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Abstract: In this article we provide a sufficient condition for a continuous-state
branching process with immigration (CBI process) to not hit its boundary, i.e. for
non-extinction. Our result applies to arbitrary dimension d > 1 and is formulated
in terms of an integrability condition for its immigration and branching mechanisms
F and R. The proof is based on a suitable comparison with one-dimensional CBI
processes and an existing result for one-dimensional CBI processes. The same tech-
nique is also used to provide a sufficient condition for transience of multi-type CBI
processes.
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1 Introduction

Continuous-state branching processes with immigration (shorted as CBI processes) form a class
of time-homogeneous Markov processes with state space

Ri:{$€]ﬂ\’d|x1,...,$d20}, deN,

whose Laplace transform is an exponentially affine function of the initial state variable, i.e., CBI
processes are affine processes in the sense of [DEFS03| Definition 2.6]. They have been first studied
in dimension d = 1 in [Fel51], [Lam67] and [SW73|, where it was shown that they arise as scaling
limits of Galton-Watson branching processes. For an introduction to such type of processes in
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arbitrary dimension we refer to [Kyp06], [Parl6] and [Lill], where superprocesses were also
discussed. Although these processes are initially used to describe populations of multiple spices,
they have also various applications in mathematical finance, see, e.g., [Alf15] and [DEFS03] and
the references therein. At this point we would like to mention only some recent results on the
long-time behavior of CBI processes. Namely, convergence of supercritical CBI processes was
recently studied in [BPP18a] and [BPP18b] while convergence in the total variation distance for
affine processes on convex cones (including subcritical CBI processes) was recently studied in
[MSV1§|. Results applicable to the class of affine processes on the canonical state space R‘i x R™
were obtained in [FJR18¢], [GZ18] and [JKR1S].

Let us describe CBI processes in more detail.

Definition 1.1. The tuple (c, 8, B,v, 1) is called admissible if
(i) ¢ = (c1,...,cq) € RL.
(ii) B= (Bi,...,B4) € RL.
(%) B = (bkj)k,jef1,..ay 5 such that, for k,j € {1,...,d} with k # j, one has

bij — /zkuj(dz) > 0.

Y
(iv) v is a Borel measure on RY satisfying fRi(l A lz))v(dz) < oo and v({0}) = 0.

(vi) w= (p1,...,pq), where, for each j € {1,....d}, p; is a Borel measure on RS satisfying

JlEAEES Y | wdn) <o, wiioh =o (L1)

Note that this definition is a special case of [DEFS03, Definition 2.6]. Here we consider the
state space Rff_, exclude Kkilling and require the measures uq,...,uq to satisfy the additional
integrability condition 2?21 2> |z|p(dz) < oo, see also [BLP15, Remark 2.3] for additional
comments. These conditions together imply that the multi-type CBI process introduced below
is conservative.

Let (¢, 3, B,v,u) be admissible parameters. It was shown in [DES03, Theorem 2.7] (see
also [BLP15, Remark 2.5]), that there exists a unique conservative Feller transition semigroup
(P;)¢>0 acting on the Banach space of continuous functions vanishing at infinity with state space
R? such that its generator has core C®°(R?%) and is, for f € C2(R%), given by

d 2 T
N@ =3 en, LD 4 (54 B, On@)+ Ut - S@mtan 02
j=1 j

d
R+

d
+ Y ap [ (fla+2) = f(z) = (2, (V) (@) uy(dz), (1.3)



where (-, -) denotes the Euclidean scalar product on R%. The corresponding Markov process with
generator L is called multi-type CBI process. Moreover, the Laplace transform of its transition
kernel Py(x,dy) has representation

t
/ e EV Py, dy) = exp | — (o, v(1,€)) - / Flo(s,€))ds |, 2,6 €RL, 120,

d
R+

where, for any £ € R‘fr, the continuously differentiable function ¢ — v(t, &) € Rff_ is the unique
locally bounded solution to the system of differential equations

dv(t, &)
ot

= —R(v(t,£)), v(0,€) =¢. (1.4)

Here F' and R are of Lévy-Khinchine form

FQ = (8.0 + [ (1= ) uido),

#
Ri€) =i} — Beys &)+ [ (79— 14 (62)) my(de), e (L)
Ry
and ey, ..., eq denote the canonical basis vectors in RY. Most of the results obtained for multi-

type CBI processes are based on a detailed study of the generalized Riccati equation , where
F and R are called the immigration and branching mechanisms, respectively.

The possibility to describe a multi-type CBI process as a strong solution to a stochastic
differential equation was studied in [BLP15]. Below we provide such a pathwise description. Let
(Q, F, (Ft)t>0,P) be a filtered probability space satisfying the usual conditions. Consider the
following objects defined on (Q, F, (F;)i>0,P):

(A1) A d-dimensional (F})¢>o-Brownian motion W = (W (%))i>0.

(A2) (F)i>0-Poisson random measures Ny, ..., Ny on Ry x RY x R, with compensators

]vj(ds,dz,dr) = dspj(dz)dr, je{l,...,d}.

(A3) A (Fi)i>0-Poisson random measure N, on Ry x R? with compensator ]V,,(ds,dz) =
dsv(dz).

The objects W, N,, Ny,...,Ng are supposed to be mutually independent. Denote by N; =

N; — ]/\7]-, je{l,...,d}, and N, = N, — N, the corresponding compensated Poisson random
measures. Then it was shown in [BLP15, Theorem 4.6] that, for each z € R% there exists a



unique Rff_—valued strong solution to

X(t)=z+

(8+ BX(s) ds+2\/fek/\/)Tde /t/zN,,(ds,dz) (1.5)

d
O]R+

o

d ! d !
—i—Z/ /z]l{r<X( )V (ds, dz, dr) Z/ / zpi(dz) | Xj(s)ds.
0

l2[>1 Ry =10 \2j>1

An application of the It6-formula shows that X solves the martingale problem with generator
, i.e., X is a multi-type CBI process. Conversely, the law of a multi-type CBI process can
be obtained from (L.5)), see [BLP15] for additional details.

Smoothness of transition probabilities for one-dimensional CBI processes was recently studied
n [CLP18|, where very precise results have been obtained. In [F.JJRI18a] (see also [FMS13] for
related results) we have studied existence of transition densities for multi-type CBI processes. It
was shown that, under appropriate conditions, such a density exists on the interior of its state
space, i.e. on ' = {z € Ri | ©1,...,24 > 0}. In this work we provide conditions under which
the corresponding multi-type CBI process is supported on I', ie. P[X(¢) € 'y t > 0] =
Such property simply states that the population described by X does not get extinct. As
a consequence, it has, under the conditions of [FJRI18a] and those presented in this work, a
density on the whole state space Rff_.

The study of boundary behavior, recurrence and transience for CBI processes has, in dimen-
sion d = 1, a long history where we would like to mention the works [Gre74] and [FES85]. More
recent works, still in dimension d = 1, include [CPGUBI13|, [DFM14], [FUB14a], and [FUB14b].
Based on these results we provide sufficient conditions for non-extinction and transience of
multi-type CBI processes applicable in arbitrary dimension d > 1.

This work is organized as follows. In Section 2 we state and discuss the main results of this
work. These results are then proved in Section 3, while some technical computations are given
in the appendix.

2 Statement of the results

Here and below we denote by X a multi-type CBI process with admissible parameters (¢, 8, B, v, 1)
obtained from (1.5). We start with the simple case where one component of the multi-type CBI
process has bounded variation.

Proposition 2.1. Suppose that there exists k € {1,...,d} such that

c, =0 and / zi i (dz) < oc. (2.1)
|2|<1
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Then X, has bounded variation and

Ot efrt—1 .
xk + Bit, if O, =0

where 0, = by, — fRi zippp(dz) € R.

The proof of this result is given in the appendix. From this we easily obtain the following
corollary.

Corollary 2.2. Let k € {1,...,d} and suppose that (2.1) holds. If either z > 0 or fr > 0,
then P[Xk(t) >0, t>0]=1.

The next proposition gives a multi-dimensional analogue of this result. For z,y € R? we will
write z < y to mean that z; < y; foralli=1,...,d.

Proposition 2.3. Suppose that (2.1) holds for allk € {1,...,d}. Then X has bounded variation

and it holds that .

X (t) > €'Yz —i—/eSGﬁds, (2.3)
0
where G = (gkj)k,je{l,...,d} is given by

9kj = b; _/Zkuj(dz), kg e{ls....dj. (24)

d
RY

The proof of this statement is given in the appendix. In view of this estimate we restrict our
further analysis to the case where does not hold, i.e., the process has unbounded variation.
In this case we define, for k£ € {1,...,d}, the projected immigration and branching mechanisms
F&) RE) R — R by

F®(E) = pre + / (1 - 67§Zk> v(dz),
B
RW(&) = —bppé + et + / (e*ka 1+ fzk) 1 (d2).
Ry
Then we obtain the following result.

Theorem 2.4. Suppose that there exists k € {1,...,d} and k > 0 such that R®(£) > 0 for
E> k. Ifep >0 or f‘z|<1 zipii(dz) = oo, and it holds that

00 £
F¥) () 1
/exp / 70 (u)du G (g)df = 00, (2.5)

then P[Xk(t) >0, t>0]=1, provided xj > 0.



From this we directly deduce the following corollary.

Corollary 2.5. If for each k € {1,...,d} the conditions of Theorem are satisfied, then
PX(t)el, t>01=1, providedz €' ={z € RY | 21,...,24 > 0}.

We close this subsection with a sufficient condition for (2.5)).
Remark 2.6. Suppose that for some k € {1,...,d} the following conditions are satisfied:
(i) There exists My > 0 such that R¥)(&) > 0 for &€ > M.
(ii) There exists y, € (0,1] and My, Cy > 0 such that F®F) (&) > C1&% for € > M;.
(iii) There exist ay € (1,2] and My, Co > 0 such that R (£) < Col™ for € > Ms.
Then 1s satisfied, provided one of the following conditions holds:
(a) o € (1,1 + ).
(b) ar =1+ and v, < &

The proof of this remark is given in the appendix. Note that, if 8 > 0, then F®) (&) > §,¢
and hence v, = 1. However, this corollary also applies in the particular case where 81 = --- =

Ba = 0.

Finally we close our considerations with one sufficient condition for transience.

Theorem 2.7. Let k € {1,...,k} and suppose that R¥)(&) > 0 holds for all £ > 0. Then
Pllim; 00 Xk (t) = o0] = 1, provided one of the following conditions is satisfied:

(a) bgr > 0.
(b) brr <0 and

1 1
F®) () dg
0/exp —/ R("?)(u)du CIG) < 0. (2.6)
3

From this we easily conclude that, if the assumptions of Theorem hold for each k €
{1,...,d}, then X is transient.

Let us close this section with one particlar example. The multi-type CBI process X with
admissible parameters (¢ = 0,8, B, v, u), where u = (u1,...,puq) are, for ai,...,aq € (1,2),

given by
dz;

nj(dz) = Ir, () 1 ® L1 do(dz), (2.7)
% k#j
is called d-dimensional anisotropic (a1, ..., ag)-root process.
Theorem 2.8. Let X be the anisotropic (aq,...,aq)-root process starting from x € R‘i. Fix

ke{l,...,d}.



(a) Suppose that there exist C, M >0 and i € (0,1] such that

Bué + / (1) 2 cen, g2 M (2.8)
k¢
If x; > 0 and o € (1,1 + ), then P[Xi(¢) >0, ¢>0]=
(b) If by > 0, then Pllimy_00 Xi(t) = o0] = 1.

Proof. Assertion (b) follows immediately from Theorem (a). Let us prove assertion (a).
Since aq,...,aq € (1,2), it follows that X has unbounded variation. Hence it suffices to show
that Theorem [2.4] is applicable. First observe that

FO© =i+ [ (1-e) utaa)
R
RO = b+ [ (7 — 14 €2) 1 = —buat + Ke™,
0

where K = [[° (e™" — 1+ w) wldf“;k > 0. Next it is easily seen that

maX{O, bkk} ) ﬁ

R®)(¢) >0, whenever £ > ( I

Moreover, one finds R¥)(¢) < (|bgi| + K) €% for € > 1, and hence the assertion follows from
Remark [2.6] since ax € (1,1 + ). O

In Remark if B > 0, then we may take 7 = 1 so that (2.8) is satisfied. However, if
Bk = 0, then (2.8)) may be still satisfied as it is shown in the following example.

Example 2.9. Let v € (0,1) and set v(dz) = ]lRi(z) |Z|(ff+7. Then fRi(l Az)v(dz) < oo and

it dz —wy dw
/(1—6 §zk> Er 7/(1_6 W) MR

d d
R¢ RY

So (2.8) holds for vy = ~. Hence the assumptions of Theorem (a) are satisfied, if ay €
(1,14 7).

It is worthwhile to mention that there exists a large class of measures which satisfy (2.8) but
are not of the form v(dz) = ﬂRi(z)v‘{fzﬂ, see, e.g., [KS17], [FJR18a] and [F.JRI18b].



3 Proofs of main results

3.1 Construction of auxilliary CBI process

Let (¢, B, B, v, u) be admissible parameters and set

byj = brj — / zpi(dz) — Ligaesy / Ziopij (dz). (3.1)

|z>1 lz|<1

Let (W,N,,Ni,...,Ng) be given as in (Al) — (A3) and consider a process ¥ = (Y7,...,Yy)
satisfying, for each k = 1,...,d, the stochastic equation

i t
=Y + / ,Bk + bkkYk )) ds +/2c¢; / \/ Yk de / /ZkNl,(dS, dz) (32)
0 0 RrRd
t

t
+/ /Zk:]l{r<Yk )}Nk(ds dz d’l“ —l—/ / /zkﬂ{r<yk( )}Nk(ds dz dr)
0

lz]<1R 0 |2[>1 Ry

where y = (y1,...,yq4) € R, Finally, define projection mappings pr; : R — Ry, prj(z) = 2,
j € {1,...,d}. The next lemma states that the system of equations (3.2) has a unique strong
solution which describes a CBI process.

Proposition 3.1. Let (¢, 8, B,v, u) be admissible parameters and let (W, N,, N1,...,Ng) be
given as in (A1) — (A83). Then the following hold:

(a) For each y € RY, there exists a unique R% -valued strong solution Y to (3:2).

b) For each j € {1,...,d}, Y; is a one-dimensional CBI process with admissible parameters
J
(¢, Bj, bij, Vi, t5), where v; =vo prj_l, [ = ;0 prj_l.

Proof. Define random measures M (ds,dz,dr), ..., My(ds,dz,dr) on ]Ri by
My ((a,b] x A x B) = Ni((a,b] x pry,*(A) x B),  ke{l,...,d},
and Ny, (ds,dz),..., N5, (ds,dz) on R% by
Ny, ((a,b] x A) = N,((a,b] x pr;, ' (4)), ke{l,...,d},

where a < b, A, B € B(R;). Then Mj,..., My and Ny,,..., Ny, are Poisson random measures
with compensators

]\//Tk(ds,dz,dr) = dspig(dz)dr and ]v;k(ds,dz) =dsv(dz), ke{l,...,d}.



Moreover, My, Ny, , W, are mutually independent. Let Mk(ds dz,dr) = My(ds, dz, dr)—]\?k(ds,dz,dr)

be the corresponding compensated Poisson random measures. Then (3.2)) takes the form

<5k+bkkYk( )) d8+\/f/\/Tde //zN;k(ds,dz)

t
Yi(t) = yk+/
0 0 Ry
t t
—l—/ /Zﬂ{r<Yk )}Mk(ds dz,dr) —l—/ / /z]l{r<yk( )}Mk(ds dz,dr).
0 (6,18 0 (Lioo) By

This equation is now a particular case of (1.5) for dimension d = 1, i.e., it has a unique R,-
valued solution which is a CBI process with admissible parameters (cg, Bk, bik, Uk, fik ), See also
[FL10] for related results. O

We close this section with the observation that Y obtained from (3.2 is actually a CBI
process on ]Rfii_.

Remark 3.2. Let (¢, 3, B,v, 1) be admissible parameters, let (W, N,, N1,...,Ng) be given as in
(A1) - (A3), and let Y be the unique solution to ([3.2)). ThenY is a multi-type CBI process with
admissible parameters (c, B8, BY ,v, u¥), where BY = diag(bi1,...,baq) and p¥ = (ul',...,u})
with u}/(dz) = fij(dzk) @ [ 1)z, do(dzy), 5 =1,....d.

Since we do not use this result later on, we only sketch the main idea of proof. In view of
[BLP15] it suffices to show that the Markov generator of Y takes the desired form. However,
this can be shown by direct computation using It6’s formula.

3.2 Comparison with auxiliary CBI process

The next statement is the key estimate for this work.

Proposition 3.3. Let (¢, 5, B,v, u) be admissible parameters. Consider (W, N,, N1,...,Ny) as
in (A1) - (A3), and let X be the multi-type CBI process obtained from (L.5). Let'Y be the
unique strong solution to (3.2) with y = x. Then

PIX,(t) > Yi(t), t>01=1, ke{l,...,d.

Proof. Our proof is based on the method developed in [BLP15, Lemma 4.1]. Define Ag(t) :=
Yi(t) — Xk(t) and dg(r,s—) = ]l{rng(s—)} — ]l{rng(s—)}' Then Ag(0) = 0 and we obtain, for



each k € {1,...,d},

t
Ay(t) = / (EkkAk(@me ()) ds + V2 / (VY(5) = VX(5) ) aWi(s)
0

J#k
t g g
+/ / /zkék(r,s—)ﬁk(ds,dz,dr)+/ / /zkék(r,s—)Nk(ds,dz,dr)
0 |z|<1R4 0 |z[>1R4
¢
—Z///zkn{T<X( 2y Nj(ds, dz,dr).
JZk Y RY Ry

Let ¢, : R — R, be a sequence of twice continuously differentiable functions with the prop-
erties:

(i) ¢m(z) /24 = max{0,z}, as m — oo for all z € R.
(ii) ¢.,(2) € [0,1] for all m € N and z > 0.
(iii) ¢h,(2) = ¢pm(z) =0 for all m € N and z < 0.
i)

(vi) ¢l (z —y)(Vz — /y)? <2/m for all m € N and z,y > 0.

The existence of such a sequence was shown in the proof of [Mal3l Theorem 3.1]. Applying the
It6 formula to ¢, (Ak(t)) gives

5 i
n(B0(0) = 3 [ Ri(5)ds + M), (33)
0

where R,{; o ,Rz m are given by

Ripn(8) = dlu(Ak(5)) (bkkAk = b X; )

7k
R2 () = exdl(B()) (VIa(s) — V()

Ry m(s) = / / (pm(Ar(5) + 210k (r, 5)) — dm(Ar(s)) — 2k0k (7, 8) by, (Ak(s))) drpg(dz)

[2|<1R4

Rin(s) = [ [ (@B0lo) + 208005:)) = i (Aa(5)) drya ()
[z|>1 Ry

Rin(e) =3 [ [ (6n(a06) = 212 ) = bl 05D drd2),
kg B,
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(Mpm(t))i>0 is a local martingale and dx(r, 8) = I<y,(s)} — Ir<x,(s)}- For I € N, define the
stopping time
n=inf{¢t >0| max }maX{Xi(t),Yi(t)} > [}.
IS

Using the precise form of My, ,, given by Itd’s formula combined with similar estimates to
[BLP15, Lemma 4.1], one can show that (My,,(t A 7;))i>0 is a martingale for any / € N. Next
we will prove that there exists a constant C' > 0 such that

ZR ) < CA(s)s + % (3.4)

Taking then expectations in (3.3)), using that (Mjm(t A 7))i>0 is a martingale and estimating

as in (3.4), gives

tAT tAT
C
E[pm (At A 7)) ZE / ka ds| <CE / Ag(s)4ds +EE[t/\7—l]
/ C
/ [Ak(s A1) ]d8+l.
m
0
Letting m — oo and using property (i) gives
t
[Akt/\Tl / Ak 8/\7‘1 ]d
0

Applying Gronwall lemma shows that, for any k € {1,...,d} and ] € N, one has E[Ag(tA71)+] =
0. Letting now [ — oo proves the assertion. ~

Hence it remains to prove ([3.4). In order to estimate R}, we use properties (ii), (iii), by; > 0
for k # j and X;(s) > 0 to obtain 7

Rian(8) = G (A ()0 Ak (5)+ — B (Di(5)) D ki Xj(5) < [bgk Ak(s)+-
Ik
For R%m we obtain from (iv) the estimate Ri (s) < % Let us now turn to R3 . Using

property (iv) we see that, for each y > 0, z > 0 and m € N, there exists ¢ = ¥(y, 2z) € [0 1] such

that ) ) )
2z z
m — Pm — ¢ J z — < —
Py +2) = Pm(y) — o (v)z = iy + 92) 5 < S (g1 92) = my’
Next observe that d;(r,s) > 0 if and only if Ag(s) > 0 and r € (Xk(s), Yi(s)]. Applying both

observations, we obtain

REn(5) < Tyap(9)50) / / (S (D (3) + 206(725)) — b A (5)) — 200 (r, ) (D (3))) drpag (d2)

|z|<1R4
< Hawe>0 >0} // 25, (1, 5) dmk(dz)<i / zp o (d2)
=~ mAk; - m ’
|z|<1 R4 |z]<1

11



where we have used fR+ Sk(r, 8)%dr = Ag(s) a.s. on {Ag(s) > 0}. For ’R%,m we use property (ii),
so that

RE(5) < Liay(o)50) / / (b (Ak(3) + 204(r, 5)) — bon(Di(8)) p(dz)dr

‘Z‘>1]R+
< Lyay(s)>0} / /Zk5k(7“,5)ﬂk(dz)d7“SAk(S)+ / gk (dz),
\z\>1]R+ ‘Z‘>1

where we have also used fR+ O (r, s)dr = Ag(s). For the last term we use property (ii), so that
Rzm(s) < 0. This proves (3.4) and hence the assertion. O
3.3 Proofs of Theorem [2.4 and Theorem [2.7]

We are now prepared to prove our main results of this work. First observe that Proposition
implies that, for any k£ € {1,...,d},

P[Yi(t) >0, t>0]=1 = P[X,(t) >0, ¢t>0]=1,

and similarly
P[tlggon(t) =0]=1 = P[tllgloXk(t) =o0] =1,

where X and Y are the unique solutions to (1.5) and (3.2), respectively. In view of Proposition
Y}, satisfies the conditions of [FUBI4al, Corollary 6] or [DFMI4] Theorem 2], respectively.
Now it is easy to see that the assertions of Theorem [2.4] and Theorem [2.7] are true.

Appendix: Additional proofs

Proof of Proposition [2.1] Observe that under condition (2.1)) the process X}, also satisfies

t

d t
Xk(t):mk+/ B+ Y gk X;(s) ds+//sz,,(ds,dz)
j=1

0 0 Ri
t t
+///2k1{r<Xk(s)}Nk(dsadzadr)+Z///Zkﬂ{r<Xj(s)}Nj(d57dz7d7')7
0 R Ry IR0 Re Ry

where gy is defined in (2.4). This implies that X}, has bounded variation. Let y(¢) be the unique
solution to y(t) = = + fot (Br + Oky(s)) ds, ie.,

Ot ekt —1 ifo
J(1) = 4 K + B g : k7’é0’ £ 0.
xr + Bit, if 0, =0

Proceeding exactly as in the proof of Proposition we obtain P[Xy(t) > y(¢)] = 1 for all
t > 0. This proves the assertion. O

12



Proof of Proposition[2.5 Observe that under (2.1)) the process X also satisfies

d

:L'~|—/t(,3+GX(s))ds+/t/zN,,(ds,dz)+Z/t//zll{TSXj(s_)}Nj(ds,dz,dr).
0

0 Rd =10 ge Ry

X ()

Let y(t) be the unique solution to y(t) = z + fot (B + Gy(s)) ds which is given by y(t) = '%z +
f(f ¢*¢Bds. Proceeding exactly as in the proof of Proposition we obtain P[ X (t) > yx(t)] =1
forallt > 0 and k € {1,...,d}. This proves the assertion. ]

Proof of Remark[2.6, Set = max{My, My, Ms}. If o, < 1+ 7y, then gggzg > %u7k—o‘k, for

u € [k,&], and hence

5 F(k)( ) C ;
711 ! Ve —Qk
P /R(k:)(u) du | 2 exp Cs / “ du

K K
o) wltve—a 4 glﬂrak
= eX B ———————— eX e
p( 021+7k—04k> p(021+’7k_04k)
and

00 Cy p'tk=%%

9 00
/exp /F(k) (u) I dé S €Xp <_072 1—|—fyk.—oz;c> /exp (Cl £1+7k*ak ) ﬁ o
R(k) (u) R(K) & — Cs Col+yp —ay ) §%

K K K

This proves (2.5) under (a). If ap = 1 4 -y, then we obtain for £ > k and u € [k, £],

¢ ¢
F(k)(u) Cy Lo O
-\ i Tk — Ok — Ty £ C-
exp /R(k)(u)du > exp CQ/U du K 02,

K K
Using o, <1+ % gives

C

Foo(frow, \ a _n@ fed
u K ©2 )
/exp /R(k)( )du 7 > dé = oo,
K

u W) = G J &
K K
and hence proves (2.5) under (b). O
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