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EXISTENCE OF LIMITING DISTRIBUTION FOR AFFINE PROCESSES

PENG JIN®, JONAS KREMER, AND BARBARA RUDIGER

ABSTRACT. In this paper, sufficient conditions are given for the existence of limiting distribution
of a conservative affine process on the canonical state space RZ, x R", where m, n € Zxo with
m-+mn > 0. Our main theorem extends and unifies some known results for OU-type processes on
R™ and one-dimensional CBI processes (with state space R>¢). To prove our result, we combine
analytical and probabilistic techniques; in particular, the stability theory for ODEs plays an
important role.

1. INTRODUCTION

Let D := RY, x R", where m,n € Zxo with m +n > 0. Roughly speaking, an affine process
with state space D is a time-homogeneous Markov process (X;);>o taking values in D, whose
log-characteristic function depends in an affine way on the initial value of the process, that is,
there exist functions ¢, ¥ = (11, ..., ¥m+n) such that

E [e<u’Xt>

XO — .T:| — e¢(t7u)+<w(tvu)vx>’

for all w € iR™*™, ¢t > 0 and o € D. The general theory of affine processes was initiated by
Duffie, Pan and Singleton [9] and further developed by Duffie, Filipovi¢, and Schachermayer [§].
In the seminal work of Duffie et al. [§], several fundamental properties of affine processes on
the canonical state space D were established. In particular, the generator of D-valued affine
processes is completely characterized through a set of admissible parameters, and the associated
generalized Riccati equations for ¢ and 1 are introduced and studied. The results of [§] were
further complemented by many subsequent developments, see, e.g., [1l 3], 4 [7, 111, 14} 16 18].

Affine processes have found a wide range of applications in finance, mainly due to their
computational tractability and modeling flexibility. Many popular models in finance, such as
the models of Cox et al. [5], Heston [I3] and Vasicek [25], are of affine type. Moreover, from
the theoretical point of view, the concept of affine processes enables a unified treatment of two
very important classes of continuous-time Markov processes: OU-type processes on R” and CBI
(continuous-state branching processes with immigration) processes on RY-

In this paper, we are concerned with the following question: when does an affine process
converge in law to a limit distribution? This problem has already been dealt with in the following
situations:

e Sato and Yamazato [23] provided conditions under which an OU-type process on R"
converges in law to a limit distribution, and they identified this type of limit distributions
with the class of operator self-decomposable distributions of Urbanik [24];

e without a proof, Pinsky [22] announced the existence of a limit distribution for one-
dimensional CBI processes, under a mean-reverting condition and the existence of the
log-moment of the Lévy measure from the immigration mechanism. A recent proof
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appeared in [20, Theorem 3.20 and Corollary 3.21] (see also [I5, Theorem 3.16]). A
stronger form of this result can be found in [I7, Theorem 2.6];

e Glasserman and Kim [12] proved that affine diffusion processes on R, x R" introduced
by Dai and Singleton [6] have limiting stationary distributions and characterized these
limits;

e Barczy, Dring, Li, and Pap [2] showed stationarity of an affine two-factor model on
R>o x R, with one component being the a-root process.

Our motivation for this paper is twofold. On the one hand, we would like to formulate a general
result for affine processes with state space D = RY Zo X R™, which unifies the above mentioned
results; on the other hand, our result should also provide new results for the unsolved cases
where D = RZ, (m > 2) and D = Ry x R" (m > 1,n > 1). As our main result (see The-
orem below), we give sufficient conditions such that an affine process X with state space
D = RY, x R™ converges in law to a limit distribution as time goes to infinity, and we also
identify this limit through its characteristic function. Using a similar argument as in [15], we
will show that the limit distribution is the unique stationary distribution for X.

The rest of this paper is organized as follows. In Section 2 we recall some definitions regarding
affine processes and present our main theorem, whose proof we defer to Section 4. In Section 3 we
deal with the large time behavior of the function ¢ and show that (¢, u) converges exponentially
fast to 0 as ¢ goes to infinity. Finally, we prove our main theorem in Section 4.

2. PRELIMINARIES AND MAIN RESULT

2.1. Notation. Let N, Z>(, R denote the sets of positive integers, non-negative integers and
real numbers, respectively. Let R? be the d-dimensional (d > 1) Euclidean space and define

R‘éozz {QZERd sy =0, izl,...,d}

and

RS, f{xeR >0, z':l,...,d}.

For z, y € R, we write © Ay := min{x,y}. By (-,-) and ||z|| we denote the inner product on R?
and the induced Euclidean norm of a vector € R?, respectively. For a d x d-matrix A = (aij),
we write AT for the transpose of A and define ||A|| := (trace(AT A))Y/2. Let C? be the space
that consists of d-tuples of complex numbers. We define the following subsets of C%:

(Céo = {uE(Cd : Rewu; <0, izl,...,d}

and
R = {ue@d . Rew; = 0, z‘:1,...,d}.
The following sets of matrices are of particular importance in this work :

e M, which stands for the set of real d x d matrices all of whose eigenvalues have strictly
negative real parts. Note that A € M if and only if || exp {tA} || = 0 as t — oo;
° S; (resp. STF) which stands for the set of all symmetric and positive semidefinite (resp.
positive definite) real d x d matrices.
If A= (a;)is ad x dmatrix, b = (by,...,bg) € R* and Z, J C {1,...,d}, we write Az :=
(aij)iez,jes and bz := (b;)iez.

Let U be an open set or the closure of an open set in R%. We introduce the following function
spaces: C*(U), C¥(U), and C°°(U) which denote the sets of C-valued functions on U that are
k-times continuously differentiable, that are k-times continuously differentiable with compact
support, and that are smooth, respectively. The Borel o-Algebra on U will be denoted by B(U).
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Throughout the rest of this paper, let D := R, x R™, where m, n € Zxo with m +n > 0.
Note that m or n may be 0. The set D will act as the state space of affine processes we
are about to consider. The total dimension of D is denoted by d = m + n. We write By(D)
for the Banach space of bounded real-valued Borel measurable functions f on D with norm
[[flloo := supzep [ f(@)]-

For D, we write

I={1,....m} and J={m+1,....m+n}
for the index sets of the RY-valued components and the R™-valued components, respectively.
Define
u::cgoxiR":{uecd . Reuy <0, ReuJ:O}.

Note that U is the set of all u € C?, for which 2 — exp {(u,z)} is a bounded function on D.
Further notation is introduced in the text.

2.2. Affine processes on the canonical state space. Affine processes on the canonical state
space D = Rgo x R™ have been systematically studied in the well-known work [§]. We remark
that affine processes considered in [8] are in full generality and are allowed to have explosions or
killings. In contrast to [8], in this paper we restrict ourselves to conservative affine processes. In
terms of terminology and notation, we mainly follow, instead of [8], the paper by Keller-Ressel
and Mayerhofer [16], where only the conservative case was considered.

Let us start with a time-homogeneous and conservative Markov process with state space D
and semigroup (P;) acting on By(D), that is,

Puf(x) = /D f(©pie.dE). f € By(D).

Here p;(x,-) denotes the transition kernel of the Markov process. We assume that po(z, {z})=1
and py(z,D)=1for allt > 0, x € D.

Let (X, (Pz)zep) be the canonical realization of (P;) on (Q, F, (F;)t>0), where Q is the set of
all cdlg paths in D and X;(w) = w(t) for w € Q. Here (F;);>0 is the filtration generated by X
and F = Vt>0 Fi. The probability measure P, on () represents the law of the Markov process
(X¢)e>0 started at z, i.e., it holds that Xo = x, P,-almost surely. The following definition is
taken from [I6], Definition 2.2].

Definition 2.1. The Markov process X is called affine with state space D, if its transition
kernel pi(x, A) = P,(X;€A) satisfies the following:

(i) it is stochastically continuous, that is, lims_,; ps(x, -) = pe(x, -) weakly for all t > 0, = € D,
and

(i) there exist functions ¢ : Rsg x U — C and ¢ : R5¢ x U — C% such that

(2.1) /D e Opy(w,d€) = B, [ | = exp {o(t,u) + (2, v(t,u))}

forallt >0, x € D and u € U, where E, denotes the expectation with respect to P,.

The stochastic continuity in (i) and the affine property in (ii) together imply the following
regularity of the functions ¢ and 1 (see [I8, Theorem 5.1]), i.e., the right-hand derivatives

(2.2) F(u) := gt ( and R(u):= aatw(t, u)

exist for all w € U, and are continuous at u = 0. Moreover, according to [8, Proposition 7.4],
the functions ¢ and 1 satisfy the semi-flow property:

(2.3) O+ 5,u) = o(t,u) + ¢ (s,9(t,w)  and Pt +s,u) = b (s,9(t,u)),

t,u)

t=0+ t=0+
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for all ¢, s > 0 with (¢ + s,u) € R>g X U.

Definition 2.2. We call (a,a, b, B,m, ) a set of admissible parameters for the state space D if
(i) a €S, and ay; =0 for all k € I or [ € I
(ii) o= (041, ... ,am) with o; = (ai,kl)lgk,lgd S S(—i’—
and o,y = 0if k € I\{i} or I € I\{i};
(iii) m is a Borel measure on D\{0} satisfying

/ (1 A+ (an &)) m(dg) < oo;
D\{0} iel
(iv) = (p1,- .., m) where every p; is a Borel measure on D\{0} satisfying

(2.4 [ einngr+ Y 6w <o
D\{0} kel\{i}
(v) be D;
(vi) B = (Bri) € R¥*? with By — fD\{O} Eppi(d§) =0 forallie I and k € T\ {i},
and Bg; =0forall k€l and i € J;

We remark that our definition of admissible parameters is a special case of [8, Definition 2.6],
since we require here that the parameters corresponding to killing are constant 0; moreover, the
condition in (iv) is also stronger as usual, i.e., we assume that the first moment of p;’s exists,
which, by [8, Lemma 9.2], implies that the affine process under consideration is conservative.
However, we should remind the reader that is not a necessary condition for conservative-
ness. In fact, an example of a conservative affine process on R, which violates , is provided
in [21], Section 3].

We write ¢ = (Wﬂ/f]) € C™ x C", where 1/}1 = (Y1, .. ﬂ/Jm)T and %ﬁj = (Ym+1,- - >¢m+n)—r‘
Recall that R = (Ry,...,Rg)" : U — C4 is given in (2.2). Define R := (Ry,...,Rp)" : U —
C™. For u € U, we will often write u = (v, w) € CZ; x iR™.

The next result is due to [8, Theorem 2.7].

Theorem 2.1. Let (a,a, b, 3,m,p) be a set of admissible parameters in the sense of Definition
2.2, Then there exists a (unique) conservative affine process X with state space D such that its
infinitesimal generator A operating on a function f € C%(D) is given by

& - 0%/ (x)
Af(x)= D | ar+ ) cipei 90, T (b+ Bz, V f(z))
k=1 i=1

" /D\{o} (f (z+8&) = f(2) = (Vaf(2), &) Lyje<ay (€)) m (dE)

+> [ L O @)= (V.8 46)

i=1
where x € D, V j := (0g, )kes. Moreover, (2.1) holds for some functions ¢(t,u) and (t,u) that
are uniquely determined by the generalized Riccati differential equations: for each u = (v,w) €
CZp x iR™,

Oho(t,u) = F (Y(t,u)), &(0,u) =0,
(2.5) O (t,u) = RY (4! (t,u) Tt ), o (0,u) = v
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(2.6) v (t,u) = eﬁLtw,
where
(2.7) F(u) = (u, au) + (b,u) + /D\{O} (e<“vf> —1— (ug, £ Le<1y (5)) m (d€)

and R" = (Ry, ..., Ry,) with

d
Rifu) = (wazu) + 3 B+ [ (91— g (de), i€l
k=1 D

\{o}

Remark 2.2. If an affine process X with state space D and a set of admissible parameters
(a,a,b, 8, m,u) satisfy a relation as in Theorem then we say that X is an affine process
with admissible parameters (a, o, b, B,m, ).

The following lemma is a consequence of the condition (iv) in Definition

Lemma 2.3. Let X be an affine process with state space D and admissible parameters (a, a, b, 5, m, ).
Let R and 1 be as in Theorem. For eachi € I it holds that R; € C*(U) and v; € CH(RsoxU).

To see that Lemma is true, we only need to apply Lemmas 5.3 and 6.5 of [§].

2.3. Main result. Our main result of this paper is the following.

Theorem 2.4. Let X be an affine process with state space R, x R™ and admissible parameters
(a,a, b, B,m, ) in the sense of Definition[2.4 If

ey and [ logém(de) < ox,
{l€l>1}

then the law of Xy converges weakly to a limiting distribution w, which is independent of Xo and
whose characteristic function is given by

/De<”’w>7r(d$) = exp{/oooF(d)(s,u))ds}, uel.

Moreover, the limiting distribution m s the unique stationary distribution for X.

Remark 2.5. In virtue of the definition of admissible parameters, we can write § € R¥>? in

the following way:

2.8 g— -1 I ,
25 Bar i Brs

where B € R™*™ B, € R™™ and B;; € R" ™. It is easy to see that B € M is equivalent to
the fact that Brr € M, and 875 € M, .

We now make a few comments on Theorem To our knowledge, Theorem seems to
be the first result towards the existence of limiting distributions for affine processes on D in
such a generality. It includes many previous results as special cases. In particular, it covers
[12, Theorem 2.4] for affine diffusions, and partially extends [23] Theorem 4.1] for OU-type pro-
cesses and [22, Corollary 2] for 1-dimensional CBI processes. However, we are not able to show
f{\|§||>1} log [|£]| m (d§) < oo, provided that 3 € M, and the stationarity of X is known.
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Our strategy of proving Theorem is as follows. Clearly, to prove the weak convergence
of the distribution of X; to m, it is essential to establish the pointwise convergence of the
corresponding characteristic functions, i.e.,

E, [e<Xt’“>] = exp {H(t, u) + (z,(t, 1))} — exp {/OOO F(w(s,u))ds} as ¢ — 0.

We will proceed in two steps. In the first step, we prove that for each u € U, ¥(t,u) converges
to zero exponentially fast. For w in a small neighborhood of the origin, this convergence follows
by a fine analysis of the generalized Riccati equations , and an application of the
linearized stability theorem for ODEs. Then, by some probabilistic arguments, we show that
¥ (t,u) reaches every neighborhood of the origin for large enough t. The essential observation
here is the tightness of the laws of X;, ¢t > 0. This is a simple consequence of the uniform
boundedness for the first moment of X;, ¢ > 0, which we show in Proposition We thus
obtain the desired convergence speed of ¢ (t,u) — 0 by the semi-flow property (2.3)). In the
second step, we show that

(2.9) ¢(t,u)_/0 F(w(s,u))ds—>/OOOF(@b(s,u))ds as t — oo,

Since 9 (s,u) — 0 exponentially fast as s — oo, we will see that the convergence in (2.9) is
naturally connected with the condition | (lel>1} 108 I€]l m (d€) < oco. Finally, the stationarity of

7 can be derived using the semi-flow property.

3. LARGE TIME BEHAVIOR OF THE FUNCTION (¢, u)

In this section we consider an affine process X with admissible parameters (a, a, b, 8, m, 1)
and assume that

(3.1) a=0,b=0, m=0.

In particular, we have F' = 0 as well as ¢ = 0. We will show that if 5 € M, then ¢(t,u) — 0
exponentially fast as ¢ — oo.

Remark 3.1. The assumption that a = 0, b = 0 and m = 0 is not essential. Indeed, Propo-
sition as the main result of this section, remains true if we drop Assumption . This
follows from the following observation: when we study the properties of the function ¥ (t,u), the
parameters a, b and m do not play a role.

3.1. Uniform boundedness for the first moment of X;, ¢t > 0. The aim we pursue in this
subsection is to establish the uniform boundedness for the first moment of X;, t > 0. We start
with some approximations of X, which were introduced in [4].

For K € (1,00), let

prei(d€) = Tyge<ry (§)pi(dE),
and denote by (X +)i>0 the affine process with admissible parameters (a = 0,a,b = 0,3, m =
0, i), where pg = (K1, -, fK,m). Then we have

E. [e<XKvt’“>} =exp{(z,¥K (t,u))}, t=0,x€ D, uel,

for some function g : Ry x U — Cc?. By (2.5) and (2.6), we know that ¢y = (L, w7,
where ¥/ (t,u) = exp(B] ;t)w for u = (v,w) € CZy xiR™ and Pk satisfies the generalized Riccati
equation

Oubk (1) = Rl (vk (Lu), Ptw) 0k (0,u) = v e CZ,
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where R = (Rk,...,Rxm)" with

d
Rici(w) = (u,os) + 3 Byiu + /D (8 — 1~ (w,&)) s (d6), i€l
k=1

\{0}
Lemma 3.2. For each t € Ryp and u € U, Yk (t,u) converges to ¢(t,u) as K — oo.

Proof. Clearly, we only need to show the pointwise convergence of wf{ to ¥!. Let u = (v,w) €
(Cgo x iR™ and T > 0 be fixed.

By the Riccati equations for ¢! and 1/1{(, we get

t
(3.2) Pl(tu) =v +/ R! (11)] (s,u) ,eBLSw> ds, t=>0,
0
and
¢
(3.3) Vh(tu) =v +/ RE (1/){( (s,u) ,eﬁst) ds, t>0.
0

In view of the formula (6.16) in the proof of [8, Propostion 6.1], we have

2
|

t 2
swp et < swp (e [ (14 [eoou]) as)
t€[0,T)] t€[0,T] 0
t . 2
X exp {cl/ (1 + Heﬁust ) ds}
0
2 4 T 2
< (H’UH —1—01/ <1+ Heﬁﬂst )ds)
0
T - 2
(34) X exp {Cl/ <1 —+ HQIBJJSwH ) dS},
0

for some positive constant ¢;. Moreover, by checking carefully the proof of [8, Propostion 6.1]
and noting that px; < pi, we can actually choose ci in such a way that it depends only on the
parameters o, 3, 1. So ¢; is independent of K. Similarly, the same inequality holds for 7

I 2 2 T 5T |12
sup [0/t wl* < (ol +er [ (1 [?Fru] ) as
0

te(0,7)
T 2
X exp {01/ <1 + HeBLSwH ) ds} .
0

According to Lemma , the mapping u — R!(u) : U — C™ is locally Lipschitz continuous.
Therefore, for each L > 0, there exists a constant co = c2(L) > 0 such that

(3.5) |Ri(u1) — Ri(u)|| < ca||lug —uz||, forallie I and ||uill, [Juz| < L.

In addition, it is easy to see that for u € U,

/{£II>K} (9 =1~ w.9)) i a9

/{£I|>K} i (d€) ||u”/{”§”>K} €] i (d€)
20 <ew (1+lul),

where e == > f{||§|\>K} (24 [|&]]) ni(d€). Note that ex — 0 as K — oo by dominated
convergence.

[1Ri(u) = Rici(u)|| =
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Let

9K

By (3.2) and (3.3]), we have
t t

gk (t) < H/ R! (wl (s,u) ,eﬁLSw) ds —/ RI (1/1% (s,u) ,eﬁLSw) ds
0 0

< i/t HRZ (¢I (s,u) ,eBLSw) —R; (1#{( (s,u) ,eBLSw) H ds
=170

(3.7) + i /Ot HRZ (1%( (s,u) ,e’BLSw> — Rk (1%{ (s,u) ,e’Bst) H ds.
i=1

In virtue of (3.4)), there exists a constant c¢5 = ¢3(T") > 0 such that

t) o= [0 (t,u) = i (tu)]|

tel0,T].

sup sup | (s,u)]| < e5 < oo,
Ke([l,00) s€[0,T]

which implies

(3.8) sup  sup “(w%(s,u),eﬁ;J5w> H < ey < 0.
Ke[l,00) s€[0,T]

So, for 0 < s < T, we get

(3.9) HRZ (zpl (s,u) 7eﬁst) —R; (1/1% (s,u) ,eBst) H < cs Hz/JI (s,u) — ik (s, u)]|
from , and obtain
(3.10) HRZ (wf( (s,u) ,eBLSw) — Rk (1/)% (s,u) ,eBLSw) H <er (14 )
from (3.6)) and ({ Here cs, cg > 0 are constants not depending on K.
Combmmg 1 and (3.10) yields, for ¢ € [0, T,

gk (t) < C5m/0 Hz/JI (s,u) —k (s,u)|| ds +mex (14 )t

t
= C5m/ gi (s)ds + meg (1 + cg) t.
0
Gronwall’s inequality implies
¢
gr(t) <meg (14 cg)t +mPe (1 + cq) 05/ se5(t=9) 4 g
0

<meg (1+¢6) (T + C5mTQec5mT) , t € [0,7].
Since ex — 0 as K — oo, we see that gx(t) — 0 and thus
ok (t,u) = ! (t,u), forall t e [0,T].

For K € (1,00), the generator Ak of (XK +)i>0 is given by

Ax f(z Z (Zaz kT z) o (855)1 + (Bz, V f(x))

k=

+ Zw /D o O @)~ (V7.6 i 49),

defined for every f € C?(D).
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To avoid the complication of discussing the domain of definition for the generator A, we
introduce the operator AﬁK, which was also used in [§].

Definition 3.1. If f € C?(D) is such that for all x € D,
[f (2 +8) = f(x) = (Vf(2), | px.i (dE) < oo,
;/D\{O} x x T 5% 00

then we say that AﬁK f is well-defined and let

d m 2 T
A f(z) = Z (Z ai,kﬂ’i) g:c{ésci + (Bx, Vf(x))

k,l=1 \i=1
T; T — f(x) = (Vf(x), i (d
3w [ @) = (V1) s (0

for x € D.

It is easy to see that if f € C?(D) has bounded first and second order derivatives, then .Aa( f
is well-defined.
Recall that the matrix 5 can be written as in (2.8). We define the following matrices

o o0
My :—/ etBITIetﬁ”dt and My :—/ etﬁLet'B“dt.
0 0

Since Brr € M, and Sy € M., the matrices M; and Ms are well-defined. Moreover, we have
that M; € S§F and My € S7*. In the following we will often write = = (y,2) € RZ, x R™ for
z € D. For yi, y2 € RY and 21, 22 € R", we define

oo o0
(y1,y2)1 := / <et5”y1,et’8”y2)dt and (z1,29)7 = / <et’6”zl,et6”22)dt-
0 0

It is easily verified that (-,-); and (-,-); define inner products on R and R", respectively.
Moreover, we have that

(y1,92)1 = ys Miy1 = (y1, Miyz) and (21, 22) 5 = 25 Moz = (21, Mazs).
The norms on R™ and R™ induced by the scalar products (-, ); and (-, -); are denoted by

1yllr = V{y,y)r and |[z]l; = V{2 2),

respectively.

In the following lemma we construct a Lyapunov function V for (Xg¢)i>0. Note that the
definition of V' does not depend on K.

Lemma 3.3. Assume m > 1 and n > 1. Suppose that B € M. Let V € C*(D,R) be such that
V>0o0onD and

Vi(z) = (g, y)1 +e(z,2) )2, whenever z = (y,z) € Ry x R™ with ||z]| > 2.

Here € > 0 is some small enough constant. Then AuKV is well-defined and V is a Lyapunov
function for (X t)e>0, that is, there exist positive constants ¢ and C such that

.AﬁKV(a:) < —=cV(x)+C, forallz e D.

Moreover, the constants ¢ and C' can be chosen to be independent of K.
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Proof. For x1 = (y1,21) € RT, x R™ and x9 = (y2,22) € RZ, x R", we define

(1, 22) 8 := (Y1, 21)1 + (Y2, 22) 1,

where ¢ > 0 is a small constant to be determined later. Set V(z) := ((z,x>5)1/2, x € D.

Then V is smooth on {z € D : |z| > 1}. By the extension lemma for smooth functions (see
[19, Lemma 2.26]), we can easily find a function V' € C*°(D,R) such that V' > 0 on D and

Viz)=V(z) = ((z,z)p )2 for ||z]| > 2. So for all z = (y, z) € RZ, x R™ with ||z]| > 2, we have

B —1 [ My
(3.11) V2 = Vi) (G)
and
A (Mlvy(xM)lsy)T —s%(yw;gﬂf
3.12 VAV (y,z) = v vz o
(8.12) (:2) e(Miy)(Ma2)T My (M) (Vo)
V(y,z)3 V(y,z) V(y,z)3
We write A5V = DV + JxV, where
d
82V(a:)
(3.13) DV(x)._k;l(qul,xﬁ e, + Bz, VV (x)),
(3.14) TV (x sz / o V@O =V (@) = (TV().6)) i 46).

We now estimate DV (z) and JxV (x) separately. Let us first consider DV (z). We may further
split DV (z) into the drift part and the diffusion part.
Drift. Recall that 87y = 0. Consider x = (y, z) with ||z| > 2. It follows from ({3.11)) that

1
<ﬂ$,VV(JE)> _ < Blfy ’ V(y, Z) Mly
Biry + Briz V(y,2z) teMsz

=V (y,2)" ((Brry, M1y) + (Byry,eMaz) + (B2, Maz2)).

The first and the third inner product on the right-hand side may be estimated similarly. Namely,
we have

_ 1 _
V(y, 2) By, Mry) = §V(?J> 2yt (M15H + BITIMl) Yy
The definition of M7 implies

o0
MiBr1 + B My = / (etﬁfTIetﬁ”ﬂU + ﬁITIewafew”) dt
0

_/ T (Lehetin ) ar
o \dt

T
— etﬁ]]et/gll

t=0
== _Im7

where I,,, denotes the m x m identity matrix. Hence
_ 1 _
V(Y 2)™ By, Miy) = =5V (y.2) "'y y.
Since all norms on R™ are equivalent, we have

—yly < —ery My = —e1{y,y)1 < —ailyl|%,
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for some positive constant ¢; that is independent of K. So

(3.15) V(y:2) " (Brry, Mry) < —erllyll 7V (y,2) ™
In the very same way we obtain
(3.16) V(y,2)"HBrrzeMaz) < —cae| 2|5V (y, 2) 7,

for some constant co > 0. To estimate the remaining term, we can use Cauchy Schwarz inequality
to obtain

eV(y,z) " |Baryll | Maz||
eseV(y, 2) lyl |12l

V(y,2) " (Bury,eMaz)| <
<

for some constant c3 > 0. Using the fact that all norms on R? are equivalent, we get
[V (y, 2) " (Brry, eM22)| < ecaV(y,2) " yllill=ll s
=c \ﬁ\/<y7 y>1\/€<27 Z>J
Vs yh +e(z,2)s
(3.17) < avelylr
Combining (3.15)), (3.16) and (3.17)), we obtain
(Bz, VV(2)) < —allyl7V(y, 2) ™" = ecal 213V (y, 2) ™ + cav/ellylln
< =5 (91 +e2,2)0) Vi, 2)H + eavelylln
< *CSV(y’ Z) + C4\/gV(y, Z)v

where ¢5 := ¢; A co > 0. Since ¢4 and ¢5 depend only on S but not on ¢, by choosing ¢ = eg > 0
sufficiently small, we get

(3.18) (Bx,VV (x)) < —cgV(z), x €D with [z] > 2.

From now on we take € = gq as fixed. In particular, the upcoming constants c; —c11; may depend
on €.

Diffusion. By (3.12), we have

a2V($) Cr
3.19 < , for all 2, k1 1,...,d},
(319) S| < gy forall ol > 2, ke (L)
where ¢y > 0 is a constant. This implies
0%V (z)
sup |x; <oo, forallielandk,le{l,...,d}.
xeg Oz 0z, { J
We conclude that
d
0%V (x)
3.20 i kI < cg, for all D,
( ) kzlzjl (;a kT > 90,07, cg, forall x e

where cg > 0 is a constant.
Turning to the jump part Jx, we define for i € I and k € N,

TeinV (1) = 2 / (V (@ +€) = V(z) — (VV(2), ) s (d)

{0<|glI<k}
and
TV @ =i [ (V@€ = V@)~ (VY (@), i (46).
{lI€l1 =k}
So TV () = Tier(TinV (@) + T2,V ().
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Big jumps. By the mean value theorem, we get

| T3V ()] <l /{” }(HVVHOO €+ VYV (@) €N pi ()

=k

(3.21) < 2] [V / el

l1€11=>

<o (14 V(2)) /{ el e <o

where we used that |VV e = sup,cp [[VV(2)| < oo, as a consequence of (3.11). Hence, by
dominated convergence, we can find large enough k& = ky > 0 such that

{jk*o,iv ($)| < %CG (1+V(z)), zeD.

Small jumps. To estimate the small jump part, we apply (3.19) and the mean value theorem,
yielding for ||z| > 3k,

|jk0,i,*v (Jf)| <

T /{0<|§|l<k‘o} (/;(VV (z+78) — VV(»T),@) drpk (dﬁ)‘

(3.22) <zl s [VEV @) /{ e, €00

TEBy, (z

1 2
<erlzll sup o / €11 s (d€)
#eBy (x) V (Z) Jio<(lell<ho}

]

< €10 < 2¢19 < 00,
]l = ko

with some positive constant ¢jp not depending on K. Here By, (z) denotes the ball with center
x and radius kg. Note that Jy, ; .V (z) is continuous in & € D. Hence, we conclude that

1
|TkV (z)] < §C6V($) +cn, weD.

Combining the latter inequality with (3.18)) and (3.20]), we obtain the desired result, namely,

1
ALV (z) =DV (z) + TV (z) < —5¢V(x) +cra, x €D
]

Remark 3.4. For the function V defined in the last lemma, we can easily find positive constants
c1,C2,c3,cq4 such that for all x € D,

(3.23) V(z) <cllz]|+c2 and |z]| < csV(z)+ eq.

Proposition 3.5. Assume m > 1 and n > 1. Suppose that 3 € M;. Let c, C and V be the
same as in Lemmal3.3 Then

(3.24) E. [V (Xgy)] <e V(x)+c'C forall K>1,2€ D andt € Rso.

Proof. Let x € D, K > 1 and T > 0 be fixed. The proof is divided into three steps.
Step 1: We show that

(3.25) sup E, [HXK,t
te[0,7)

?] < oo.
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Since px; has compact support, it follows that f{H§II>1} 1€]1¥ g i(d€) < oo for all k € N. By [8,
Lemmas 5.3 and 6.5], we know that 15 € C?(R, xU). Moreover, by [8, Theorem 2.16], we have

d

E, [HXK,tHQ] = = Z (<{E, aile(t7 i/\)’>\=0> + <$7 8Ale(t7 i)‘)|>\=0>2) )
=1

where the right-hand side is a continuous function in ¢ € [0,T]. So (3.25) follows.
Step 2: We show that

(3.26) sup E; [V (Xk )] < oo.
te[0,7

In fact, (3.26]) follows from (3.23]) and (3.25)).
Step 3: We show that (3.24)) is true. It follows from [8, Theorem 2.12] and [§, Lemma 10.1]
that

t
(3.27) F(Xice) — f (Xico) — /0 Axf (Xics)ds, ¢ € Rsg,

is a P,-martingale for every f € C2(D). Note that V belongs to C?(D) but does not have
compact support. Let ¢ € C2°(Ryxo) be such that 1jg; < ¢ < 1jgg), and define (p;);>1 C

C2°(D) by ¢;(y) := ¢(|lyl|*/5%). Then
pi(y) =1 for |y <j and ¢;(y)=0 for |ly| > V2]

and p; — 1 as j — oo. For j € N, we then define
Viy) =V ({y)ei(y), yeD.

So V; € C%(D). In view of (3.27) and [10, Chap.4, Lemma 3.2], it follows that
t t
GCtV}' (XK,t) — V] (XK70) - / ecs.AKVj (XK,S) ds — / Cecs‘/j (XK,s) ds, te R)O,
0 0

is a P,-martingale, and hence

By [Vj (X)) = Vj (2) = Eq [/Ot e (AxVj (Xk.s) +¢Vj (Xk s)) ds| .

Now, a simple calculation shows

2c1]lyll

i

2|yl
IVl < =57 1¢lloo <

for some constant ¢; > 0. Therefore, by (3.23]), we get
IVVi(y)ll = ]l{Hyng\/ij}H‘Pj(y)VV(y) +V(y)Ve;)l

2c1 |yl
S Lyi<van <”VV||oo o (14 lyl) ==

(1+35)J
(3.28) < C3j727

where c¢o and cg are positive constants. A similar calculation yields that there exists a constant
c4 > 0 such that

Iyl + 52
Cy———.

[V20;(y)]| < i

So
IV < Ly IV Voo + 20V V ([ [Veos )+ V@)V 05 (w)]])
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col|y | [
S Lyicvap <05 T2 +er(1+ Hyll)ji4
1+j+ 52
(3.29) < cg%j

where cs, cg, 7, cg > 0 are constants. Define DV} and JxV; similarly as in (3.13) and (3.14)),
respectively. It holds obviously that

DV ()| < eollyll (IVVilloo + IV*Villo) ,  y € D.
Similarly as in (3.21)) and (3.22), we have that for all y € D,

Vi)l < eullol Y (19l [ lélle (@)
i=1 {llel=>1}
HIVWile [ el i (a9)):
{o<|lgll<1}
Using (3.28)), (3.29) and the above estimates for DV; and JxVj, we obtain
(3.30) A Vi) < e+ lyll), v e D,

where c17 > 0 is a constant not depending on j. The dominated convergence theorem implies

limj oo AxVj(y) = .AﬁKV(y) for all y € D. By (3.26)), (3.30) and again dominated convergence,
it follows that

t
By [V (Xka)] — V (z) = Eq [/ oS (AﬁKV (Xks)+cV (XK,S)) ds} .
0
Applying Lemma, [3.3] yields
t
By [V (Xkt)] =V (z) < E, [/ ecsts} < c e,
0
which implies

E. [V (Xgy)] < e V(x)+ct, fort €[0,T].
Since x € D, K > 1 and T > 0 are arbitrary, the assertion follows. O

Arguing similarly as in Lemma [3.3] and Proposition [3.5] we obtain also an analog result for
the case where m > 1 and n = 0.

Proposition 3.6. Assume m > 1 and n = 0. Suppose that 3 € M;. Let V € C?(D,R) be such
that V>0 on D and

V(z) = <$,CC>}/2, whenever ||z|| > 2.

Then A%(V is well-defined and there exist positive constants ¢ and C, independent of K, such
that

ALV(z) < —cV(z)+C, VzeD.
Moreover, for all K > 1,t >0 and x € D, it holds that
E. [V (Xk4)] <e “V(z)+c'C.
We are now ready to prove the uniform boundedness for the first moment of X;, ¢t > 0.
Proposition 3.7. Let X be an affine process satisfying . Suppose that 3 € M. Then

(3.31) supE, [|| X¢]|]] < oo for all x € D.
=0
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Proof. If m = 0 and n > 1, then (X;);>0 degenerates to a deterministic motion governed by the
vector field z — Sz. In thls case we have
X, = ”' Xy,
so (3.31)) follows from the assumption that 3 € M.
For the case where m > 1, by Propositions [3.5 and we have
(3.32) E. [V (Xgs)] <e V(x)+c'C, forall K>1,z€ D andt € Ry,

where ¢, C' > 0 are constants not depending on K.
Let x € D be fixed and assume without loss of generality that Xy = x a.s. In view of Lemma
3.2 and Skorokhod’s representation theorem (see, e.g., [10, Chap.3, Theorem 1.8]), there exist

some probability space (Q ]-" IP) on which (X K.t)K>1 and X ¢+ are defined such that X K, and
X ¢ have the same distributions as Xk ; and X;, respectively, and X Kt — X ¢ P-almost surely as

K — oco. Hence V(XK¢) — V(X)) P-almost surely as K — co. By (3.32) and Fatou’s lemma,
we have

E,[V (X)) =E [V (f(t)] lim inf [V ()N( K,tﬂ

K—o0

=liminf E; [V (Xk+)]
K—o0
<e UV (z) +ciC
for all t > 0. By - the assertion follows. O

3.2. Exponential convergence of ¢ (t,u) to zero. In this subsection we study the conver-
gence speed of ¥ (t,u) — 0 as t — oo.

Lemma 3.8. Suppose that 3 € M. There exist 6 > 0 and constants C1,Cy > 0 such that for
all w € U with ||ul| < 0,

(3.33) | (t,u)]] < Crexp{—Cat}, t=0.

Proof. For u € U, we can write u = (v,w) € CZ 2o ¥ IR™ and further v = x+1iy and w = iz, where
x € Rg()a y € R™ and z € R™. Therefore,

Itz + iy,iz})

. T
IGBJJtZ

Bty u) = (8,0, w) = (

For z € RZ), y € R™, and z € R", we define

) Rew! (o +iyi2)\ [0
O (txy, 2) = [Imy! (tz+iy,iz) | =n], t>0.
Ptz ¢

Recall that ¢! (t,u) satisfies the Riccati equation

o (t,v,w) = R <¢I(t,v,w),eﬂ}ﬁw) .l 0,0, w) = v.
So
N ORep! (t,x + iy, i2)
o(t,x,y, z) = odm ! (t, x 4 iy, i2)
ateﬁLtz
Re R (! (t,2 + iy, iz) ,iefistz
= ImR! (! (t, 2 + iy,iz) JieBiaty

T
5;JQ'BJJtZ
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= | Im R (Rey! (t,z +iy,iz) + ilm ! (¢, + iy, i2) JieBiaty

Re R! ERe WL (¢, @ + iy, iz) + imo! (t,z + iy, iz) , iePlst
BLeﬁLtz

= [ Im R (¥ +in,i)
B15¢
= R(9,7,0),

where the map Ry xR™xR" > (4,7, () — R(9,n,¢)is C* by [8, Lemma 5.3]. Hence @Z(t, x,Y,2)
solves the equation

Re R (9 + in, iC))

(3.34) 8tzz(t,x,y, z) = R (w(t,x,y,z)> , =20, ¥(0,z,y,2) = (z,y, 2).

Similarly to [8, p.1011, (6.7)], we have, for u = (x + iy, iz),

m
Re R; (z +iy,iz) = ai,iia:% — (a;Imu, Imu) + Zﬁkixk

k=1
3.3 €r2) cos(Imu, €) — 1 — (&7, i (d
(3.35) # ) (6 costimu ) —1— 1, i (49
and
Im R; (z +iy,iz) = 20529 + (Bri, y) + (B, 2)
(3.36) + / <e<fh~’0> sin(Im u, &) — (Imu,§)> i (d€) .
D\{0}

Since R : Ry x R™+7 — R2m47 jg O 50
| B @.n.¢) - DE(0) (0,1.0) |

~ | R @.n.0) - R(0) - DR(©0) (90,1,0)7]|

1 T
:] | PR6-@.0.0) 00T dr— [ DRO @.0.0)7 ar
0 0

< sup HDE(T (@,1,¢)) —DE(O)H ' H(b’,n,C)TH

0<r<1
(3.37) =o([[w@.n.07)
holds. Here, Dé(ﬁ, 7, () denotes the Jacobian, i.e., the matrix consisting of all first-order partial

derivatives of the vector-valued function (9, 7,() — ﬁ(ﬁ,n, ¢). According to (3.35) and (3.36),
we see that DR(0) is a matrix taking the form

B, 010
DRO)=| 0 Bf: *
0 0 18],

where * is a (m x n)-matrix. By the Riccati equation (3.34) for ¢, we can write

8,5@;(75, x,Yy,z) = DE(O)@Z(t, x,y,z) + (INB (w(t, x, Y, z)) — D}NR(O)Q,Z(t,:B,y, z)) .
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From (3.37)) it follows that
RO - pRO 0.0
1m =
10,m,0)l1-0 1., O

By assumption, we know that 8y € M and 8;; € M, which ensures Dﬁ(O) € My, ,,,- Now,
an application of the linearized stability theorem (see, e.g., [26, VII. Stability Theorem, p.311])

yields that 1 is asymptotically stable at 0. Moreover, as shown in the proof of [26, VII. Stability
Theorem, p.311], we can find constants 4, ¢1, c2 > 0 such that

|0tz 2)| < et V>0, (@,9,2) € Bs(0) NRZy x R™H,
where Bs(0) denotes the ball with center 0 and radius 6. By the definition of ¢, the latter
inequality implies that (3.33]) is true. The lemma is proved. Il
Next, we extend the estimate in Lemma to all u € U.

Proposition 3.9. Let X be an affine process satisfying (3.1)). Suppose that 3 € M. Then for
every u € U, there exist positive constants cy, ce, which depend on u, such that

19 (¢, u)l| < crexp{—cat}, ¢=0.

Proof. Our proof is inspired by the proof of [I2] Theorem 2.4]. By Proposition we have
SUpyeg. , Be[[| X¢|l] < oo for all x € D. Then for M > 0,

B [|X:] _ suPr0 Ea [ X ][]
M = M ’

Py ([ Xell > M) <

which implies
supP, (|| X¢|| > M) -0 as M — co.
0

We see that under P,, the sequence {X;, t > 0} is tight. Consider an arbitrary subsequence
{Xy}. Then it contains a further subsequence { Xy} converging in law to some limiting random
vector, say X®. Since Xy~ converges weakly to X as t” — oo, Lévy’s continuity theorem implies
that the characteristic function of Xy converges pointwise to that of X% namely,

tlim E, [exp {(u, Xi)}] = E[exp {{u, X*)}], forall uell.
""— 00

We know by Proposition that the original sequence {X;} satisfies

Jim B foxp {{u, X0)}] = lim exp {(z, (t,u)} = 1
for all uw € U with ||u|| < §. As a consequence, we get
(3.38) Elexp {(u, X*)}] =1, forallueld with [ull <.

We claim that X® = 0 almost surely. To prove this, we consider an arbitrary z € R% with z # 0.
Then there exists an ug €

mathbbR® with ||ug|| < & such that 0 < (ug, z) < 7/6, and hence 0 < cos({ug, z)) < 1. Continuity
of cosinus implies that there exists an & > 0 such that 0 € B.(2) := {y € R? : ||y — z|| < ¢} and
0 < cos({up,y)) < 1 for all y € B.(z). Suppose that P (X* € B.(z)) > 0. It follows that

E [cos ((uo, X)) Lixaep, (23] <P(X® € B:(2)),
which in turn implies
ReE [exp {i(ug, X*)}] = E[cos ((uo, X*))]
< E [cos ((uo, X)) Lxaep, ()}
+E [cos ({(uo, X)) ]l{Xang(Z)}]
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<P(X%€ B.(2)) + P(X® ¢ B.(2))
=1,

a contradiction to (3.38). We conclude that P(X® € B.(z)) = 0. Since z # 0 is arbitrary, X°
must be 0 almost surely. Now we have shown that every subsequence of {X;} contains a further
subsequence converging weakly to dp, so the original sequence {X;} must converge to oy weakly.
In view of this, we now denote X* by X, which is 0 almost surely. We have thus shown that
forallz € D and u € U,

(3.39) exp {(z,¥(t,u))} = E; [exp{{u, X;)}] =1 as t— oo.
From the above convergence of exp {(x, 1 (t,u))} to 1, we infer that for each i =1,...,d,
(3.40) Rei(t,u) = 0 ast— oo.

Moreover, we must have sup;c(g o) [¥i(t, u)| < C for some constant C' = C(u) < oo, otherwise,
by continuity, Im;(¢, u) hits the set {2km 4+ 7/2: k € Z} infinitely many times as ¢t — oo, so
sin (Im;(¢,u)) = 1 infinitely often, contradicting the fact that exp {(z,¥(t,u))} — 1 for all
zeD.

Let z, 2/ € C be two different accumulation points of {¢1(t,u), t > 0} as t — oo, that is, we
can find sequences t,, t,, — oo such that ¢;(t,,u) — z and ¥ (), u) — 2’. Using once again the
convergence in , we obtain that z = i27wk; and 2’ = i27ks for some ki, ky € Z. By
and a similar argument as in the last paragraph, ¥;(¢,u) is not allowed to fluctuate between z
and 2’, showing that z = 2’. So z = i27k; is the only accumulation point of {1 (¢, u), t > 0},
and ¥y (t,u) — z = i27wk; as t — 0o. Moreover, we must have k; = 0, otherwise for some z € D
we get exp{x127ik;} # 1, which is impossible due to (3.39)). We conclude that

Y1 (t,u) -0 ast— oo forall u € Y.

In the same way it follows that ; (t,u) - 0ast—0foralli=2,...,d and u € U.

Finally, we prove that the convergence of ¢ (¢, u) to zero as t — oo is exponentially fast. Since
Y(t,u) converges to 0 as t — oo, there exists a ¢y > 0 such that [|¢)(tg,u)| < §. Combining
Lemma |3.8| with the semi-flow property of v, we conclude that

14 (t + to, w)|| = |9 (£, 9 (to, w) || < cre™", >0,
for some positive constants ¢; and co. Hence,
I (8, )|l < ese™, > to.
Since supyeg 4] |9, u)|| < ca, where ¢4 > 0 is a constant, it follows that
[ (¢, u)|| < ese™, ¢ >0,

with another constant c; > 0. This completes our proof. O

4. PROOF OF THE MAIN RESULT

In this section we will prove Theorem

Let X be an affine process with state space D and admissible parameters (a, «, b, 8, m, 11).
Recall that F'(u) is given by (2.7). We start with the following lemma.

Lemma 4.1. Suppose 3 € M and f{”5”>1} log ||&]|m (d§) < co. Then

/OO\F(T/J (s,u))|ds < oo forallu € U.
0
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Proof. Let u € U be fixed. By Remark [3.T] and Proposition we can find constants cq, ca > 0
depending on u such that

(4.1) [P(s, u)ll < cre™%, s > 0.

It is clear that finiteness of [ |F (¢ (s,u))| ds depends only on the jump part of F. We define

(u) = / / V) 1 (7 (5, ), €5 m (dE) ds
{0<H§||<1}

/ / l&v(sw) _ 1l m, (d€) ds
{II£H>1}

)+ I (u).
With the latter fact in mind, we start with the big jumps. We can apply Fubini’s theorem to

get
" (u) = / / ‘e<§’¢(5’“)> - 1‘ dsm (d€) .
{lgl>13 Jo

Let us define I (€) := [, [exp{(¢(s,u), &)} —1|ds. For [|£]| > 1, by a change of variables
t :=exp{—cas} |||, we get ds = —cglt_ldt and hence

1 u
5L (f):—* et ‘ ), )>—1’dt

_ 1 e o) _1‘dt

c2 Jo t

1 léll

< 1/ 1 )e<§ﬂ/1(871(t) 1’ dt + 2dt

C2 Jo t 1 t
=L (§) +I5(¢).

Note that

ye@,w(s-w» - 1] — / s ) ¢y (s7'(t),u))dr
0

<& (s7H (1), )]

Using (4.1)), we obtain

1
BE <~ [ 1 (7 0w.0]d

2 0
1 _
<- f||w( o), ) | el de
1
< i C gmeas™0) ¢ .
c2 Jo t

Since s~1(t) = log(t||¢]|~1)(—c2) 7L, it follows that

1 1
I2 (6) < / Cldt = ﬂ
0

2 C2

On the other hand, it is easy to see that

2
I3 (&) < —logl¢]l,
2
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Having established the latter inequalities, we conclude that

uww</ (I () + I () m (d€)
{lIglI>1}

<Amqu mwm)< 3

= am({||g|| > 1}) + o /{|§||>1}log 1€]l m (d€) -

Because the Lévy measure m(d€) integrates 1yj¢>1y log ||| by assumption, we see that
(4.2) Z*(u) < oo.
We now turn to Z. (f) We can write
el&wloml) 1 — (7 (s,u) ,&5)

1
_ / &) () (5, 0) , E)dr — (7 (s, u),&y)
01 1
_ / e'r(f,w(s,u» <¢)I (s,u) ,€]>d7“ +/ (eT(ﬁ,ﬁi(S,u)) _ 1) <¢J (s,u) ,£J>d1"
0 0
1
:/ rEvsw) (! (s, u), &)dr

/ / it (&, (s, u)><7pJ (s,u),&y)drdr’.
Noting and Re ((&, 9 (s,u))) < 0, we deduce that for ||£]| <1 and s > 0,

’ Ve _ 1 — (7 (s,u),&)) ’ 0" (s, ) [ IE N+ [ (s, ) [ €N |67 (s, w)]] 1€
< (er + e (el + el + el s )
(4.3) < (e1 + e (2lrll + ll&alP)

s red [Cemas [ (21l el mie <o

where the finiteness of the integral on the right-hand side follows by Definition (iii). Since
(4.2)) holds, it follows that

[o.¢]
/ P (0 (5,u))| ds < T (u) = T (u) + T* (u) < 0.
0
The lemma is proved. O
We are now ready to prove our main result.

Proof of Theorem [2.4. Recall that the characteristic function of X, is given by
E, [ X)) = exp {6 () + (@, (L))}, (tu) € R X U.
Using Remark Theorem [3.9] and Lemma [4.1] we have that (¢, u) — 0 and

o(t,u) = /0 F (¢(s,u))ds — /OOOF(w(s,u))ds, as t — oo.

We now verify that [;°F (¢ (s,u))ds is continuous at u = 0. It is easy to see that that

fOT F (1(s,u))ds is continuous at u = 0. It suffices to show that the convergence limz_, o fOT F (¢(s,u))ds =
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Jo© F (1(s,u))ds is uniform for u in a small neighborhood of 0. By (3.33), there exist § > 0
and constants ¢y, ¢co > 0 such that for all Bs(0) N,

| (t,u)|| < crexp{—cat}, t=0.

Zr= [ el 1 (s ). )| m (@) ds
T J{o<|lgl<1}
+ / / e<§’¢(s’“)>—1‘m(d£)ds
{1<|I£H<K}
/ / ol (sw) 1‘ (de)d
{II£H>K}

=: Lo (u) + Ir (u) + I7" (u)
where K > 0. Let € > 0 be arbltrary. By Fubini’s theorem,

Zr (u) = / / ‘e<§’¢(57“)> — 1‘ dsm (d§) .
{ligl>x3} JT

Set I1 (€) == [ lexp{(¥(s,u),&)} — 1| ds. As in the proof of Lemma we introduce a change
of variables ¢ := exp {— 02(3 — )} |l€|| and obtain for ||&|| > 1,

Define

el 1
(4.4) L) =~ V(s () _ 1‘ dt
c2 Jo t
3
<t ) CROKY 1]d oL
c2Jg T €2 J1
1 1 C1 —cgsfl(t)
<— | —e lélldt + = 1og €]
C2 Jo t C2
e 2
<— | cre@Tdt+ Zlog||€].
c2 Jo (&)

So

sk ge—ch z o m
T (u) < /{ lw}( ; 1g||§|r) (d¢)
m ({li€] > K}) + /{ o Bl @),

We now choose K > 0 large enough such that Z7* (u) < e/3.

For 77 (u), by (4.4), we have
€l 1

_71(5):a o Sl (s (), ))—1‘dt
[H]
<o [ G 0)gar
C2 Jo t
el
< — cre~Tdt
C2 0

c1 _
< —eeT g,
C2

which imples

* Cl _eoT
Z < —e d
ro< [ (e ) miag
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< cle—czT/ el m (d€) — 0, as T — oo,

€2 {1<ll¢ll<K}

So we find 77 > 0 such that for 7' > Ty, Z7 (u) < /3. It follows from (4.3) that
Lo@w<(a+d) [

T

[e.e]

e_czsds/ (2 €l + ||fJ||2> m(d§) -0, asT — oo.
{o<|lgll<1}
Hence there exists Ty > T such that for T' > T5, Z, 7 (u) < /3. Finally, we get for 7" > T5,
/ F (& (s,0))| ds < T (u) + Th () + T3 () < .
T

Moreover, the particular choice of above K,T7,T» do not depend on u € Bs(0) NU. We thus
obtain the desired uniform convergence and further the continuity of [~ F (¢ (s,u)) ds at u = 0.

By Lévy’s continuity theorem, the limiting distribution of X; exists and we denote it by 7.
The limiting distribution 7 has characteristic function

/Dew%r (dz) = exp {/Ooo F (¢(s,u)) ds} .

We now verify that 7 is the unique stationary distribution. We start with the stationarity.
Suppose that X is distributed according to . Then, for any u € U,

Erx [exp {(u, X¢)}] = /D exp{¢(t,u) + (z, ¥ (t,u))} m(dz)
= e [ exp {(x w)) } w(dz
/D p { (2 (t, )} w(da)

_ ot / @) 1 (dg),
D

where we substituted 7 := ¢ (¢, u) in the last equality. Note that the integral on the right-hand
side of the last equality is the characteristic function of the limit distribution . Therefore, using
the semi-flow property of ¢ in (2.3)), we have

Befexp ({0 X)) = o exp { [ F (0ts.)) s
=t axp { [7F (s, v(t0) as)
= % oxp {/OOO F (4(t + s,u)) ds}
— () gxp {/OO F (s, 1)) ds} |

So, by the generalized Riccati equation for ¢, t

E, [exp{(u,Xt>}]:eXp{ /O OOF(z/J(s,u))ds} - /D o= 1 (dgr).

Hence 7 is a stationary distribution for X.

Finally, we prove the uniqueness of stationary distributions for X. We proceed as in [15], p.80].
Suppose that there exists another stationary distribution n’. Let X, be distributed according
to 7. Recall that for all u € U, ¥ (t,u) — 0 as t — oo in virtue of Theorem [3.9| and, by Lemma
o(t,u) = [ F (¢(t,u))ds as t — co. Hence, by dominated convergence,

/ ot n’(da) = lim Ex [exp {(u, Xi)}]
D t—00
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= lim [ exp{6(t,u) + (2, (¢, )} 7' (do)

t—o00 D

_ /D exp {/OOO F (6(s,u)) ds} (dz)

= exp {/OOOF(z/J(s,u))ds} = /l)e<z’”>7r(dx).

So 7w =n'. O
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12.
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