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1 Introduction

In systems theory, the algebraic Riccati equation
A*X + XA—-XBB*X +C*C =0 (1)

plays an important role in many areas. One example is the problem of lin-
ear quadratic optimal control where a selfadjoint nonnegative solution is of
particular interest. For infinite-dimensional systems such a solution is often
constructed in parallel to a solution of the optimal control problem. This has
been done for different kinds of linear systems, e.g. in [6, 15, 16, 17, 20].

On the other hand, the Riccati equation is closely connected to the so-called
Hamiltonian operator matrix

A —BB*
T = s .- (2)
-Cc*C -A
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An operator X is a solution of (1) if and only if its associated graph R ( )I() is
an invariant subspace of the Hamiltonian. In the finite-dimensional case, this
connection has lead to a complete characterisation of all solutions of the Riccati
equation, see e.g. [3, 13| and the references therein. For infinite-dimensional
linear systems, this “Hamiltonian approach” to the Riccati equation has been
studied under different boundedness assumptions on the control and observa-
tion operators B, C' and for different classes of Hamiltonians with respect to
their spectral properties. For the case that B, C' are bounded and have finite
rank, a characterisation of all nonnegative solutions of (1) has been obtained
in [5]. In [12] the class of Hamiltonians possessing a Riesz basis of eigenvectors
was considered for systems with bounded B and C, and characterisations of
solutions and their properties were obtained. In [22, 23] this was extended to
unbounded B, C and to more general kinds of Riesz bases. The Riesz basis
setting typically leads to the existence of an infinite number of solutions of (1).

However, the existence of a Riesz basis of eigenvectors of T is a strong
assumption and might be to restrictive. An often weaker condition is that T
is dichotomous. This means that the spectrum of 1" does not contain points
in a strip around the imaginary axis and that there exist invariant subspaces
corresponding to the parts of the spectrum in the left and right half-plane,
respectively. Dichotomous Hamiltonians with bounded B and C' were consid-
ered in [4, 14] and the existence of a nonnegative and a nonpositive solution of
(1) was shown. This result was extended in [18] to a setting where BB* and
C*C are unbounded closed operators acting on the state space. This however
excludes PDE systems with control or observation on the boundary. In this
article we will construct a nonnegative and a nonpositive solution of (1) for
a class of dichotomous Hamiltonians which allows for systems with boundary
control and observation.

In the infinite-dimensional setting the Hamiltonian approach typically leads
to unbounded solutions of the Riccati equation in the first instance, see [14, 18,
22, 23]. This means that the boundedness of solutions is an additional question
now. Moreover, due to the unboundedness of the operators in (1), additional
care has to be taken to exactly determine the domain on which the Riccati
equation actually holds.

Our setting is as follows: Let H,U,Y be Hilbert spaces. Let A be a quasi-
sectorial operator on H, i.e., A — u is sectorial for some p > 0. This means
that A may have spectrum on and to the right of the imaginary axis up to the
line Rez = p and that A generates an analytic semigroup. The operator A

determines two scales of Hilbert spaces { H} and {H S(*)},
HocHcH., H®WcHcHY, s>o0,

whose norms are given by ||z||s = [|(I+AA*)3z| and ||2||” = [|(T+A*A)3z||. If
A is a normal operator, then both scales coincide with the usual fractional power
spaces, Hs = a = D(|A]®). In general however, the two scales are different



and must be distinguished. Our assumption on the control and observation
operators is now

BeL(UH.,), CeLHMY)

where ;s > 0 and r + s < 1. Examples of systems with boundary control and
observation which fit into this setting may be found e.g. in [19, 23]. The adjoints
of B and C are defined using a duality relation in each of the scales of Hilbert
spaces, which is induced by the inner product (-|-) on H: the mapping y — (-|y),
y € H, extends by continuity to isometric isomorphisms H_, — (H,)" and
H(_*S) — (H §*) ). This is also referred to as duality with respect to the pivot
space H. With this duality we obtain

BB*:H, - H_,,  C*C:H® — HY.

The Hamiltonian is now considered as an unbounded operator
A —BDB*
To= (—C*C’ —A* )

™) with appropriate extensions of the operators A and

—8

actingon Vo = H_,. x H
A*. We prove that if

(a) o(A)NiR =@, or
(b) A has a compact resolvent and

ker(A — it) Nker C' = ker(A* + it) N ker B* = {0}, teR,

then Tj is dichotomous and hence there is a decomposition Vy = V1 @ Vp— into
Ty-invariant subspaces such that o(Tplv,.) C C4, i.e., Vp— corresponds to the
spectrum in the open left half-plane C_ and Vj1 to the one in the open right
half-plane Cy. For the rest of this introduction we assume that (a) or (b) is
satisfied.

We derive that V1 are graph subspaces in two different situations. In the
first we assume that

(|  kerB*(A*—XN)~'={0}. (3)

A€iRNo(A*)

Then Vp+ are graphs, Vor =R ( Xﬁ N ), of closed, possibly unbounded operators
Xot : D(Xox) C H_, — HY). If in addition

| kerC(A—X""= {0}, (4)

A€iRNp(A)

then X4 are also injective and hence Vo = R (Y‘}i) with Yp4 = X il The
conditions (3) and (4) were also used in [14, 18, 22, 23], sometimes in different



but equivalent forms; (3) amounts to the approximate controllability, (4) to
the approximate observability of the system (A, B,C), see [14, 23]. In the
second situation, we assume that o(A) C C_. Hence the semigroup generated
by A is exponentially stable. In this case we obtain Vo = R ( Xﬁ,) and

Vor =R (Y(;f ) where, again, Xg_ and Yp are closed and possibly unbounded,
but not necessarily injective.

Under the additional assumption that A has a compact resolvent, we can
show that Xo_ and Yy, are bounded. More precisely, if A has a compact re-

solvent and either (3) and (4) or o(A) C C_ hold, then Xo_ € L(H_T,HE?),
Yot € L(H(_*s)7 H_,). In this case we also obtain that X(_ is a solution of the

Riccati equation on the domain H §*—)7~ and that the operator A— BB*X(_ asso-
ciated with the closed loop system generates an exponentially stable semigroup
on H_,.

In [14, 18] the two solutions of the Riccati equation are selfadjoint operators
on H, one being nonnegative, the other nonpositive. Here the situation is more
involved. While Xyt can be restricted to symmetric operators on H that are
nonnegative and nonpositive, respectively, selfadjoint restrictions need not exist
in general. More specifically, X+ admit restrictions to closed operators X+

from Hé*) to H, such that
Xi+ C X7y = Xo+,

where the adjoint is computed with respect to the duality in the scales {H,}
and {H, §*)} In particular, X1+ is symmetric when considered as an operator

on H. If X4 is the closure of X714 as an operator on H and X4 is the part
of Xo4+ in H, then

X1+ C Xyt C X]T/[:I: = X4 C Xox,

Xpr— is symmetric and nonnegative, Xjs 4 is symmetric and nonpositive. We
can also consider the restriction of the Hamiltonian 7y to an operator 1" on
V = H x H. Then T has invariant subspaces V. corresponding to the spectrum
in C1 and V4 is in fact the graph of X . Note here that T" will in general not
be dichotomous since V4 @ V_ will only be dense in V. Also note that the above
statements hold for Xy_ and its restrictions provided that Vp— =R ( X{F ), ie.,
if (3) or 0(A) C C_ holds. Likewise the statements for the restrictions of X4
hold if Vor =R (&}, ), Le., if (3) is true.

Finally assume that max{r, s} < % In this case 71" is in fact dichotomous and
we obtain Xj;4 = X4, Hence X_ is selfadjoint nonnegative, X is selfadjoint
nonpositive. If in addition A has a compact resolvent, then X_ is also bounded
and a restriction of A — BB* Xy_ generates an exponentially stable semigroup
on H.

This article is organised as follows: In section 2 we collect some general
operator theoretic statements, in particular about dichotomous, sectorial and



bisectorial operators. The scales of Hilbert spaces are defined in section 3
and their basic properties are recalled, in particular concerning interpolation.
Section 4 contains the definition of the Hamiltonian and basic facts about
its spectrum. Moreover we describe the symmetry of the Hamiltonian with
respect to two indefinite inner products, which will be essential in sections 6
and 7. In section 5 we prove the bisectoriality and dichotomy of Ty and T
using interpolation in the Hilbert scales. The graph subspace properties of Vj+
and Vi are derived in section 6 as well as the boundedness of Xy_ and Y.
The symmetry relations between X+ and its restrictions are the subject of
section 7, while the Riccati equation and the closed loop operator are studied
in section 8.

A few remarks on the notation: We denote the domain of a linear operator
T by D(T), its range by R(T), the spectrum by o(T) and the resolvent set
by o(T). The space of all bounded linear operators from a Banach space V
to another Banach space W is denoted by L(V,W). For the operator norm of
T € L(V,W) we occasionally write ||T'||y—w to make the dependence on the
spaces V and W explicit.

2 Preliminaries

Lemma 2.1 LetT be a linear operator on a Banach space V. Let W be another
Banach space such that D(T) C W C V' and such that the imbedding W — V
is continuous. Let X € o(T).

(a) The resolvent (T — \)~1 yields a bounded operator from V into W, i.e.,
(T —\)"te L(V,W).

(b) If the imbedding W — V is compact, then the resolvent is compact as an
operator from V into V, i.e., (T —A)~1:V — V is compact.

Proof. (a) The assumption D(T) C W implies that (T — \)~! maps V into
W. The operator (T'— A)~! : V — W is thus well defined, and by
the closed graph theorem it suffices to show that it is closed. Let z, €
V with 2, = z in V and (T — \)"'z, — y in W as n — oco. Then
(T—\)"1x, — yin V by the continuity of the imbedding W — V', and also
(T —\)"tx, — (T —\)~'z in V since the resolvent is a bounded operator
on V. Consequently (T'— A\)"'z = y and hence (T — \)~! : V — W is
closed.

(b) This follows immediately from (a) by composing the bounded operator

(T —\)~1:V — W with the compact imbedding W — V.
U

Lemma 2.2 Let Ty be a linear operator on a Banach space V. Let V be
another Banach space satisfying D(Ty) C V. C Vy with continuous imbedding



V — Vy. Let T be the part of Ty in V', i.e., T is the restriction of Ty to the
domain
D(T) ={z € D(Tp) | Tox € V},

considered as an operator T : D(T) CV — V. Then
(a) op(T) = ap(To),
(b) o(To) C o(T) and (T — )"t = (Ty — N) 7Ly for all X € o(Th),

(c) if D(Tp) is dense in V', V is dense in Vy and o(Ty) # @, then T is densely
defined.

Proof. (a) This is clear, since D(Tp) C V implies that all eigenvectors of Tj
belong to V.

(b) Let A € o(Tp). Then T'—X : D(T') — V is injective as a restriction of Th—A.
Let y € V and set o = (Tp — A\) ~'y. Then = € D(T}), which implies x € V/
and Tox = Az +y € V. Therefore x € D(T') and (T"— A\)z = y. Hence
T—\:D(T) — V is bijective with inverse (T —\)~! = (To— ) ~!|y. Since
(To — A\)~!t € L(Vy, V) by Lemma 2.1 and since V < Vj is continuous, we
obtain (T'— \)~! € L(V) and thus A € o(T).

(c) Let A € o(Tp). Since (Top — N~ € L(Vp, V) and since V C Vp is dense,
we get that D(T) = (Tp — A\)~1(V) is dense in D(Tp) = (T — A\)~ (Vo)
with respect to the norm in V. As D(Tp) C V is dense, we conclude that
D(T) C V is dense.

U

Let us recall the definitions and basic properties of sectorial, bisectorial and
dichotomous operators. For more details we refer the reader to [7, 8, 21]. We
denote by

Zgw:{)\e@\{o} argx\e[—g—é?,g—i-ﬁ]} (5)

the sector containing the positive real axis with semi-angle 5 + 6. We also
consider the corresponding bisector around the imaginary axis

99:2g+9m(—2g+9) :{)\6@\{0}‘|arg)\| e [g—e,gw}}. (6)

For sectorial operators we adopt the convention that the spectrum is con-
tained in a sector in the left half-plane:

Definition 2.3 A densely defined operator S on a Banach space V is called
sectorial if there exist 0 > 0 and M > 0 such that Xz C 0(S) and

_ M
(S =N < by for all A € Xz 4p. (7)

S is called quasi-sectorial if S — p is sectorial for some p € R.



If (7) holds for some 6, then it also holds for some 6’ > 6 (with a typically
larger constant M). We may therefore always assume that 6 > 0. A densely
defined operator is sectorial if and only if it is the generator of a bounded
analytic semigroup. S is quasi-sectorial if and only if there exist 6, M,p > 0
such that! Yz19\ By(0) C o(S) and

M
1S =07 < B for all A€ Xxig, [Al = p. (8)
If S is a (quasi-) sectorial operator on a Hilbert space, then its adjoint S* is
also (quasi-) sectorial with the same constants 6, M (and u, p).

Definition 2.4 A linear operator S on V' is called bisectorial if iR\ {0} C o(S5)
and

M
(S =N < by for all A € iR\ {0} (9)
with some constant M > 0. S is almost bisectorial if iR\ {0} C o(S) and there
exist 0 < 8 < 1, M > 0 such that

IS =2 < IAATﬁ for all A € iR\ {0}. (10)

If S is bisectorial, then for some 6 > 0 the bisector €y is contained in the

resolvent set o(5), and an estimate (9) holds for all A € Qp. Similarly, for an

almost bisectorial operator a parabola shaped region around the imaginary axis

belongs to o(S). If S is bisectorial and 0 € p(S), then S is almost bisectorial

too, for any 0 < 8 < 1. Note that an almost bisectorial operator always satisfies
0 € 0(S), while for a bisectorial operator 0 € ¢(S) is possible.

Definition 2.5 An operator S on a Banach space V is called dichotomous if
iR C o(S) and there exist closed S-invariant subspaces Vi of V such that
V=V, V_ and

o(Slv,) € Cs, (Sl ) C T

S is strictly dichotomous if in addition ||(S]y, — A)7!|| is bounded on Cx.

The additional condition for strict dichotomy ensures that the invariant
subspaces Vi are uniquely determined by the operator.

One of the main results from [21] is that if the resolvent of an operator
S is uniformly bounded along the imaginary axis, then S possesses invariant
subspaces V4 having the same properties as in Definition 2.5, with the exception
that V. @ V_ might be a proper subspace of V| i.e., S need not necessarily be
dichotomous. In this case, the corresponding projections are unbounded. We
summarise the results for the almost bisectorial situation here.

!B,(2) C C denotes the open disc with radius r centred at z.



Let S be an almost bisectorial operator. Then there exists A > 0 such that
{Ae C||Re\| < h} C o(S) and the integrals

+h-+ico
1 l(S -2 tax (11)

L =
T omi Jenioe A

define bounded operators Ly € L(V) which satisfy
L,L_=L_L,=0, Li+L_ =81 (12)
see [21, §5].

Theorem 2.6 Let S be almost bisectorial on the Banach space V. Then Py =
SLy are closed complementary projections, the subspaces Vo = R(Py) are
closed, S- and (S — \)~-invariant, and

(a) o(S) =o(Slv,)Ua(Sl.) with o(Slv,) C Cx,
(5) (Sl — N7 is bounded on Cs,

(c) D(S) CD(P) =V, @ V. CV,

(d) I =P, + P_ on D(Py).

The projections satisfy the identity

100/
P,x—P.x=— (S = N)"lzd), z € D(9), (13)

T J —ico
where the prime denotes the Cauchy principal value at infinity. Moreover, S is
strictly dichotomous if and only if Py € L(V).

Proof. All assertions follow from Theorem 4.1 and 5.6 as well as Corollary 4.2
and 5.9 in [21]. O

Note that Py are closed complementary projections in the sense that they
are closed operators on V and satisfy R(Py) C D(Py), P?2 = Py, D(Py) =
D(P-) and I = Py + P_ on D(Py). In other words, Py are complementary
projections in the algebraic sense acting on the space D(Py) = D(P-). Since
S is invertible, we obtain

Vi =R(P1) = ker Px = ker L. (14)

The case that Py are unbounded may occur even for bisectorial and almost
bisectorial S, see Examples 5.8 and 8.2 in [21].
For use in later sections, we collect some properties of the spaces R(L4):



Lemma 2.7 Let S be an almost bisectorial operator. Then the inclusions

DS)NVy CR(Ly) CVy (15)

hold, in particular R(L+) C Vi. In addition,

(a) if S is also densely defined, then D(S) N Vi = R(L4);

(b) if S is densely defined and strictly dichotomous, then D(S)NVy = R(L4)
and R(Ly) =Vy.

Proof. From (12) and the invariance properties of Vi we get

D(S)NVy =S (Vi) = La(Vy) C R(Ly) C ker Ly = V.

Since Vi are closed, R(Ly) C Vi follows. If S is densely defined, then part (c)
of the previous theorem yields V; & V_ = V. Therefore

R(Ly)=Li(Vy@d Vo) C Le(Vi @ Vo) = Ly (Va) =D(S) N Vi,

and hence the inclusion “D” in (a) holds. The other inclusion is clear by
(15). If now S is also strictly dichotomous, then Py are bounded. In particular
R(L+) C D(S) and hence R(L+) = D(S)NV4. Using that S and L1 commute,
we obtain

Vi =R(Py) = P+(D(5)) C P+(D(5)) = L+S(D(5)) = R(L+)

and hence R(Ly) = V4 by (15). O

We remark that the inclusion R(Ly) C V4 is strict in general, see [21, §6]
and Examples 8.3 and 8.5 in [21].

3 Two scales of Hilbert spaces associated with a
closed operator

In this section we construct two scales of Hilbert spaces {Hy} and {Hé*)}
associated with a closed, densely defined operator A. Although the results are
well known, the presentations found in the literature often cover only parts
of the full theory or are restricted to certain special cases: The construction
of the spaces Hy1 and H(i*l) for general A can be found e.g. in [9, 19]. The
intermediate spaces for s = £1 are defined in [9] for general, and in [19] for
selfadjoint positive A. The spaces Hg with arbitrary s are constructed in [10]
for selfadjoint A, while a general theory of scales of Hilbert spaces including
interpolation results is contained in [2]. Note that in [19] a different naming
convention and different but equivalent definitions of the spaces are used. Our
presentation follows [2, 9].



Let A be a closed, densely defined linear operator on a separable Hilbert
space H. We denote by ||-|| the norm on H and consider the positive selfadjoint
operator A = (I + AA*)%. For s > 0 let H; = D(A®) be equipped with the
norm ||z||s = |[[A®z||, and let H_g be the completion of H with respect to the
norm ||z|—s = ||[A™*z||. Then Hs; and H_, are Hilbert spaces,

HyC HcCH_,,

and the imbeddings are continuous and dense. The family of spaces {H,} is
called a scale of Hilbert spaces. In particular we obtain Hy = D(A*) and

* 1
el = (ll® + [ A"2|*)z, =€ H.

For any s > 0, the spaces Hs; and H_g are dual to each other with respect
to the inner product (-|-) of H. More precisely, the norm on H; satisfies

lyll-s = sup{|(zly)| |z € H, [lzlls =1}, y € H,

which implies that the inner product of H extends by continuity to a bounded
sesquilinear form on Hg x H_g, which we denote by (+]-)s,—s. In fact,

(x|y)s,—s = (A°2|A™%y), x€ H,, ye H.

The space H_s can now be identified with the dual space of H; by means of
the isometric isomorphism H_s — (Hs)', y — (-|y)s,—s. For convenience, we
also define a sesquilinear form on H_g x H by

(Ylz)-ss = (@|y)s,—s» =€ Hs,y € Hes.

With respect to the duality in the scale { Hs} we obtain the following notion
of adjoint operators:

Definition 3.1 Let W be a Hilbert space and C' € L(H,, W). Then the oper-
ator C* € L(W, H_;) satisfying

(Cxlw)w = (z|C*w)s—s, x € Hs,weW, (16)

where (-|-)w denotes the inner product of W, is called the adjoint of C' with
respect to the scale {Hg}. Similarly the adjoint of B € L(W, H_g) with respect
to {H,} is the operator B* € L(Hg, W) such that

(x|Bw)s,—s = (B*z|w)w, z¢€ Hg, weW. (17)
The adjoints exist, are uniquely determined and satisty B = B**, C' = C**,
|B|| = ||B*|| and ||C|| = ||C*|]. The adjoints of C € L(W,H,) and B €

L(H_4,W) are defined in a similar way. If C' € L(H,, W) is an isomorphism,
then C* is an isomorphism too and (C*)~! = (C~1)*.

10



Remark 3.2 The notion of adjoints with respect to the scale { Hs} generalises
the usual definition of adjoints of unbounded operators on Hilbert spaces: Let
C € L(Hs;,W). Then C can be regarded as a densely defined unbounded
operator Cy : D(Cy) C H — W with domain D(Cy) = Hs. The adjoint of C;
in the usual sense of unbounded operators is an operator C§ : D(C}) C W — H.
Observe that Cy and Cf satisfy (16) provided that w € D(CY). Consequently
CY is a restriction of C* : W — H_,. In fact

DCY)={weW|C'we H}.

Note here that C' € L(Hs, W) does not imply that C; is closable. Hence Cf
need not be densely defined and even D(CY) = {0} is possible.

Since H; = D(A*) and since || - ||; is equal to the graph norm of A*, we can
consider A* as a bounded operator A* : H; — H. The adjoint with respect to
{H,} is a bounded operator A** : H — H_ and in view of the last remark A**
is an extension of the original operator A. We will denote this extension by A
again,

A H— Hfl.

Now for any A € o(A), the operator A* — ) : H; — H is an isomorphism. Hence
its adjoint A— X : H — H_1 is an isomorphism too. In particular |[(A— )~ ||
is an equivalent norm on H_;.

Consider now the positive selfadjoint operator A, = (I + A*A)%, and let
{Hs(*)} be the scale of Hilbert spaces associated with it. In other words, we
repeat the above construction with the roles of A and A* interchanged. We
denote the respective norms and the extension of the inner product by || - | §*>,
| - ||(:2 and (y)g*ls Moreover Hf*) = D(A), the norm on Hf*) is equal to
the graph norm of A, the norm on H(_*l) is equivalent to [|(A* — \)~1 .| for
A € 0(A*), and we get bounded operators

A:HY 5 H AT H - HY).

Lemma 3.3 If A has a compact resolvent, then the imbeddings Hy — H and
Hﬁ*) — H are compact for all s > 0.

Proof. Let A € o(A). So (A —X)~! and (A* — \)~! are compact operators in
L(H). The imbedding H; < H can be written as the composition

A*—X (A*=Xx)~1

H

H1 > H.

Since A* — X\ : H; — H is bounded, it follows that H; — H is compact. Since
A~': H — H; is bounded, the sequence

A—l
H—H — H

11



implies that the operator A=' : H — H is compact. Consequently A= : H —
H is also compact for all s > 0. Decomposing Hs; — H as

£ (NS QRN &y

where A® : Hy — H is bounded, we conclude that Hy < H is compact. The
proof for H, S(*) — H is analogous. g

For operators acting between two scales of Hilbert spaces, there is the fol-
lowing interpolation result, which is also known as Heinz’ inequality, see [11,
Theorem 1.7.1]. Let H and G be Hilbert spaces. Consider the scales of Hilbert
spaces {H} and {G,} with corresponding positive selfadjoint operators A and
A on H and G, respectively.

Theorem 3.4 ([2, Theorem II1.6.10]) Let r; < 1o, s1 < sz and let B :
Gy, — Hg, be a bounded linear operator which restricts to a bounded operator
B:Gy, — H,,. Let 0 <A <1 and

r=Xr1+(1—=XNra, s=2As1+ (1 —XN)sa.

Then B also restricts to a bounded operator B : G, — Hg and

-2
1BllG,»#. < IBI&,, —u., 1Bl&, u,,-

We remark that if B restricts to an operator B : G,, — H,,, i.e., if B maps
G, into Hg,, then the boundedness of the restriction already follows from the
closed graph theorem.

Applying interpolation to A : Hf*) — H and its extension A : H — H_q,
we obtain that A also acts as a bounded operator

AHY S H.,  selo1].

Similarly,
A Hi_,—»HY,  selo1].

Rl
Moreover, if A € o(A) then A— X : Hl(*_)s — H_ gand A* —\: Hy_4 — H(_*S) are
both isomorphisms. Here surjectivity follows from the fact that for example
the resolvent (A — \)~! is an operator in L(H, Hl(*)) and L(H_1, H) and hence
by interpolation also in L(H_g, Hl(i)s)

The extensions of A and A* satisfy the identity

(Azly)—ss = (2lA")", 1w € HY, y e He (18)
This follows from an extension by continuity of the relation (Ax|y) = (z|A*y),
x € D(A), y € D(A").

In view of the above, using appropriate restrictions and extensions, the
resolvent (A — \)~! belongs to L(H) as well as L(H_1) and L(Hf*)). Similarly,
(A* — X\)~! belongs to L(H), L(H(_*l)) and L(Hp). The corresponding operator
norms can be estimated as follows:

12



Lemma 3.5 For any X\ € o(A) the estimates

1A = N < 1A= D Mz < 1A =2z

and

A" = N7 ey S NA =N ey S NAT = N gy
hold.
Proof. From

(A" = M)~ 2|[f = (A" = X)) ta]® + A% (AT = X)) Te?
= (A" = Nl ]® + (AT = X))t A?
< (A% = X ll?

for x € H, we obtain
1A =N Hlzery < A =Nz = 1A =Nz
Moreover for x € Hy, y € H_1,

[(@(A = N)71y)| = (A" = ) aly)r, ]
< A" = 2" eyl llyll -1,

which implies ||(A—X)"ty|l-1 < [[(A* = X)Lz |yl -1 and hence

(A - )\)_IHL(H,l) <[[(A" = 5\)_1||L(H1)-
The other estimates are analogous. O

Interpolation now yields the following;:
Corollary 3.6 For A € p(A), s €[0,1],
1A =N rm_y < 1A =X "5,
* y\—1 * y\—1

(A" =3 g0y < 1CA" = 3) .

4 The Hamiltonian

Let A be a closed, densely defined operator on a Hilbert space H and let {H}
and {H S(*)} be the associated scales of Hilbert spaces defined in Section 3. Let

BeL(UH.,), CeLHWMY)
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where U,Y are additional Hilbert spaces and r, s € [0, 1] satisfy r +s < 1. The
adjoints of B and C' with respect to the scales of Hilbert spaces are

B* € L(H,,U), C*eL(Y,HY).

We define the Hamiltonian as the operator matrix
A —BB*
To= (—C*C —A* ) '

Then Tp is a well-defined linear operator from D(Ty) = Hf*_)r x Hyi_s to the
product Hilbert space

Vo=H_, x H*).
Indeed we have
A:HY S H.,.  BB*:H —H_,
cc:H® - HY A H - HY
and the assumption r + s < 1 implies

Y cHY,  H_,CH,.

We consider Tj as an unbounded operator on Vp with domain D(Tp) as above.
In particular, Ty is densely defined.
Alongside V) we will also consider the two product Hilbert spaces

Vi=H® xH, and V=HxH.

Thus
D(Ty) cVi CcV CW.

Let T be the part of Ty in V. Then o,(T) = o0p(Tp). Moreover T will be
densely defined as soon as p(7p) # @. This follows from Lemma 2.2 since both

inclusions D(Tp) C V and V' C Vj are dense.
Lemma 4.1 The Hamiltonian satisfies
op(To) NiR =@
if and only if
ker(A —it) Nker C' = ker(A* +it) Nker B* = {0} forall teR. (19)

Proof. Suppose first that (19) holds and that

(i) eD(Ty), Th (Zj) = it @3) ., teR.

14



Then
(A —it)r — BB*y =0, —C*Cz — (A" +it)y =0

where = € Hl(i)r C Hg*), y € Hi_s C H,. Using the extended inner products
of the scales {H;} and {Hg*)}, we find
= ((A—it)z — BB"yly) = (A —it)z|y) v,y — (BB Y[y)—r.r,

N . (20)
(—C*Cx — (A* + it)y|z) = —(C*Cxla)) , — ((A* + it)yla) ).,

0
0
From (18) we see that

(Az|y)—pr = ($|A*y)(*) T € Hl(*_)r7 y € Hi_s.

$,—8?

Adding the two equations in (20) and taking the real part, we thus obtain
0= —(BB"yly)—r, — (C"Cal2)%) , = ~I|B"y|t - | Cal3-

Consequently B*y = Cz = 0 and hence also (A —it)x = (A* + it)y = 0. Now
(19) implies z = y = 0 and so it & o,(Tp). For the reverse implication note that
if for example x € ker(A — it) Nker C' and x # 0, then (z,0) is an eigenvector
of Ty with eigenvalue it. O

Lemma 4.2 The Hamiltonian satisfies
Tapp(To) NIR C o(A). (21)

Proof. Let t € R, it € 0app(Tp). Then there exist v, € D(Tp) such that
[onlvy =1 and
lim (Ty —it)v, =0 in Vj.

n—oo

By the continuity of the imbedding Vi — Vj there is a constant ¢ > 0 such
that
L= [lonllvy < cflvallvi-

Thus also

Un

[[onlva

lim (Tp — it) =0 in V.
n—oo

Setting (n,¥n) = v/ |vnlly; we obtain [[z,[ + [[ya ]| = 1 and
lim (Tp — it) (I”> =0 in Vp,
n—o0 n

or
(A —it)x, — BB*y, -0 in H_,

22
—C*Cxp — (A" +it)yp — 0 in H) 22)
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as n — oo. Since the sequences (x,) and (y,) are bounded in 7 and H,,

respectively, this implies that

((A — it)l’n — BB*yn’yn)—Tﬂ" —0
(—C*Can — (A" + i)y zn) ") — 0

Similarly to the previous proof, we add these identities and take the real part
to obtain

—(BB*yulyn)—rr — (C*Canlan)) = —||B*yul? — |C2a|3 — 0.

Consequently B*y,, — 0 and C'z,, — 0.
Now suppose in addition that it € o(A). Then A — it is an isomorphism

from H@T to H_,, see section 3. Therefore (A — it)_1 € L(H,T,HS(*)) and
analogously (A* +it)~! € L(H(*) H,). It follows that

(A—it)"'BB*y, -0 in HY¥, (A" +it)"'C*Cz, -0 in H,.
On the other hand, we infer from (22) that

T — (A—it) 'BB*y, -0 in H®,

s

—(A* +it)'Cc*Cxy — Yy — 0 in H,.

Therefore z, — 0 in H{” and yn — 0 in H,, which contradicts Haang*)2 +
lynll? = 1. m

Lemma 4.3 If A has a compact resolvent, r+s < 1 and o(Ty) # &, then both
T and Ty have a compact resolvent too.

Proof. First we have o(T) # @ by Lemma 2.2. Lemma 3.3 shows that the
imbeddings H{*_)T X Hi_s — V and Hﬁ)r

D(T) c D(Ty) = Hﬁ)r X Hi_g, Lemma 2.1 implies that the resolvents of T' and
Ty are compact. O

x Hi_g < V are compact. Since

On V = H x H we consider the two indefinite inner products
o] = (Jolw), [oful~ = (Jolw), v,we H x H, (23)
with fundamental symmetries
=(r o) =)
For v = (z,y),w = (Z,y) this yields
[olw] = i(x]g) —i(ylz),  [olw]. = (2]9) + (y]2).

16



For the first inner product, we also consider its extension tov € V; = H, S(*) x H,
andweVg=H_ ,xH ) which we denote again by [-|-] and which is given by

s

[ofw] = i(x|) ., — i(y|)r—r,
[wv] = i(&]y)—ry — i(§]2)"

(24)

Note that the extended inner product is non-degenerate in the sense that if
w € Vj is such that [v|w] = 0 for all v € V4, then w = 0. Analogously v € V}
with [v|w] = 0 for all w € V) implies v = 0.

The Hamiltonian has the following properties with respect to the inner
products defined above:

Lemma 4.4

[T()’U|U/] = _[U|T0w]7 v, w € D(TO)a
Re[Tv|v]~ <0, v e D).

Proof. Let v,w € D(1p) = Hfi)r X Hi_g and v = (z,y),w = (Z,7). Then
w,ie HY c HY, yjeH_,CH, Tw ToweVy=H_, xH".
We obtain
[Tov|w] = i(Ax — BB*y|g)—pr — i(—C*Cx — A*y|x)(*)
= i(Az|§)—rr — Z(BB*y]y) —rr+ z(C*C’x|m) s+ z(A*y|:z:)
= i(a|AG)L, — i(y| BB G)r s +i(alC*CR) T iAo
=i(z|C*Cz + A*y )g )_5 —i(y| — AZ + BB*y)y —r
= [’U| - Tow]
Let now v = (z,y) € D(T'). Then
[Tv|v]. = (Az — BB*yly) + (—C*Cz — A*y|x)
= (Azly)ry = (BB yly)-rr — (C"Cala) ) — (A7y[)"
= (Azly)—ry = |1 B*yllE = 1C2l3 — (ylAz)y,—

and hence
Re[Tw|v]~ = —[|B*y|f — IOz} < 0.
g
Corollary 4.5 (a) If there exists A € C such that \,—\ € o(Tp), then T is

J-skew-selfadjoint and o(T) is symmetric with respect to the imaginary
aTis.
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(b) If both T and Ty have a compact resolvent, then o(Ty) is symmetric with
respect to the imaginary axis.

Proof. The previous lemma yields [Tv|w] = —[v|Tw] for v,w € V. Also recall
that T is densely defined since o(Tp) # @. Lemma 2.2 implies o(Tp) C o(T') and
hence A\, —\ € o(T). By the theory of operators in Krein spaces, we conclude
that T is skew-selfadjoint with respect to the J-inner product, which in turn
implies the symmetry of the spectrum. If now both resolvents are compact,
then o(T) = 0,(T) = 0p(Ty) = o(Tp) and the symmetry of the spectrum
follows from part (a). O

Remark 4.6 The symmetries of the Hamiltonian with respect to the two in-
definite inner products on H x H have been used already in [14, 18, 22, 23].
The use of the Hamiltonian Tj on the extended space V| as well as the extended
indefinite inner product is new here and is motivated by the better properties
of Ty compared to T'.

5 Bisectorial Hamiltonians

Starting from this section we consider Hamiltonians whose operator A is quasi-
sectorial, see Definition 2.3. Recall from Section 4 that

Vi=HO x e, Vo=H_, x H')
and
BB* ¢ L(H,,H_,), C*CeLHM, HY),

We consider the following decomposition of Ty on Vp:

A 0 0 —BB*
To= Sy + R, SO:(O —A*>’ RZ(—C*C 0 > (25)

Here Sy, like Tp, is an unbounded operator on Vj with domain D(Sy) = D(Tp) =
Hft)r x Hj_g. On the other hand, R is a bounded operator R € L(V1, V).
By Corollary 3.6 the extensions of A and A* to unbounded operators on

H_, and H ) respectively, are quasi-sectorial and satisfy

M M
—1 * —1
A= € 3 I =2, < o

forall A € Xz9, [A| = p where 8, M, p are the constants from (8). Consequently
. M
IS0 =) ML) < np €% A= p, (26)
with €y the bisector from (6).

We derive a few estimates for the resolvents of A and A* with respect to
the scales of Hilbert spaces {H;} and {Hs(*)}

18



Lemma 5.1 Let A be quasi-sectorial and let 0, M, p > 0 be the corresponding
constants from (8). Then for all A € Xz .y with |A| = p the estimates

A =Ny g M, (A =N Hasa < M,
1

1A =N < M1, (A" =27 u =M

H(_*l)ﬁ
hold where M7 = M (% + 1) + 1.

Proof. For x € H we have

1A = ) ]| < 1A = N ta + || AA = 2) x|
< 1A =2 || + [l + M (A = A) 'z

M M
< <|)\+1+M) x| < (p+1+M> ||

and hence H(A—)\)_IHH_)H(*) < M;. Since the adjoint of (A—X)"!: H — Hl(*)
1

with respect to the scale {H§*)} is (A* —\)~L: H(jl) — H, see Section 3, we
also get
(A" =X)

I(A =271l < M.

-1 .
||H<_*1)—>H - H—H® =

Note here that if A belongs to 2z 19 then so does A. The other estimates follow
by interchanging the roles of A and A*. d

Corollary 5.2 Let A be quasi-sectorial, 0, M, p as above. Let r,s > 0 with
r+s<1. Then for A € Xz, Al > p:

My

M,
H_—H S N

—1 -1
(A=) e, = s

(A% = A)
The constant My depends on M, p,r,s only.

Proof. We apply interpolation to the results of Lemma 5.1. As a first step we
get

-1 —1yr+s —1jj1-r—s
1A =N, S A =Nl =27 525
M l—r—s M2
< Mr+s —
- (IM) [A[t=r=s
with My = M{ T M'="=¢ and similarly
_ M,
1A =X a, om < s
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From this we obtain with 7 = -2~

r+s
-1 —1 —11—
(A =2y L pe S IA=N)" ., srll(A=X) HH—:HSQS
< M
— |>\|17r75 '
The estimates for [|(A* — X))~} are again analogous. O

HY S H,

Lemma 5.3 Let A be quasi-sectorial, let 0, p be the constants from (8). Sup-
pose that r +s < 1. Then there exists p1 > p and cg,c1 > 0 such that
Q9 \ By, (0) C o(Tp) and

_ Ci
1(To = X)) < ﬁ, (27)

1(To =N~ = (So—=A) lnw < N (28)

for all X € Qg, |A| > p1.

Proof. This is a standard perturbation argument for Ty = Sy + R on Vj: For
A € 0(Sp), the identity

To—A=(I—R(So—XN"")(So—A)
holds. Corollary 5.2 implies that

_ My
1(So = A Mlrom) < A A€ QA > p.

Since ||R(So—A) ") < IRI(So—2) " L, va) and 1—7—s > 0, it follows
that there exists p; > p such that

[ R(So — )\)71||L(V0) < for all A € Qg, || > p1.

N

Hence I — R(Sp — A\)~! is an isomorphism on Vj and thus A € o(Tp) with

-1

(To—N)""=(So—N""(I-R(So—N1) (29)
and
_ _ v —1 2M
1(To = 2" Loy < 11680 = X)) | (T = R(So = 2) ) ) < Iy
for X € Qg, |\| > p1. Moreover
(So—=A) "= (To =N "= (To—N)"R(So — A" (30)
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which implies

1(So =N~ = (To = )Moy < 1T = N Mz IR So = Ao
_ 2M||R||M,
— ‘)\‘2—7’—8 ’

0

Lemma 5.4 Let A be quasi-sectorial and let Qo+ € L(Vp) be the projections

I 0 0 0
QO— - (O 0> ) Q0+ - <O I) . (31)
Consider the integration contours vi(t) = it, t €] — o0, —p|] U [p,00[ as well
as Y04 (t) = pe't, t € [=Z,Z] and yo—(t) = pe™™, t € [Z,3X] where p is the

constant from (8) for A. Then

/

1
Qosv — Qo_v = Z/ (So — N tvd\ + K, v eV,
T

7
where the prime denotes the Cauchy principal value at infinity and K € L(V)
is given by K = (I(()l I%) with

K, = / (A=N"td\, Ko= 1/ (—A* = \)7ta.
Yo+ Yo—

e i
Proof. We consider A as an operator on H_,. Since A — p is sectorial and
0€ o(A—p),
1 300/
— (A—p—N"tzd\ = -z, reH_,,
T J—ico
holds by [14, Lemma 6.1]. Using Cauchy’s theorem in conjunction with the
resolvent decay of A to alter the integration contour, we obtain
1 erioo/
—r=— (A—XN)"tzdx
T p—ico
I -1 1 -1
=— [ (A=XN)""zd\+ — (A—XN)""zd\, x € H_,.
Yo+

T ol iy

Looking at —A*, we get

1 00/ %
— (—A*+p—N"lyd\ =y, yEH(_S),
and hence
1 [ " 1 1 * -1 (%)
™ 71 U ’yo,

Combining both identities and noting that Qpiv — Qo—v = (—z,y) for v =
(z,y), we obtain the claim. O
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Theorem 5.5 Let A be quasi-sectorial and let r+s < 1. If o(A)NiR = & or
if A has a compact resolvent and

ker(A — it) Nker C' = ker(A* +it) Nker B* = {0} forall teR, (32)
then the Hamiltonian Ty s bisectorial and strictly dichotomous.

Proof. We first show that iR C o(7p). If 0(A) NiR = @, then Lemma 4.2
implies oapp(1p) NiR = @. Since 0o (Ty) C Tapp(Tp) and since iR N o(Tp) # &
by Lemma 5.3 it follows that iR C o(7p). Suppose on the other hand that
A has a compact resolvent and that (32) holds. By Lemma 4.3 T has a
compact resolvent too and therefore o(7p) = 0p(7p). Lemma 4.1 then implies
o(Tp) NiR = @.

From iR C o(Tp) and the estimate (27) we obtain that Tp is bisectorial. In
particular Theorem 2.6 can be applied to Ty and yields corresponding closed
projections on Vj, which we denote by FPyi. By Lemma 5.4 the mapping

!

1
v — [ (So—N)"tvdl, v € Vo,

™ ol

defines a bounded operator in L(Vp). In view of (28) the integral
/ (To — N1 = (So — A)~Ldr
71
converges in L(Vp). Consequently v — ,;1 (To — A)~*vd\ and hence also

1 700/
Ur—>,/ (To — \) " tvd), v €V,

Tt J—jco

defines a bounded operator in L(Vp). By (13) this last operator coincides with
Pyy — Py~ on D(Tp). Since Py — Py— is closed and D(Tp) is dense in Vj,
we conclude that D(Py+) = Vp and hence Pyr € L(Vp) by the closed graph
theorem. Therefore Ty is strictly dichotomous. O

Remark 5.6 Combining the results from Lemma 5.3 with the dichotomy of
Ty from Theorem 5.5 we find that in fact

(2% \ B, (0)) U{x e C|[A < h} C o(Tp)

where p; > p, h > 0, and 0, p are the constants from (8) corresponding to the
quasi-sectoriality of A. Also note that the last proof shows that T} is bisectorial
and strictly dichotomous whenever r + s < 1 and iR C o(Tp).

We close this section by investigating the dichotomy properties of the Hamil-
tonian on V = H x H, i.e., of the operator T'. Let

A0
=0 )
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with domain D(S) = H {*) x Hj, considered as an unbounded operator on V,
i.e., S is the part of Sp in V. Note that a decomposition similar to (25) does
not hold for the operators T and S since R maps out of V into the larger space
Vo. In particular we have D(T') # D(S) in general.

Lemma 5.7 Let A be quasi-sectorial with constants 0, p as in (8). Let r+s <
1. Then there exist p1 > p and cy,c1 > 0 such that Qg \ B,,(0) C o(T) and

-1 €o
(T =) ey < DYEk (33)
C1

H(T )‘> (S A) HL(V) < |)\‘2(1—max{7‘,8})’

(34)

for all X € Qg, |A| > p1 where
{1, max{r, s} < 1,

2(1 — max{r, s}), max{r,s} > ;.

8=

Proof. By Corollary 5.2 there exist My, M} > 0 with

_ My . _ Mj
1A= ) < s A =0y < s
for all A € Qg, |A| > p. Since p > 0 we can thus find ¢ > 0 such that

- c
[(So —A) 1||L(V0,V) < W for A € Q, [A| > p.

Similarly there exists ¢’ > 0 with

C/

1S =N Hrww) < [A[T-max{rs} for A € Qg, [A| = p.

Let now p; > p be chosen as in Lemma 5.3 and let A € Qp, |A\| > p1. Then
A € o(Ty) and we obtain from (29) that

_ _ —1\—1
1(To = N Mooy < 10So =2 o [T = RS0 =N " s
< 2¢
- |)\‘l—max{r,s}

and consequently

1(To = X) 7 R(S = N) Moy < I1(To = N e IRINES = D) M)
2¢c || R||

- ’)\|2(1—max{r,s}) ' (36)

Lemma 2.2 implies that A € o(T) and (T — A\)~! = (Tp — A\)7!|y. Restricting
(30) to the space V, we get

(S—N1—(T-N"t=(Ty-NTR(S -\ (37)
Combining this with (36) and ||(S — )\)_1||L(V) < M/|\|, we obtain the desired
estimates. U
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Remark 5.8 The statement of Lemma 5.4 remains true if all involved opera-
tors are restricted to V. This means that Vg, Sy and Qo+ are replaced by V,
S and @+, respectively, where Q1 are the restrictions of Qg+ to V. The proof
remains unchanged except for an adaption of the spaces.

Theorem 5.9 Let A be quasi-sectorial and let r+s < 1. If o(A)NiR = & or
if A has a compact resolvent and

ker(A — it) Nker C' = ker(A* +it) Nker B* = {0} forall te€R,

then T is almost bisectorial; in particular there exist closed, T- and (T —
\)"L-invariant subspaces Vo C V such that o(T|y.) C Cx. If in addition
max{r, s} < %, then T is even bisectorial and strictly dichotomous.

Proof. From Theorem 5.5 we know that iR C o(Tp). Hence also iR C o(T)
by Lemma 2.2. From (33) in Lemma 5.7 we thus conclude that 7' is almost
bisectorial with 0 < 8 < 1 if max{r, s} > 3 and bisectorial if max{r, s} < 3.
Note that bisectoriality implies almost bisectoriality here since 0 € o(T'). The

existence of V4 follows by Theorem 2.6. If now max{r, s} < 1 then (34) yields

C1

1T =07 = (8 =27 < 3w

A€ QH> |)‘| > P1,

with some € > 0. In view of Remark 5.8 we can then derive in the same way
as in the proof of Theorem 5.5 that T is dichotomous. O

6 Graph and angular subspaces

In this section we consider a Hamiltonian with quasi-sectorial A, r + s < 1,
and iR C o(Tp). From the last section we know that then Tj is bisectorial and
strictly dichotomous and T is almost bisectorial. We denote by Vp+ and Vi the
corresponding invariant subspaces of Ty and T, respectively, and by Py+ and Py
the associated projections; see Theorem 2.6. In particular Pyy € L(Vp) while
P, are closed operators on V. The projections FPy+ are given by FPor = T Lo+
where Loy € L(Vp),

+1 +h+ioco 1
Loy = — “(Ty — N~ LdA. 38
e A( 0—A) (38)

Recall from (24) the extended indefinite inner product [-|] defined on V; x Vp
as well as Vg x V.

Lemma 6.1 The operators Loy satisfy Lox € L(Vy, V1) and

[Lo+v|w] = —[v|Lo—w] for all v,w € Vp.

24



Proof. In the proof of Lemma 5.3 we have seen that there exists p; > 0 such
that

(To — A" = (So— N (I = R(So — A~

for A € Qg, |A| > p1, and the estimates

_ My - 1
1(So =X)L < Dk IR(So = N) "Iz vy < 5
hold. It follows that
_ 2M,
1(To — X) " Hleevpn) < s (39)

Since 1—r—s > 0 this implies that the integral in (38) converges in L(Vj, V1); in
particular Lo+ € L(Vp, V1). For v, w € Vj we can now derive, using Lemma 4.4,

Losvlu] = [ /hhmo L -0t aAfu]

21 — oo )\

R B I ‘ }dt
= — ——To—h—1

or ) A+t ? v

1 [0 1

— —Th — i) 1 ]

5 _Oo-vh—it< 0—h+it) w|dt
1 [o oaue
v

(To + h — z’t)*lw] dt

G2 A A

= [v‘% /hHOO l(To — AN tw d/\] = —[v|Lo—w].

heico A
O
Corollary 6.2
[vjw] =0 forall v e Vpr, w e R(Lot).
Proof. This is immediate since Vot = ker Lo~. O

We can now establish conditions for the subspaces Vp+ to be graphs of
operators. We say that a subspace U C Vo = H_, X H(_*S) is the graph of a

(possibly unbounded) operator X : D(X) Cc H_, — H (js) if

o {(2)|rereo) - (L).

We also consider the inverse situation where U C H_, X H(:S) is the graph of
an operator Y : D(Y) C H(fs) — H_,, ie.,

{3 e} - ()
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Proposition 6.3 If

ﬂ ker B*(A* —\)~! = {0} on H(js), (40)
A€iRNp(A*)

I
then Vo =R <X0:t

> with closed operators Xot : D(Xot) C H_, — H(_*S) If

(| kerCA-XN"'={0} on H.,, (41)
A€iRNg(A)

then Vor = R (Y(}i> with closed operators Yor : D(Ypy) C H(js) — H_,.. If

both (40) and (41) hold then Xo+ are injective and X! = You.

Proof. For the first assertion, since V4 are closed linear subspaces of 1, it
suffices to show that (0,w) € Vp+ implies w = 0. Let (0,w) € Vo and t € R
such that —it € p(A*). Set

(5) =m0 (0)

Then (x,y) € D(Tp) N Vox by the invariance of Vpi. By Lemma 2.7 it follows
that (z,y) € R(Lo+). Using Corollary 6.2, we get

0=[(2)(2)] =it

0\ ~[(x\ [ (A—it)r— BBy
<w) = (To —1t) <y> o (—C*Cw — (A" + it)y)
we thus obtain

0= (a|w), = —(a|C*C2){), — (2 (A" + it)y)\”)

From

$,—S§ S$,—§
= —||Cz|]” = (A = it)zly) ., = —||Cx||* = (BB*yly) v,
= —||Cz|* — | Byl
and therefore Cx = B*y = 0. This implies w = —(A* + it)y and hence

—B*y = B*(A* +it)"'w = 0. Since t € R with —it € o(A*) was arbitrary, (40)
implies that w = 0. For the second assertion, we show in an analogous way
that (w,0) € Vpx implies w = 0 provided that (41) holds. The final statement
is then clear. O

Proposition 6.4 Suppose that A is sectorial with 0 € o(A). Then

I Y
Vo=R<XO_>, Vo+=7z< 3*)

with closed operators Xo— : D(Xo-) C H_, — H(_*s) and Yo+ @ D(Ypy) C
7Y s H_,.

26



Proof. Let (0,w) € Vp— and t € R. Proceeding as in the previous proof, we set

() (1)

and obtain Cx = B*y = 0 and hence (A —it)z = 0 and w = —(A*+it)y. Since
iR C 0(A) it follows that

e ()= ()= ()

‘We consider now the two functions

oV = (Ty — )1 (w) L w0 = ((_ o A)-1w> -

¢ is analytic on a strip {\ € C||Re\| < ¢} while 9 is analytic on a half-plane
{A € C|ReA <&} where ¢ > 0 is sufficiently small. The above derivation
shows that ¢ and v coincide on iR. Hence they coincide for |Re\| < ¢ by
the identity theorem. Moreover 1) is bounded on C_ since A is sectorial with
0 € o(A). On the other hand ¢ extends to a bounded analytic function on C
since (0,w) € Vp—, see Theorem 2.6. Therefore ¢ extends to a bounded entire
function and is thus constant by Liouville’s theorem. This implies w = 0.
Similarly for (w,0) € Vo4, t € R and

(5) =m0 (i)

we derive Cz = B*y =0, w = (A — it)x and (A* 4 it)y = 0; hence

e () ()

In this case the analytic functions
_ A—-)"t
o= @m-n7 (5. wo= ()

gncide on iR, ¢ is bounded on C_ since (w,0) € Vo4, and 9 is bounded on
C,.. Therefore ¢ is again constant and hence w = 0. O

We turn to the question of the boundedness of the operators Xp4, Yo+.
To this end we recall the concept of angular subspaces, see [1, §5.1], [23,
Lemma 7.1]: Let Qox € L(V)) be the projections defined in (31),

I 0 0 0
QO—:<0 O>’ Q0+:<O I>'

27



A closed subspace U C Vj is the graph U = R ( )I() of a bounded operator
X € L(H_,, HY) if and only if

Vo = U @ ker Qp_.

In this case U is called angular with respect to Qo— and X is called the angular
operator for U. Similarly U = R (}I/) with Y € L(H(_*Q,H_r) if and only if
Vo = U @ ker Qo, i-e., U is angular with respect to Qpy. On the other hand,
we know that U = R ( %) with a possibly unbounded operator X : D(X) C

H . — H(_*) if and only if

U Nker Qo = {0},

and U =R (31/) with possibly unbounded Y if and only if U Nker Qo+ = {0}.
The idea for the proof of the next lemma goes back to [4, Theorem 2.3], see
also [1, §6.4], where instead of F} and Fy the operator Qo— P + Qo+ P is used.

Lemma 6.5 Suppose Vo = U & U with closed subspaces U,U C Vo. Let P, ]5~€
L(Vo) be the associated complementary projections, U = R(P), U = R(P),
I=P+P. Let i =1 —Qo_+Pand Fo=1—P+ Qq_.

(a) If
U:R<)I(>, U:RG/) (42)

with some X : D(X) C H_, — H(_*S) andY : DY) C H(_*S) — H_,, then
F1 and Fy are injective.

(b) If Fi and F» are bijective, then (42) holds with bounded operators X €
L(H*Ta H(*))} Y e L(H(—*s)a H*T)‘

—S8
Proof. (a) The identity (42) implies that U Nker Qo = U Nker Qo4 = {0}.
Let Fjv = 0. Then (I — Qo—)v = —Pv € U Nker Qp—, which implies
(I — Qo_)v = Pv=0. It follows that v € R(Qo_) Nker P = ker Qo N U
and hence v = 0. The injectivity of F5 is analogous.

(b) Let v € U NkerQp—. Then (I — P)v = Qo—v = 0, which yields Fov = 0
and thus v = 0. On the other hand we can write w € Vj as w = Fjv =
(I—Qo—)v+Pvand sow € U+ker Qp—. This shows that V) = Udker Qq_,
i.e., U is angular with respect to Qo_. Since F} = I — P + Qo+ and
Fo=1—-Qo++ P, we get by symmetry that U is angular to Qo. .

O

Corollary 6.6 Suppose that Py— — Qo— is compact. If

I Y
‘/():R<XO_>7 %+:R<3—+>7

with some operators Xo_, Yoy, then these operators are in fact bounded, Xo— €
L(H_,, H)), Yo € L(HY) H_,).
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Proof. We use the previous lemma with U = Vo, U = Voo, P = Py_, P = Pyy4.
Then Fy = I+ (Po— —Qo-) and F» = I —(Py— —Qo-), and the assertion follows
from Fredholm’s alternative. O

Theorem 6.7 Suppose that A has a compact resolvent. If

N kerB*(A*=N"'={0} on HY, (43)
A€iRNo(A*)
and
(| kerC(A-N"'={0} on H.,, (44)
AeiRNo(A)

then Vo = R <XI > where the operators Xog— and Xo4 are injective, Xo— €
0+
L(H_,, HY)) and X;! € L(H"), H_,).

Proof. If A has a compact resolvent, then the same is true for Sy and Ty,
compare Lemma 4.3. From Theorem 2.6 and Lemma 5.4 we know that
1 100/

Pyv—Pyv=— (To — N tod\,  veD(Ty),

T J oo

1 /
Qv —Qov=— [ (So—N"tvd\+Kv, wvel,
™ "

where K € L(Vp). Since
Qoy — Qo — (Poy —Po—) =1-2Q0- — (I —2Py-) = 2(Py— — Qo)

we find

1 _ _

2P~ Qoo = [ (S0-X7" = Ty - ) e

e "
1 [

—— | (Ty—=XN"td v+ Kv

T —ip

for v € D(Tp). Note here that because of (28) the first integral converges in the
operator norm topology of L(Vp). In particular, both integrals on the right-
hand side define bounded operators in L(V}) and hence the above identity holds
for all v € V5. Since (Ty — A)~! and (Sg — A\)~! are compact, both integrals
yield in fact compact operators. The expression for K in Lemma 5.4 implies
that K is compact too. Consequently Py — QQp_ is compact. The assertion is
now a consequence of Proposition 6.3 and Corollary 6.6. O

29



Theorem 6.8 Suppose that A has a compact resolvent, is sectorial and 0 €

o(A). Then
I Y,
VO—ZR<X0>, Vo+=R<3+>

with Xo_ € L(H_,, HY), Yo € L(HY) H_,).

Proof. As in the previous theorem we obtain that Py_ —Qo_ is compact. Hence
Proposition 6.4 and Corollary 6.6 complete the proof. 0

Next we investigate the graph properties of the invariant subspaces Vi of
T. We know that Vp = R(Py) where Py are the closed projections on V' given
by P =TLy with Ly € L(V),

+h+ico
- Lr—xntan
270 Jih—ico A

In particular L4 are the restrictions of Lo+ to V. Since Vi = ker L+ and
ker L+ = ker Lo+ NV it follows that

Vi=VieNV. (45)

This implies that graph subspace structures of Vo4 are inherited by the spaces
Vi

Lemma 6.9 If

I
Vo =R
0+ (X0+)

with a closed operator Xoy : D(Xoy) C H_, — H(*) then also

I
reR (X+>

where X+ : D(Xy) C H — H is closed and is the part of Xoy in H, i.e.
D(X1) ={z € D(Xo4+) N H | Xoyx € H}. Similarly, if

ie=x ()

with a closed operator Yp4 : D(Yo4) C H(_*S) — H_,, then

_m (Y
()
where Yy : D(Yy) € H — H s closed and is the part of Yoy in H. The
corresponding statements hold for Vo— and V_.
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Proof. This is immediate from (45) and the fact that V3 are closed subspaces
of V.=H x H. O

Remark 6.10 A result analogous to Corollary 6.6 holds for the subspaces Vi
of V in the case that T is strictly dichotomous, i.e. if Py € L(V). In particular
if P~ —Q_ is compact where Q_ = ({§) € L(V) and

(T (Y
s (). wen(h)

then X_,Y, € L(H).

Theorem 6.11 Suppose that A has a compact resolvent and that max{r,s} <
1

5
(a) If (43) and (44) hold, then Vo =R (Xli) where X+ are the parts of Xo+
in H. The operators X4 are injective and satisfy X_,XI_1 € L(H).

(b) If A is sectorial and 0 € o(A), then V- =R (X{ ), Vi=R (YI+) where
X_ and Y, are the parts of Xo— and Yoy in H, respectively, and X_, Y, €
L(H).

Proof. The proof is analogous to the ones of Theorem 6.7 and 6.8, where it is
shown that Vy+ are angular subspaces. First note that S and T have a compact
resolvent, see Lemma 4.3. Second, since max{r,s} < 3 and since iR C o(T)
by our general assumption in this section, Theorem 5.9 in conjunction with
Lemma 4.1 implies that T is strictly dichotomous. Consequently the projections
Py are bounded and satisfy
00/
Pov—Pov=— (T —N)"lwd\,  veD).

T J—ico
On the other hand, for Q+ € L(V) given by Q- = ({8), @+ = (39) the
identity

1 !/
Q+U—QU:,/ (S —N)lvdr+ Ko, veV,
i ),
holds with some K € L(V), see Lemma 5.4 and Remark 5.8. Consequently

20P. —Q_ )= 1/ (S =Nt — (T —=XN"td\w
m 71
[
—— | (T-N"ld\v+Kv
T —ip

for v € V, where we have used that in view of max{r,s} < % and (34) all

terms on the right-hand side yield bounded operators from L(V). Since the

resolvents of S and T are compact, we conclude that P_ — (J_ is compact
too. The assertion now follows from Theorems 6.7 and 6.8, Lemma 6.9 and
Remark 6.10. O
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7 Symmetries of the angular operators

The aim of this section is to derive symmetry properties for the operators Xo+
and Xy. We keep our general assumptions on the Hamiltonian: A is quasi-
sectorial, r+s < 1 and iR C o(Tp). Hence Ty is bisectorial, strictly dichotomous
and the invariant subspaces are given by

Vbi = R(Poi) = ker LO:F
where Py = T Lo+, Lo+ € L(Vo, Vl) and
[Loyv|w] = —[v|Lo—w], v,w e W, (46)

with the extended indefinite inner product defined in (24), see Lemma 6.1.
For a subspace U C V; we consider its orthogonal complement U ¢ V4
with respect to the extended inner product:

UM = {w e V| [vojw] = 0 for all v € Vi }.

For U C Vp the orthogonal complement U c V; is defined analogously.
Then, as in the usual Hilbert or Krein space setting, orthogonal complements
are closed and UMM =T, Let Vi be the closure of R(Lo+) in V3,

Vie = R(Loz) (47)
Lemma 7.1 The following identities hold:
(a) Vi = Vos,
(b) Vie =Vor NVA.
Proof. (a) From (46) we get
Vor = ker Loz C R(Lox)* = V.
If on the other hand w € Vl[i‘], then [v|Lozw] = —[Lotv|w] = 0 for all

v € Vp. Since the inner product is non-degenerate, this implies Lozw = 0
and thus w € V.

(b) By Lemma 2.7 we have R(Lg+) C Vp+. By the continuity of the imbedding
Vi — V4, the subspace Vy+ N V; is closed in Vi, and hence the inclusion
from left to right follows. For the reverse inclusion let v € Vo4 N'Vy. Then

[wlv] =0 for all w € Vi1

by (a). Since Tp is densely defined and strictly dichotomous, Lemma 2.7
implies R(Lo+) ® = V.. Hence m\/o = Vo+ and therefore
[wlv] =0 for all w € V4.

Consequently v € Vo[i} = l[i] L Vig.
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Let X7 : D(X;) C HY = H, be a densely defined operator. We define
its adjoint with respect to the scales of Hilbert spaces {H,} and {Hg*)} as the
operator X{ : D(X]) C H_, — H") with maximal domain such that

(Xizly)r—r = (2| X59)),, @ eD(Xy), y € DX). (48)
Then X7 is uniquely determined and closed.

Lemma 7.2 If Vj_ =R (ng) with a closed operator

Xo_ : D(Xo-) C H_, — H®)

M
then also Vi— =R (XL) with a closed operator

X, :D(X,_)c HY = H,.
In this case:

(a) D(X,_) = {:v e D(Xo_) N H

Xo_x € HT}, i.e., X1_ is the part of
Xo— in the space of operators from Hg*) to H,;

(b) Xi— and Xo— are densely defined and X{_ = Xo_;

(c) the set {x € D(Xo-)N Hl(i)r

Xo_x € Hl,s} 1s a core for X1_ and Xo_.
Analogous statements hold for the spaces Vo1, Vi4 and the operators Xoy, Xi+.

Proof. The inclusion Vi_ C Vy_ implies that if Vg_ is a graph, then so is V;_
and that Xj_ is a restriction of Xg_. Xj_ is closed since Vj_ is closed in

Vi= Hg*) X H,. (a) is now immediate from V;_ = Vy_ N V].
To show (b), suppose x € H_,, y € Y

~ . are such that

(Xqi—ulx)p,—p = (u|y)g*) for all u € D(X;-). (49)

,—S

[(Xluu> ‘ (;)} =0, ueD(Xi-),
1]

ie., (y) € V' = Vp_ and thus € D(Xp-), Xo_z = y. This implies that

D(X;-) is dense in HY. Indeed if y € H(_*S) with (uly)s,—s = 0 for all u €
D(X1-), then (49) holds with = 0 and it follows that y = 0. On the other
hand Vl[f] = Vy_ implies

o0, — i, = [( )] (0 ,)] =0
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for all w € D(X;-), * € D(Xo—) and therefore Xo_ C X; . Moreover if

x € D(X{_) and y = X]_x, then z, y satisfy (49) and we obtain z € D(X,_).

Consequently Xo— = X{ . Finally Xo_ is densely defined since D(X;_) is

dense in HS(*) and the imbedding H §*) — H_, is continuous and dense.
Finally (c) follows from the equivalence

u € D(XQ_) N H}ir AN Xo_u € Hi_y, <— <X’LL u) € Vo N D(TQ)
0—

in conjunction with R(Lg_) = Vo— N D(Tp), Vo = R(Lo,)vo, see Lemma 2.7,
and Vi_ = R(Lo_) . 0

Remark 7.3 The previous lemma implies X1+ C Xo+ = X{,. From this
identity and (48) we obtain

(Xixzly) = (2[X11Y), z,y € D(X14).

Consequently, if we consider X+ as an unbounded operator on H, then it is
densely defined and symmetric and hence closable. The corresponding closure
will be determined in Lemma 7.5.

Now we turn to the symmetry properties of the operators X.. To this end,
we look at the subspaces

My =R(L1) (50)

of V. By Lemma 2.7 we have My C Vi and this inclusion may be strict. The

next lemma shows that M[;‘] coincides with V4. Note here that since My C V,

M[ﬁ] is the orthogonal complement with respect to the inner product [-|-] in

V,ie. MJ[EH C V in the usual Krein space sense.

Lemma 7.4 The following identities hold:
(a) Vi C My and mv = My;
() M =v,.

Proof. (a) Since D(Ty) is dense in Vy and Lot € L(Vp, V1), we have

Vie = R(Lox) ' € Lox(D(T0)) ' C Lox(D(Ty))’ C Lox(V) = M.

On the other hand R(L+) C R(Lo+) C Vi, which implies My C mv
and thus equality.

(b) Lemma 6.1 implies [Liv|w] = —[v|L_w] for all v,w € V. Using this
and the definitions of VL and M4, the proof is completely analogous to
Lemma 7.1(a).

O
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Lemma 7.5 Suppose Vy_ is a graph subspace Vi = R (X]o_ ) Then V_ =
R (XI_) and M_ = R (X,@,) where X_, Xpr— are closed operators on H.

Moreover
(a) Xnp— C X_,
(b) X_ is the part of Xo— in H,
(¢) Xnr— is the closure of X1 when considered as an operator on H,
(d) {x € D(Xo-)N H{*_)T ‘ Xo_z € Hl_s} is a core for Xpr_,

e) Xpy— and X_ are densely defined and X3, = X_. In particular Xy _
M
18 symmetric.

Again, analogous statements hold for Voy, Vi and M4 and the respective op-
erators.

Proof. The first assertions up to (c) follow readily from M_ C V_ C Vy_,
Vo=V_NnV, KV = M_ and the closedness of M_ and V_ in V. (d) is a

consequence of (c¢) and Lemma 7.2(c), and (e) follows from MM = V. in an

analogous way to the proof of Lemma 7.2(b). O

Lemma 7.6 The symmetric operators Xpyr— and Xp4+ are nonnegative and
nonpositive, respectively.

Proof. Here we employ the indefinite inner product [-|-]. defined in (23). Ob-
serve that X/ is nonnegative, i.e., (Xp—x|x) > 0 for all z € D(Xps-), if and
only if [v|v]. >0 for all v € M_. Likewise (Xp+x|z) <0 for all z € D(Xpr4)
if and only if [v|v]~ < 0 for all v € M. Consider first v € D(T). Using (13)
and Lemma 4.4, we calculate

1 oo/
Imww—Pva:/ Re[(T — it)~"v|v]. dt
™ —00
1 oo/
== Re[(T —it) " 'o|(T — it)(T — it) ‘v dt
™ —0oQ

oo/
:1/ Re[T(T — it) " o|(T — i)~ o] dt < 0.
™ —00

If now v € D(T) N V_ then Pyv — P_v = —v and hence [v|v]. > 0. Since
D(T) N V_ is dense in M_ by Lemma 2.7, we conclude that [v|v]. > 0 for
v € M_. Similarly for v € D(T) NV, we obtain Pyv — P_v = v and thus
[v|v]~ <0 for all v € M. O

Corollary 7.7 If max{r,s} < %, then Xp+ = X+. The operator X_ is self-
adjoint and nonnegative, X is selfadjoint and nonpositive.

Proof. The assumption implies that T is strictly dichotomous. Then My = V4
by Lemma 2.7 and hence X+ = X4. O
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8 The Riccati equation

We keep the general assumptions of the previous section.

Lemma 8.1 Suppose Xy € L(H_T,H(,*S)) 1s such that its graph subspace U =
R (Xlo) is To- and (Ty — \)~L-invariant. Consider the isomorphism ¢ : H_, —
U, 2+ (xoz). Then

(a) Xo(H{",) C Hy_;
(b) (A— BB*Xy)x = ¢ 'Tolppx  for all x € HY_)T;

(¢) A*Xox + XoAz — XoBB*Xox + C*Cx =0 for allz € H .

Proof. First note that ¢ is indeed an isomorphism between H_, and U since

Xy is bounded. The inverse is ¢~ = pry|y where

pry:Vo=H_, x H(_*S) — H_,

denotes the projection onto the first component. Recall the decomposition
To = So + R from (25) and consider the two operators F = ¢~ !Tp|y¢ and
Ap = pr;Sop, both understood as unbounded operators on H_,.. Since D(Tp) =

D(So) = H{i x Hj_g, their domains are

D(F) = D(4g) = {w € H”,

Xox € Hlfs} .

Moreover

Apx = Az for x € D(Ayp),
i.e., Ag is a restriction of A when A is considered as an operator on H_.,
with D(A) = H@T Since ¢ is an isomorphism we get o(F') = o(To|v). Also
o(Ty) C o(To|r) by the invariance of U. Therefore iR C o(F'). For t € R we
compute

(Ao — F)(F —it)™! = (prySop — o ' Top) (o™ Top — it) ™
= pr;(So — To)pe™ (Tp — it) "o = —pr R(Tp — it) .
From (39) in the proof of Lemma 6.1 we know that ||(To — it) ™" || L(vy,11) = O

as t — 00, and we conclude that ||(Ag — F)(F —it)~!|| < 1 for ¢ > 0 sufficiently
large. Now

Ag—it=F —it+ Ay —F = (I + (Ay— F)(F —it)"") (F —it),

which implies that it € p(Ap). Since also it € p(A) for large t and Ay C A, it
follows that in fact
D(4o) = D(4) = H{"

—r-
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Consequently Xo(H\™ ) ¢ Hy_,. Since Fz = Az — BB*Xox for z € D(F) =

D(Ap), (b) is now clear. To show (c) let = € Hl(i)r Then Xor € Hi_,; and
()

1—r
A —BB* x\ _ (Y
—C*C —A* X()x - ng

X()Ax — X()BB*X():L' = X()(Ax — BB*X()Z‘) = X()y =-C*"Cx — A*X()m'

wx € D(Tp). By the invariance of U there exists y € H
i.e.,

such that Topx = @y,

and thus

O

Corollary 8.2 IfVj_ =R (ng ) with a bounded operator Xo— € L(H_,, H(_*S)),
then XO_(Hf*_)T) C Hi_s, the Riccati equation

A*Xo_z + Xo_Az — Xo_BB*Xo_z + C*Cz =0, ze HY

holds, and A — BB*Xy_ considered as an unbounded operator on H_, is sec-
torial with spectrum o(A — BB*Xy_) C C_. In particular, it generates an
exponentially stable analytic semigroup on H_,.

Proof. A—BB*X_ is similar to Tp|y;_ via the isomorphism ¢ from the previous
lemma, o(Tplv, ) € C_, and Tply,_ is sectorial by [21, Theorem 5.6]. O

Remark 8.3 If Xo_ € L(H_,, H")) and hence Xo_(H\* ) ¢ H,_,, Lemma 7.2
and 7.5 imply that Hf*)r C D(X1-) C D(X_). Since the operator A—BB*X_

considered on H_, has domain H {*_)T we find that
A—-BB*Xy. =A—-BB*X_=A-BB*X;_.
Hence the Riccati equation can be written as
A*Xy_x+ Xo_Az — Xo_BB*X,_z+C*Cx =0, x€H"
or in weak form, using Xo_ = X]_, as
(X1—z|Ay)r —r + (Az| X 1_y)—p, — (B* X1—2|B* X1 _y)U
+ (Cz|Cy)y =0, z,y¢€ Hl(*_)T

Of course, in both Riccati equations X;_ may be replaced by one of its exten-
sions Xp/— and X_.
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Remark 8.4 For Xo_ € L(H_,, H")) Corollary 8.2 yields that A — BB*X_

—s

is sectorial when considered as an operator in H_,. On the other hand, we can
consider the part of A — BB*X_ in H, which we denote by (A — BB*X_)|q.
Then (A — BB*X_)|y is almost sectorial: First note that

o((A-—BB*X_)|g) Co(A—BB*X_).
From A — BB*X_ = ¢ 'Ty|y,_ we obtain

I(A = BB* X = N Hlem < 1(Tohoe =N e llell,
and (35) in conjunction with iR C p(A — BB*X_) implies

€0

* —1
H(A — BB X_ — )‘) HL(H_T,H) < W

for A € iR\ {0},

with some constant co > 0. Moreover since ||(Tolv,. — A) ™| (v,) is bounded
on Cq, [(Tolvee — A) ™l L(ve, (1)) does not grow faster than |A| on €4, where
D(Ty) is equipped with the graph norm. As the imbedding D(Tp) — V is
continuous, ||(A — BB*X_ — X\) 7| ,x_, i) does not grow faster than |A| on
C4 too. The Phragmén-Lindeldf theorem then implies that

€o

* -1
||(A —BB"X_ — >‘) HL(H,T.,H) < W

for A € T3 \ {0}

and hence (A — BB*X_)|y is almost sectorial, see [21, §5].
Now suppose in addition that max{r,s} < 3 and that X_ € L(H), e.g. as
a consequence of Theorem 6.11. Then

(A=BB*X_)|n = ¢l Tlv_elu

where |y : H = V_, x — ( X x) is an isomorphism. Since T is bisectorial by
Theorem 5.9, T'|y_ is sectorial by [21, Theorem 5.6], and hence (A—BB*X_)|x
is sectorial too.
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