Table 1 lists all methods together with their acronyms used in the fig-
ures to come. For the methods SpecDec and PadéBM we use the MATLAB-INTLAB
implementations of Miyajima [24].

We report two quantities for all methods. The first is the average relative precision
(arp) of X defined by

(5.1) arp(X) = (] (rp(Xij)))l/nz,

ij=1n

where
rp(x) := min(relerr(x), 1),
is the relative precision of an interval a with relerr defined as
rad () 0 ¢ T

relerr(z) = { Eiél ((ﬁ))l’ 0w

as an indicator of the quality of the computed enclosures. Roughly speaking, the quan-
tity —log;o(arp(X)) represents the average number of known correct digits within X.

This manuscript is for review purposes only.
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16 A. FROMMER AND B. HASHEMI

acronym | corresponding enclosure method
TayH Taylor-Horner: Alg. 3.1, Horner’s scheme to evaluate the polynomial [10]
TayPS | Taylor-Patterson-Stockmeyer: Alg. 3.1 with the modifications from (3.6)
Padé Alg. 3.2
Cont Contour integration: Alg. 3.3
Cheb Chebyshev: Alg. 3.4
SpecDec | Miyajima’s method relying on spectral decomposition [25]
PadéBM | Padé-based method of Bochev and Markov [6], ¢ = 7 as implemented in [24]
VER VERSOFT’s routine vermatfun.m [34]
Acronym-ad is method Acronym using approximate diagonalization; see section 4
TABLE 1
Acronyms used in figures.

The second reported quantity is wall clock time (in seconds) as an indicator for the
efficiency of the method. Note that we undertook quite some efforts in our imple-
mentations to obtain good (interval) arithmetic performance, using built-in INTALB
functions systematically and casting operations as matrix operations whenever possi-
ble.

All numerical results were obtained using INTLAB Version 11 and MATLAB
R2017a on a Mac OS X with 2.5 GHz Intel Core i7 processor and 16 GB of RAM. The
random number generator mode is always fixed by the command rng(1,’twister’)
for all the tests involving matrices with random entries. Most of our examples are
from MATLAB’s gallery of test matrices, accessible via gallery.m.

5.1. Nonsymmetric matrices. We compare the performance of all the eleven
methods from Table 1 which are applicable to non-symmetric matrices.

EXAMPLE 1. A is the n x n Helmert matrix, which is a permutation of a lower
Hessenberg matriz, whose first row is ones (1:n)/sqrt(n). It isin MATLAB’s gallery
as the orthog matrix of type 4.

The results are depicted in Figure 3. The most narrow enclosures are obtained
by TayPS and the second most accurate results are obtained by Padé. TayPS is not
only the most accurate but also among the fastest. Methods applied to the original
matrix provide more accuracy as compared to the corresponding method applied to
the approximately diagonalized matrix, and the difference is the more pronounced
the larger the dimension. While SpecDec is ranked third with respect to accuracy,
it is up to almost 600 times slower than TayPS. This drawback of SpecDec and VER
as well as, to a lesser extent, also PadéBM will be visible in all other experiments,
too, just as the fact that VER typically yields the poorest enclosures. We will not
repeat this observation explicitly for the other examples. Note that SpecDec has to
use INTLAB’s accurate dot product AccDot .m to obtain sufficiently narrow enclosures
for the entries of some matrix-matrix product, an approach which is not recommended
in [42] because of the interpretation overhead. For VER, the long run times result from
its complexity being O(n*) rather than, as in all the other methods, O(n?). The bad
timings for PadéBW, finally, result from the method requiring an “exponent safe bound
evaluation” step that, as implemented in [24], has to enclose solutions for up to v/n
linear systems with a matrix right hand side using verifylss.m. Finally, we note
that Cont the contour integral approach is about one order of magnitude slower than
the best performing method, and that its accuracy is substantially less than that of
TayPS, TayH and Padé.

This manuscript is for review purposes only.
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time vs. dimension

arp vs. dimension

1070 A1e-09
8 ks 10"
—&A— TayH-ad
—f— TayPS-ad
.=
1 0-1 30--—0-
200 400 600 200 400 600
time vs. dimension 285.8
e 102 259.1
= Q= Padé
e 10"
—&— Cont-ad
e SpecDec (o)
—— PadéBM 10 0.44
1034+ —& —o- -0~ -o- -06e-14 107"
200 400 600 200 400 600

F1a. 3. Average relative precision versus dimension (left) and time versus dimension (right) for
the Helmert matrix, Example 1.

EXAMPLE 2. A is the forsythe matrixz [50] from MATLAB’s gallery. A consists
of one single n x n Jordan block with eigenvalue zero except that its (n,1) entry is

equal t0 \/Emach -

This time, Padé gives the narrowest enclosures. The second most accurate results
are obtained via TayH and TayPS which perform very similarly and are not easy to
distinguish in the middle of Figure 4 (left). Padé gives about one more digit of
accuracy compared with both TayH and TayPS. Also, like Example 1, the methods
applied to A generally give enclosures that are narrower than those obtained when
applied to the approximately diagonalized matrix D. The fastest method is TayH,
but TayPS and Padé are comparable with respect to speed.

EXAMPLE 3. A is the lesp matriz from MATLAB’s gallery. It has the property
that the condition of its eigenvalues increases exponentially with the dimension n.

Because of the ill-conditioned eigenvalues SpecDec and VER fail, returning NaNs
for any n > 50 and n > 100, respectively. Figure 5 shows that the most accurate
enclosures are obtained either with Padé or PadéBM obtaining one to two more digits of
accuracy compared with TayH and TayPS which are the next most accurate approaches.
Padé-ad looses about one digit in accuracy compared to Padé. The computing time
of Padé, TayH and TayPS are of the same order.

EXAMPLE 4. We take n x n matrices A of the form A := WDW ™!, where W is
a matriz with normally distributed random entries and D is the diagonal matriz with
its diagonal entries taken as n equidistant points in the interval [—1,1].

Much to the opposite of Example 3, the matrices of this example fit particularly
well the SpecDec approach. Figure 6 shows that this is indeed the most accurate
algorithm. The much faster approaches TayPS-ad, Padé-ad and Cont-ad which are
the second most accurate, but their accuracy is significantly lower (up to 7 decimal
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arp vs. dimension time vs. dimension

—— TayH-ad 9
—— TayPS-ad | 1 O

200 400 600 200 400 600

time vs. dimension

—=fe=— VER
= 0= Padé
= Q= Cont
—#— Padé-ad
—e— Cont-ad
s SpecDec

—@— PadéBM

200 400 60 200 400 600

F1G. 4. Average relative precision versus dimension (left) and time versus dimension (right) for
the forsythe matrix, Example 2.

arp vs. dimensign time vs. dimension

10
— O~ TayH e'07
= O= TayPS
—&A— TayH-ad
—A— TayPS-ad 1 0-7

200 400 600 200 400 600

arp vs. dimensign time vs. dimension

= VER | 107° "—_7

=0~ Padé -6
= 0= Cont 1 o
e Padé-ad 1 0-7
b Cont-ad

s SpecDec 1 0'8

—— PadéBM

F1a. 5. Average relative precision versus dimension (left) and time versus dimension (right) for
the lesp matrix, Example 3.

digits). Approaches without approximate diagonalization yield very poor accuracy.
The reason is that W has a high condition number, so that ||A||s and ||A||2 are large.
This implies that the algorithms perform quite many scaling steps (s = 14,...,16
for n = 400, e.g.), whereas with approximate diagonalization this goes down to
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p vs. dimension

200 400 600 200 400 600

time vs. dimension

—nfg— VER
= 0= Padé
= Q= Cont
—e— Padé-ad
b Cont-ad
=——f— SpecDec

—— PadéBM

200 400 600 200 400 600

F1a. 6. Average relative precision versus dimension (left) and time versus dimension (right) for
the random diagonalizable matrix whose eigenvalues are equispaced points on [—1, 1]. See Example 4.

s = 1,...,4. So approximate diagonalization allows to save a significant number
of squarings and thus reduces the otherwise predominant wrapping effect.

EXAMPLE 5. A is the triw matrix from MATLAB’s gallery. A is upper triangular
and ill-conditioned both with respect to inversion and eigenvalue computation.

Here, Padé gives the narrowest enclosures and most of the time it is the fastest
method as well, see Figure 7. The quality of enclosures computed via approximate
diagonalization is the same as that obtained when applied to the original matrix.
SpecDec fails, returning NaNs, for all sizes n due to the ill-conditioning, and similarly
for VER for n = 100,...,400. Since VER already takes more than 19 minutes for
n = 400 we did not run it for n = 500 and n = 600. VER is therefore not at all
depicted in Figure 7, while we kept the run times for SpecDec.

EXAMPLE 6. We take the point analogue of the matrices considered in [10] and
define A, € R3*3" g5 the 3n x 3n block diagonal matriz which for each k =1,...,n
has one diagonal block of size 1 with entry 2k+1 and one diagonal block of size 2 with
entries 2k - [1 7] and eigenvalues 2k(1+i). Then A is taken as A = P~'A, P where
P is a random orthogonal matriz, obtained as the Q-factor in the QR decomposition
of a random 3n x 3n matrix with normally distributed entries.

The numerical results in Figure 8 show that the most accurate methods are TayPS
and Padé, and these are the fastest methods as well. This is a quite extreme example
for larger dimensions n, since the moduli of the eigenvalues of exp(A) range from e
to e2".

5.2. Symmetric matrices. If A is symmetric, then so is exp(A). In our algo-
rithms, whenever we know that a point matrix for which we compute an enclosure is
symmetric we can thus “symmetrize”, and at the same time narrow, this enclosure
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arp vs. dimension 9e-08 time vs. dimension 075
5 2e-08 7
=== TayH 10 04
:g-— iay:-sad
—— Tagps-ad 0.2
10710 0.1
200 400 600 200 400 600
arp vs. dimension 56-05 time vs. dimension 7584
= 0= Padé 6
22 teieaa| 10 3e-07 10'
—t— Cont-ad
—— Spec’Dec 1 0'8
—¢— PadéBM 2e-09 10 0.76
10710 §
10
200 400 600 200 400 600

F1G. 7. Average relative precision versus dimension (left) and time versus dimension (right) for
the triw matrices, Example 5.

arp vs. dimension  , 1.47e-09
107 R .41e-09

d6e-12
—A— TayPS-ad o
107136 -0 -0
-0~ —0- =O- -O— -93e-14
200 400 600 200 400 600
arp vs. dimension 76-07 time vs. dimension %gg?
- -7 2 .
—— VER 10 10
— 0= Padé g 31.9
T2 et | 104 r2e-09 4!
——dhe— Cont-ad
== SpecDec 114 f 36'1 1 0.
—g—raacam | 107 & 10 0.44
13 F7e-13 A :
107 p6e-14 10
200 400 600 200 400 600

Fia. 8. Average relative precision (left) and time (right) for the (point) matrix from [10],
Example 6.

by replacing it by the intersection with its adjoint. We do this whenever adequate in
our implementations involving symmetric matrices.

The tested methods for symmetric matrices now also include those based on the
truncated Chebyshev series.
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time vs. dimension

arp vs. dimension

10 9 1e-09
10 10
=0~ TayH 11
—0- TayPs |10
—O- Cheb
—— TayH-ad -12
—&— TayPS-ad 10
—#— Cheb-ad

10713

—nfg— VER
= 0= Padé
= Q= Cont
e Pade-ad
—A— Cont-ad

=——f— SpecDec

—— PadéBM

F1c. 9. Average relative precision versus dimension (left) and time versus dimension (right) for
the symmetric matrix ris. See Example 7.

EXAMPLE 7. A is the Hankel matriz ris from MATLAB’s gallery. A is a normal
matriz whose eigenvalues cluster around —m /2 and 7/2.

Figure 9 shows that while the narrowest enclosures are obtained by Cheb, the
fastest method is usually Padé with the Taylor approaches, Cheb being less than a
factor of 2 off. Even though A is symmetric, VER gives wide enclosures because, due
to the clustering of the eigenvalues, the computed enclosures for the eigenvalues used
in VER are already wide; see also Example 10. As a further illustration, for n = 400
we report the relative radii of all entries of the computed enclosing interval matrix
for exp(A). For six different methods this is depicted in the left part of Figure 10,
where the ordinate represents the 160, 000 entries in ascending order of their relative
radii. The figure shows that most of the entries have similar relative width and only
a few have substantially larger or smaller width. This is a quite typical situation thus
justifying that “arp” is indeed a good way of measuring the quality of enclosures.

The right part of Figure 10 gives a histogram reporting a comparison of the
number of “konwn correct digits” of the floating point approximation C' = expm(A)
obtained using MATLAB’s expm function and of the mid point mid C' of the interval
matrix C obtained with Cheb. For an entry mid C;;, the number of its known correct
digits is the number to which the upper and lower bounds coincide. Similarly, the
number of known correct digits of an entry Cj; is the number of digits which coincide
with those of both, the lower and the upper bound of C;;. If an entry Cj; of C' is not
contained in Cj;, its number of correct digit is guaranteed to be smaller than or at
most equal to that of mid C;;, and for these cases we report the difference between the
known exact digits of mid C;; and the number of exact digits of C;; in the right-most
histogram. For this example, this difference is 1 or 2 for about 60% of the entries.
So the results obtained with the enclosure method not only give intervals which are
guaranteed to contain the exact values, but their midpoints are also (slightly) more
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Fic. 10. Relative radii of the 160,000 entries of the computed enclosure for the symmetric
matrix ris of size 400 x 400 for six different approaches (left), histogram of known correct digits in
MATLAB’s expm, midpoint of the interval matrix computed via Cheb, and increase in correct digits
obtained by Cheb (right), Example 7

arp vs. dimension
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Fi1a. 11. Average relative precision versus dimension (left) and time versus dimension (right)
for the symmetric matrix orthog of type two, Example 8.

638 accurate than the values obtained with expm.

639 EXAMPLE 8. A is the symmetric orthog matriz of type 2 from MATLAB’s gallery.}

640 Figure 11 shows that for this example Cheb appears as the best method. Its
641 accuracy is second best, only marginally lower than that of SpecDec, and slightly
642  better than Padé. We also observe a better quality of the enclosures computed by
643 TayPS compared with TayH.

644 EXAMPLE 9. A is generated as a symmetric random matriz by filling the upper
645  triangle of a matrix with normally distributed random entries and complementing the
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F1c. 12. Average relative precision (left) and time (right) for the symmetric random matrix,
Example 9.

lower triangle symmetrically.

Figure 12 shows that among the methods with acceptable run time, those with
approximate diagonalization (Pade-ad, TayH-ad, TayPS-ad and Cheb-ad) perform
similarly and obtain about 2 additional digits of accuracy when compared with their
counterparts without approximate diagonalization.

ExAMPLE 10. A is the symmetric positive definite prolate matriz from MAT-
LAB’s gallery. It was also used as a test case in [25]. The matrixz is Toeplitz and
perfectly well conditioned with respect to the eigenvalues but ill-conditioned with re-
spect to inversion or matrix multiplication.

The results in Figure 13 show that this time the most accurate results are ob-
tained either by Cheb or TayPS which show comparable speed. The eigenvalues of
the prolate matrix tend to cluster around 0 and 1 which is why, as in Example 7,
VER obtains poor enclosures. The cluster at 0 also explains why approximate diago-
nalization deteriorates the quality of the enclosures significantly: When we compute
the almost diagonal matrix D, the size of the off-diagonal entries is comparable to
that of the eigenvalues clustering at 0. Then the computed enclosure for exp(D)
will have off-diagonal entries which are not small relative to the diagonal elements,
too, and this will spoil the relative accuracy when performing the two matrix-matrix
multiplications in the back transformation (4.1).

ExAMPLE 11. We take A as the symmetric and positive definite poisson ma-
trixz from MATLAB’s gallery. It represents the finite difference discretization of the
Laplace operator on an equispaced N X N grid with Dirichlet boundary conditions. This
exzample is also considered in [25]. We took matrices of size n = 100 = 102,196 =
142,289 = 172,400 = 202,484 = 222 and n = 625 = 252.

Figure 14 shows that the most accurate results are obtained with Padé. The
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arp vs. dimension time vs. dimension

Fic. 13. Average relative precision (left) and time (right) for the prolate matrix, Example 10.
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arp vs. dimension time vs. dimension

F1a. 14. Average relative precision (left) and time (right) for the poisson matrix, Example 11.

results with SpecDec are not as accurate as those for Cheb, TayPS and TayH. The
fastest methods are Taylor-type techniques, but Padé is not significantly slower. VER
returns NaNs for all dimensions.

6. Conclusions. We have presented improvements of several known and some
new methods for computing enclosures for the exponential of a matrix. The methods
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TayH, TayPS, Cheb rely exclusively on matrix-matrix multiplications so that, as a rule,
the methods which require the less of those yield the tightest enclosures since they
reduce the wrapping effect. The methods Padé and Cont involve a linear system solve
with a (interval) matrix right hand side. For this task, state-of-the-art interval meth-
ods are available (implemented as verifylss.m of INTLAB, e.g.), which compute
tight enclosures for the solution set.

We performed a number of numerical experiments comparing the quality of the
computed enclosure and the run time of theses methods for a variety of test matrices.
For general matrices, our new Padé is typically the best compromise in terms of ac-
curacy and speed, closely followed by our Patterson-Stockmeyer variant TayPS of the
Taylor approximation approach. For symmetric matrices, the new Cheb or Padé are
generally superior to all other methods. The methods which rely on an either verified
(VER) or approximate (SpecDec) spectral decomposition of the matrix suffer from a
much higher wall clock time and do not, in general, provide tighter enclosures than
Padé and Cheb. Moreover, these methods may fail completely for non-diagonalizable
matrices. Method Cont requires the computation of enclosures for several linear sys-
tems which results in higher computational cost and less accurate overall enclosures
than Padé. Finally, approximate diagonalization can be beneficial or detrimental to
the quality of the computed enclosures, and it seems hard to characterize classes of
matrices for which either of these observations would hold in general.
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Lang, Yuji Nakatsukasa, Siegfried M. Rump, and Nick Trefethen for stimulating dis-
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