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MOMENTS AND ERGODICITY OF THE JUMP-DIFFUSION CIR
PROCESS

PENG JIN, JONAS KREMER AND BARBARA RUDIGER

ABSTRACT. We study the jump-diffusion CIR process, which is an extension
of the Cox-Ingersoll-Ross model and whose jumps are introduced by a sub-
ordinator. We provide sufficient conditions on the Lévy measure of the sub-
ordinator under which the jump-diffusion CIR process is ergodic and expo-
nentially ergodic, respectively. Furthermore, we characterize the existence of
the xk-moment (k > 0) of the jump-diffusion CIR process by an integrability
condition on the Lévy measure of the subordinator.

1. INTRODUCTION

In the present paper, we study the jump-diffusion CIR (shorted as JCIR) process,
which is an extension of the well-known Cox-Ingersoll-Ross (shorted as CIR) model
introduced in [§]. The JCIR process X = (X;);>0 is defined as the unique strong
solution to the stochastic differential equation (SDE)

(11) dXt = (a — bXt)dt + U\/XtdBt + th, t 2 O, X() 2 0 a.s.,

where a > 0, b > 0, 0 > 0 are constants, (B;);>¢ is a one-dimensional Brownian mo-
tion and (J¢)>0 is a pure jump Lévy process with its Lévy measure v concentrating
on (0,00) and satisfying

(1.2) /Ooo(z A1)r(dz) < .

We assume that Xo, (By);>0 and (J;);>0 are independent. Note that the existence
of a unique strong solution to is guaranteed by [12, Theorem 5.1].

The importance of the the CIR model and its extensions has been demonstrated
by their vast applications in mathematical finance, see, e.g., [8, 10, 1T}, 2T], and many
others. Since the CIR process is non-negative and mean-reverting, it is particularly
popular in interest rates and stochastic volatility modelling. These important fea-
tures are inherited by the JCIR process defined in . Moreover, compared to
the CIR model, the JCIR process has included possible jumps in it, which seems
to make it a more appropriate model to fit real world interest rates or volatility
of asset prices. As an application of the JCIR process, Barletta and Nicolato [3]
recently studied a stochastic volatility model with jumps for the sake of pricing of
VIX options, where the volatility (or instantaneous variance process) of the asset
price process is modelled via the JCIR process.
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An important issue for applications of the JCIR process is the estimation of its
parameters. To estimate the parameters of the original CIR model, one can build
some conditional least square estimators (CLSEs) based on discrete observations
(see Overbeck and Rydén [29]), or some maximum likelihood estimators (MLESs)
through continuous time observations (see Overbeck [28], Ben Alaya and Kebaier [5]
6]). The parameter estimation problem for the JCIR process is more complicated,
since it has an additional parameter v, which is the Lévy measure of the driving
noise (Ji)¢>o in and thus an infinite dimensional object. Nevertheless, based
on low frequency observations, Xu [32] proposed some nonparametric estimators
for v, given that v is absolutely continuous with respect to the Lebesgue measure.
Barczy et al. [I] studied also the maximum likelihood estimator for the parameter
b of the JCIR process.

As seen in the aforementioned works [I] and [32], to study the fine properties
of the estimators, a comprehension of the moments and long-time behavior of the
JCIR processes is required. In this paper we focus on these two problems and
analyze their subtle dependence on the big jumps of (J;);>0. Our first main result
is a characterization of the existence of moments of the JCIR process in terms of
the Lévy measure v of (J;);>0, namely, we have the following:

Theorem 1.1. Consider the JCIR process X = (Xi)i>o0 defined in (L.1). Let k > 0
be a constant. Then the following three conditions are equivalent:
(1) EL[Xf] < oo for all x € Ry and t > 0,
(ii) E4[X[] < 0o for some x € Ry and t > 0,
(iii) f{z>1} zFr(dz) < oo,
where the notation E,[-] means that the process X considered under the expectation
is with the initial condition Xy = x.

After this paper was finished, we noticed that moments of general 1-dimensional
CBI processes were recently studied in [I5]. If x > 1 and 2 > 0, our Theorem
can be viewed as a special case of [I5, Theorem 2.2]. However, to the authors’
knowledge, the cases 0 < k < 1 and k > 0 with z = 0 can not be handled by the
approach used in [I5].

The second aim of this paper is to improve the results of [I7] on the ergodicity of
the JCIR process. For a general time-homogeneous Markov process M = (M;):>0
with state space E, let P(z,-) := P, (M; € -) denote the distribution of M; with
the initial condition My = = € E. Following [27], we call M ergodic if it admits a
unique invariant probability measure 7 such that

. t _ _
tlggoHP (z,") 7rHTV 0, VzxeE,
where || - |7y denotes the total variation norm for signed measures. The Markov

process M is called exponentially ergodic if it is ergodic and in addition there exists
a finite-valued function B on E and a positive constant § such that

P (z,-) — 7r||TV < B(x)e™®, Yz e E, t>0.
Our second main result is the following:

Theorem 1.2. Consider the JCIR process (Xi)i>o defined by (1.1)) with parameters
a,b,0 and v, where v is the Lévy measure of (J)i>0. Assume a > 0. We have:

(a) If f{z>1} log zv(dz) < oo, then X is ergodic.
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(b) If f{z>1} z"v(dz) < oo for some k > 0, then X is exponentially ergodic.

We remark that similar results on the ergodicity of Ornstein-Uhlenbeck type
processes were derived by Masuda, see [23, Theorem 2.6]. It is also worth men-
tioning that Jin et al. [I7] already found a sufficient condition for the exponential
ergodicity of the JCIR process, namely, if a > 0, f{zgl} zlog(1/2)v(dz) < oo and
f{z>1} zv(dz) < co. It is seen from part (b) of our Theorem that these condi-
tions can be significantly relaxed.

Our method to prove the (exponential) ergodicity of the JCIR process in ques-
tion is based on the general theory of Meyn and Tweedie [25], 27] for ergodicity
of Markov processes. As the first step, using a decomposition of its characteristic
function, we show existence of positive transition densities of the JCIR process (see
Proposition , which improves a similar result in [I7]. In the second step, we
construct some Foster-Lyapunov functions for the JCIR process which enable us to
prove the asserted (exponential) ergodicity by using the results in [25, 26, 27]. For
the construction of the Foster-Lyapunov functions we will use some ideas from [23].

The remainder of the article is organized as follows. In Section [2] we first in-
troduce some notation and recall some basic facts on the JCIR process, then we
establish an estimate for the moments of Bessel distributed random variables, which
is crucial to Theorem [I.1] In Section[3]we will show that the JCIR process possesses
positive transition densities. In Section [d] we will prove Theorem [1.1} Sections
and [6] are devoted to the proof of Theorem

2. PRELIMINARIES AND NOTATION

2.1. Notation. Let N, Z>(, R, R>( and R denote the sets of positive integers,
non-negative integers, real numbers, non-negative real numbers and strictly positive
real numbers, respectively. Let C be the set of complex numbers. We define the
following subset of C:

U:={ueC:Reu<0}.

We denote the Borel o-algebra on R simply by B(Rxo).

By C?(Rx,R), and C%(Rxo, R) we denote the sets of R-valued functions on Rxg
that are twice continuously differentiable, and that are twice continuously differ-
entiable with compact support, respectively. For a,b € R, we denote by a A b and
a V b the minimum and maximum of a and b, respectively.

We assume that (9, F, (]:t)@o ,IP) is a filtered probability space satisfying the
usual conditions, i.e., (Q, F,P) is complete, the filtration (]-})t20 is right-continuous
and Fy contains all P-null sets in F.

2.2. The JCIR process. Let (B:)i>0 be a standard (F;);>o-Brownian motion
and (J;)i>0 be a 1-dimensional (F;);>o-Lévy process whose characteristic function
is given by

E [e"”] = exp {t/ooo (e"* —1) V(dz)} . (t,u) € Rz x U,
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where v satisfies . We assume that (B;);>0 and (J;)¢>0 are independent. The
Lévy-It6 representatlon of (J¢)e>o takes the form

(2.1) Ji = / / N(ds,dz), t=>=0,

where N(dt,dz) = > ., d(sau,)(dt,dz) is a Poisson random measure on R,
where AJg = Js — Js—, s > 0, AJy := 0, and d(, ,) denotes the Dirac measure
concentrated at (s, z) € R,

It follows from [I2], Theorem 5.1] that if X is independent of (By);>0 and (J;)¢>o0,
then there is a unique strong solution (X;);>o to the SDE (L.1). Since the diffu-
sion coefficient in the SDE (|1.1)) is degenerate at zero and only positive jumps are
possible, the JCIR process (X¢):>0 stays non-negative if X > 0. This fact can be
shown rigorously with the help of comparison theorems for SDEs, for more details
we refer to [I2]. Using It6’s formula, it is easy to see that

t t t
X, =e <X0+a/ ebsds—l—a/ ebS\/XSdBS—&—/ ebSdJS>, t>0.
0 0 0

Moreover, the JCIR process (X;):>0 is a reqular affine process, and the infinitesimal
generator A of X is given by

T 2 >
22 (AN @) = (-0 0 4 502 T Ty [T (g4 2) — s via),

where z € R>g and f € C%(Rxo,R). If we write

TN@ = [ (G2 - ) vas)
0

where 7 € R> and f € C2(Rx0,R), we see that Af =Df + Jf.

Remark 2.1. Let a,b € Ryg. If f{z>1}logzu(dz) < o0, then it follows from
[20, Theorem 3.16] that the JCIR process converges in law to a limit distribution
7. Moreover, as shown in [I8, p.80], the limit distribution 7 is also the unique
mvariant distribution of the JCIR process.

Finally, we introduce some notation. Note that the strong solution (X;):>¢ of
the SDE (1.1)) obviously depends on its initial value Xy3. From now on, we denote
by (X7 )i>0 the JCIR process starting from a constant initial value z € Ry, i.e.,
(X7} )t20 satisfies

(2.3) AX7 = (a — bX7)dt + o/XFdB, + Ay, t>0, X& =z € Rsy.

2.3. Bessel distribution. Suppose a and 8 are positive constants. We call a
probability measure m, g on (Rxo, B(R>0) a Bessel distribution with parameters
« and g if

(2.4) Mg p(dz) := e *do(dz) + Be~ 7P\ /a(Bz) 11, (2 aﬁw) dz, z€Ryo,
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where 0y denotes the Dirac measure at the origin and I; is the modified Bessel
function of the first kind, namely,

2.5 L(r) = Tii(%ﬂ)k eR
( . ) 1(r)_§k:0 k'(k“"l)" r .
Let Mq,g(u fR exp{ux}maq, g(de) for u € U denote the characteristic function

of the Bessel dlstrlbution Ma, 5. It follows from [I7], p.291] that
Fia5(1) = exp { ;‘“u} . uel.
To study the moments of the JCIR process, the lemma below plays a substantial
role.

Lemma 2.2. Let k > 0 and § > 0 be positive constants. Then

(i) there exists a positive constant C1 = Cy(k) such that for all @ > 0 and
B>0,

1 K
/ x"me p(de) < Cy _:a
R>o B

(ii) there emists a positive constant Co = Cs(k,d) such that for all a > § and
g >0,

ah}

g

Proof. (i) If 0 < k < 1, then we can use Jensen’s inequality to obtain

(2.6) /R20 z"me g(dx) < </R;0 xma,g(dx)>n = (;)”7

where the last identity holds because of

/ x"mq, g(dz) > Co
R>o

0

xmeg(de) = —ma g(u) =—.

A>o o ou g u=0 B

For k =n € Nwith n > 2byand-,wehavef0ralla,8>0
/ z"mg g(dx) = / " ( ~5o(dz) + Be~ P\ /a(Bx) "1, (2 aﬁx) dx)
R;o R}O
—ax (aB)Ftt /OO -
— « N7 n :Ed
CoZmkr ),

e okt (n+ k)
T g ! !
B 2 Rk + 1)

(67

e~ =2 ok (n + k)!

B = Kk + 1)
(2 7) N e~ %qn o0 ak—l—l—n ' (k—|—1)(k—|—n)
' pr o (k+1-n) (k+2-mn)---(k+1)
Since i L
lim (k1) (k+n) =1,

k—oo (k+2—mn)---(k+1)
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it follows from (2.7)) that

—Q

& m
e @
" mapldr) <op—— a+a? +---+a" !+ a” —
1 a”
(2.8) < e ﬁ—’_ﬁ , forall a,8 >0,
where ¢; and co are positive constants depending on n.
For the remaining possible k, namely, x > 1 and x« ¢ N, we can find n € N and

e € (0,1] such that 26 = n + e. By (2.6), (2.8) and Holder’s inequality, we get for
all a, 5 >0,

/ "My, g(dx) < (/ x"ma,g(dx)> </ xsm%@(dx))
R>0 R>0 R>0

1 £
1 n\ 2 2 e/2 (n+e)/2 K
<es +a o <C4a +a <C514—04
ﬁn B ﬁ(n—i—s)/Q ﬂli ’

where c3, ¢4 and c5 are positive constants depending on x.
(ii) If k > 1, using again Jensen’s inequality, we obtain for all a, 8 > 0,

/R>o 2" ma,p(dr) > </R>o xma,ﬂ(dx))n = (g)ﬁ.

Suppose now 0 < k£ < 1 and let # := 1 — k € (0,1). Consider a random variable
1 > 0 such that

(2.9) n~(1- efa)_l (ma,p(dz) — e *6(dz)) .
Then for u > 0, we have

E [e""’] = (1 — e_a)fl (fr\La’ﬁ(—u) — e_o‘)

=(1- 6_0’)_1 (eXp {ﬂ_jrm;} - GXP{—Q}) .

Since, by the Fubini’s theorem,

®© 9 Y B oS Y B
/0 %E[e ”]ue 1du:—/o E[Ye ”]ug Ldu

1
2

- _F UOOO ne""u“du] =-E[T(O)n' ],

it follows that

1 [0 1
En® = m/o %E [e=1] u~ldu

af e —au uf=1
2.10 =" du.
210 i ), o\ g
By (2.9) and (2.10)), we see that

af [ —au uft
"me g(dr) = — du, € Ryg.
/R>Oxm’5( g rw)/o eXp{mu}(mu)? bonEE
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By a change of variables w := au/S3, we get

(2.11) - %9) (g)nl(a).

By Fatou’s lemma,

liminf I'(«) 2/ liminfexp{ v } ( ad
0

a—00 a—00 o+ w 1+w/a)2

= / exp{—w}w "dw =T(1-r) > 0.
0

On the other hand, the function (0,00) 3 a + I(«) is positive and continuous. So
we can find a positive constant ¢g depending on x and § such that I'(«) > ¢ for all
a € [§,00), which, together with (2.11)), implies the assertion. O

3. POSITIVITY OF THE TRANSITION DENSITIES OF THE JCIR PROCESS

The aim of this section is to prove that the JCIR process X has positive tran-
sition densities. Our approach is similar to that in [I6, Proposition 4.5] and is
based on the representation of the law of X as the convolution of two probability
measures, one of which is the distribution of the normal CIR process. Before we
prove the positivity of the transition densities, we recall the characteristic function
of X7 and a decomposition of it, established in [I7].

Recall that (X7 )0 is given in (2.3). Assume a € R3¢ and b,0 € Rs(. Following
[I7], the characteristic function of X7 has the form

(3.1)

2a

ElenXf] = (1= (1= e™)) " -exp {au(t, u)}

. exp {/ / zw<s W _ ) V(dz)ds}, (t,u) € Rsg x U,

where the function (¢, u) is given by

uefbt

——(1—@ bty

(3.2) Y(t,u) =

As mentioned in [I7)], the product of the first two terms on the right-hand side
of (3.1)) is the characteristic function of the CIR process. More precisely, consider
the unique strong solution (Y;*);>¢ of the following stochastic differential equation

(D)
(33) AV = (a—bY)dt+ /YFdB,, t>0, Y& =x€Rsgas.
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where a € Ry, and b,0 € Ryg. So (Y{¥)i>0 is the CIR process starting from x.
Note that (3.3)) is a special case of ([2.3]) with J; = 0 (corresponding to v = 0). By
(3.1), we obtain
2a
(3.4) E[e?] = (1= 52 (1-e™)) 7 expd — o —
1- %t (1—ebt)

forallt >0 and u € U.

We now turn to the third term on the right-hand side of (3.1). Let Z := (Z;)¢>0
be the unique strong solution of the stochastic differential equation
(35) dZt = —btht + oy thBt + th, t > 0, ZO =0 a.s.,

where 0 € Rsqg. It is easy to see that (3.5) is also a special case of (2.3) with
a=x = 0. Again by (3.1), we have

(36) E[e"”] =exp {/Ot /000 (ezw(s’“) - 1) V(dz)ds} . (tu) eRsyg x U.

It follows from (3.1)), (3.4) and (3.6) that
E [eX7] =B [e7| B[]

for all £ > 0 and w € U. Let py= and pz, be the probability laws of ¥,* and Z;
induced on (Rxo,B(Rx0)), respectively. Then the probability law pxsz of X is
given by

(3.7) IXF = Hyp * [z,

where * denotes the convolution of two measures.

Proposition 3.1. Assume a > 0. For each © € Ry and t € Ry, the random
variable X7 possesses a density function fxz(y), y > 0 with respect to the Lebesgue
measure. Moreover, the density function fxg(y) is strictly positive for all y € Rxo.

Proof. According to [I7, Lemma 1], X possesses a density function given by

fxp(y) = fre(y —2)pz,(dz), y =0,
R
where fyz(y), y € R denotes the density function of Y;*, ¢ > 0. Since (Y;*)¢> is the
CIR process, as well-known, we have fy=(y) > 0 for y > 0 and fy=(y) =0 fory <0
(see, e.g., Cox et al. [8, Formula (18)] or Jeanblanc et al. [14] Proposition 6.3.2.1]
in case x > 0 and Ikeda and Watanabe [I3], p.222] in case = 0). It remains to
prove the strict positivity of fxz(y) for all y € Rs.
Let t > 0 and y > 0 be fixed. It follows that

fxe () > /[ e naaz),

where ¢ > 0 is small enough with § < y. Since fy=(y — 2) > 0 for all z € [0,7], it
is enough to check that pz,([0,4d]) > 0. If P(Z; = 0) > 0, then we are done. So we
now Suppose

(3.8) P(Z, = 0) = 0.
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Let
t oo
As(u) = / / <ew(s’“) — 1) v(dz)ds, wel,
0 Jo
where 1 is given in (3.2)). By (3.8), we conclude
E {euwt—a)} E {emzt—a)ﬂ ( ZFO}}
— e (B[] ~ B [ 1 7))
— e (M) —P (7, = 0))
(39) — efué/QeAt(u)fué/?
For all u € (—o0o,—1] and s € [0, ], we have

—bs —bs
32 (ezw(S,u) _ 1) _ : ze exp { gzzuue - }
U (1_%(1_6—175)) 1—271)(176 )

(3.10) < ze*bs]l{zgl} + ze*bse*“’lz]l{zﬂ} < e (2 A1),

for some positive constants ¢; and cy. By the differentiation lemma [4, Lemma
16.2], we see that A;(u) is differentiable at u € (—oo, —1] and

(3.11) [% (A(u)) = /Ot /OOO % (ezw(s,u) - 1) v(dz)ds, wu € (—o0,—1].

Note that 9/(0u)(exp{z¢(s,u)} —1) > 0 for z > 0, u € (—o0,—1] and s € [0,].
Therefore, A¢(u) is strictly increasing in w on (—oo, —1]. Moreover, we have

—2bz

bs
lim g (ez’/’(s’“) — 1) = exp {217} lim =€ 5 = 0.
u——o0 QU o (e S — 1) U——00 (1 _ U;bu (1 _ e—bs))

By (3.10]), (3.11)) and the Lebesgue dominated convergence theorem, 9/(0u)A¢(u) —
0 as u — —o00. So 9/(0u)(A¢(u) —ud/2) — —d/2 as u — —oo, which implies that
A¢(u) — ud/2 is monotone in u for sufficiently small v and thus

(3.12) lim e u0/2pAc(w)-us/2 _ o

U——00

It follows from (3.9) and (3.12) that

uBIPoo (E [eu(Zt—é)} _F [eu(zt—é)]l{zt:()}} ) = 0.

Now, we must have P(Z; € (0,6]) > 0, otherwise

lim (IE [e“(zt_(s)} -E {e“(zt_é)ﬂ{zt:o}} )

U——00
— lim (E |:eu(Zt,—5)]l{O<Zt<6}:| +E |:6U(Zt—5)]l{zt>5}]) =0.

U——00

This completes the proof. O
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4. MoMENTS OF THE JCIR PROCESS
In this section we prove Theorem Our approach is essentially motivated by

the proof of [30, Theorem 25.3].

Proof of Theorem “(iii)=>(i)”: Let x > 0 be a constant. Suppose that
f{z>1} z"v(dz) < oo. Let x € Ryp and ¢ > 0 be arbitrary. Note that for all

(t,u) S R20 XU,

E [¢ 2] —exp{// Zw<é“)—1)ydz }
— exp {/O /O ez 1) i (d }
(4.1) . exp { /O t /O h (ew(s’“) - 1) I/Q(dz)ds},

where v1(dz) := 1,<13v(dz) and vp(dz) := 1y,513v(dz). Similarly to (3.5), for
i =1,2, we define (Z})¢>0 as the unique strong solution of

dZ} = —bZidt + o1/ Z}dB; +dJ}, t>0, Zi=0as.,

where (J});>0 is a subordinator of pure jump-type with Lévy measure v;. By (3.6),
we have
(4.2)

E [e“ZiL} = exp {/t /00 (ez“/’(s’“) - 1) Vi(dz)ds} 1= 12, (tu) € Ry x U
o Jo

It follows from (4.1)) and (4.2)) that
(4.3) [z, = Kz} * iz

Let f(y) := (Jy| V1), y € R. Then f is locally bounded and submultiplicative
by [30, Proposition 25.4], i.e., there exists a constant ¢; > 0 such that f(y; +y2) <
c1f(y1)f(y2) for all y1,y2 € R. Further, it is easy to see that for any constant ¢ > 0,
there exists a constant co > 0 such that f(y) < caexp{c|y|}, v € R. By and

(4.3), we get
ELf (XD < AELf (OIE[F (2)] E [f (27)]
(4.4) <EeElf (PE % E[f (22)].
By [B} Proposition 3], we have E[f(Y;*)] < co. The finiteness of the exponential
moments of Z}, i.e., Elexp{cZ}}] < oo, follows by [19, Theorem 2.14 (b)], since
(J})i=0 has only small jumps.
We next show that E[f(Z?)] < co. Note that (J?):>o has only big jumps. By

[17, Lemma 2], we know that Z2 is compound Poisson distributed, namely, we can
find a probability measure p; on R>( such that
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where A\; > 0 and p; denotes the characteristic function of the measure p;. More
precisely, according to [I7, see p.292], we have

t
,){1/ / Ma(z,s),8(z,s)V(d2)ds,
0 J{z>1}

where m.(. ) 5(z,s) is a Bessel distribution with parameters a(z, s) and 3(z, s) given
by
2bz 2be?*
—_ d =
e oy o AEe) = Ty

¢
At = / / (1 - e*a(z’s)) v(dz)ds < oo.
0 J{z>1}

By the Fubini’s theorem, we obtain

(4.5) Fon(dy) = A / / ( fy)m a”mzs)(dy)) y(dz)ds.
R>o {z>1} R>o
By Lemma we have

f( )ma (2,8),B(z,s) (dy) /R (1 + yﬂ)ma(z,s),ﬂ(z,s)(dy)
>0

alz,s) =

and

R>o
(4.6) <1+ Clw <1+ 00?7 (2b) 7" (1 — e72)" 4 Cre "bs 2.
It follows from (4.5) and (4.6) that
(4.7) FW)pe(dy) < oo
R>0

Moreover, using (4.7)) together with the submultiplicativity of f, we get

/ )™ (dy) = / [ fan e T y)pidy) - pe(dyn)
R>o Rxo R>o

(4.8) <o ( . f(y)pt(dy)> < o0,
which implies
4.9) E[f(2))] = . Wz (dy) = e Z . )i (dy) < oo

By (4.4) and (4.9)), we obtain E [f (X7)] < oo. It follows easily that E [(X[)"] < co.
“()=(ii)”: It is clear.
“(il)=-(iii)”: Suppose now that E[(X])"] < co for some x € Rso and ¢ > 0. By

(3.7), we obtain
E(X7)" / / (y +2)" vy (dy)pz, (dz) <
Rxo JRxo

So fR>0(y + 2)"uz, (dz) < oo for some y € Rsg, which implies

(4.10) BIZ] = [ na) < [ () ds) < oo
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Similarly, we can use and to conclude that (Z?);>o has finite moment
of order . Let the function f be as above. Then E [f (Z7)] < 1+E [(Zf)m} < oo.
Since now all the summands in the last identity of (4.9)) are finite, the summand
corresponding to n = 1 is also finite and thus

/R voldy) < [ Fw)pdy) < .

R>0

By the Fubini’s theorem, we obtain

t
(4.11) / Yy pe(dy) = )\t_l/ / (/ y“ma(z7s)7ﬂ(2,s)(dy)> v(dz)ds < 0.
Rxo 0 J{z>1} \/Rxo

Noting that for all s € [0,¢] and z > 1,
2bz S 20
o2 (ebs —1) 7 o2 (ebt — 1)

By Lemma we can find a constant ¢z = c3(t) > 0 such that
a(z, s)

4.12 ¥ s dy) >
( ) /R;Oy ma(z,‘),ﬂ(z,s)( y) C3 (,B(Z, S)

It follows from ((4.11) and ([4.12) that f{z>1} 2" (dz) < . O

a(z,8) =

K
) =czzfe " s 0,1, 2> 1.

Remark 4.1. In Theorem [I.1] we have given a complete characterization of the
existence of fractional moments for the JCIR process. For an explicit formula of
integral moments of general CBI processes, the reader is referred to Barzy et al.
2.

Based on the proof of Theorem we get the following corollary.

Corollary 4.2. Let kK > 0 be a constant. Suppose f{z>1} z"v(dz) < oco. Then, for
all x € Ryg and T > 0,
sup E; [X}] < o0.
t€[0,T]

Proof. Let f, Z} and Z? be as in the proof of Theorem Note that |y|® <
f(y) < ly[® + 1 for all y € R. Since sup,cr_ E[(Y;")"] < oo due to [5, Proposition
3], by (4.4), it suffices to check that
sup E {ecztl} <oo and sup E [(ZE)R] <oo, T>0,
t€[0,T] te[0,T]

where ¢ > 0 is a constant to be chosen. It follows from [19, Theorem 2.14 (b)] that

E [ecztl] = exp {/t /1 (ezw(s’c) — 1) ul(dz)ds} < oo, c€eR,
o Jo

where 1 is given in (3.2). Now, we choose ¢ > 0 sufficiently small such that
P(s,¢) = 0 for all s € Rxo. Hence, supye(o 7 Elexp{cZ;}] < E[exp{cZ}}] < co. We

next show that sup,c 71 E [(ZE)H] < 0. By (4.5), (4.8) and (4.9)), we have for all
t €10,T],

E [f (ZtQ)] < exp {_)\t + 01>\t/]R f(y)Pt(dy)}

>0
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t
= exp {_/\t +c1 / / ( f(y)ma(z,s),ﬂ(z,s) (dy)> V(dz)ds}
0 J{z>1} R>o
T
< exp {cl/ / ( FW)Ma(z,5),8(2.5) (dy)) u(dz)ds}
0 {z>1} R>o

f (y)pT(dy)} :
It follows from (4.7)) and (4.13) that

sup E [(Zt?)“} < sup E [f (th)} < exp {cl)\T f(y)pT(dy)} < 00.
te[0,7] te[0,T] R0

(4.13) = exp {clAT

This completes the proof. ([

5. ErcobiciTy oF THE JCIR PROCESS

In this section we prove the ergodicity of the JCIR process X provided that
(5.1) / log zv(dz) < oco.
{z>1}

Our approach is based on the general theory of Meyn and Tweedie [27] for the
ergodicity of Markov processes. The essential step is to find a Foster-Lyapunov
function in the sense of [27, condition (CD2)]. In view of (5.1, we choose the
Foster-Lyapunov function to be V(z) = log(l + x), x € Rx. We first show that
this function V is in the domain of the extended generator (see [27), pp. 521-522]
for a definition) of X.

Lemma 5.1. Suppose (.1)) is true. Let V(z) :=log(l1+z), x € Ryg. Then for all
t >0 and x € Rxg, we have E, [fot AV (X)) ds] < o0 and

(52) E, V(X)) = V(o) + B | [ AV (x,) ).

where A is given in (2.2). In other words, V is in the domain of the extended
generator of X.
Proof. 1t is easy to see that V € C?(Rx,R) and

32

V'(z) := %V(az) =(1+2)"! and V'(z):= @V(l‘) =—(1+z) %

Let € Ry be fixed and assume that X, = x almost surely. In view of the Lévy-Ito
decomposition of (J;),5, in (2.1), we have

t t t poo
X, = Jc—i—/ (a —bXS)ds+U/ v X,dB, —|—/ / zN(ds,dz), t>0,
0 0 0 Jo
where N(ds,dz) is defined in (2.1). By Itd’s formula, we obtain

V(X:) —V(Xo) = At (a —bXs) V' (Xs)ds + %2 /Ot X V" (Xs)ds

t
+ a/ VXV (X,)dB,
0
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t o]
+ / (V (Xoo +2) — V (X,_)) N(ds, dz)
0 JO
t

2 t
:/ (a—bXs)V’(Xs)ds—&—%/ X,V (X, ds
0 0

o t |7 e v e viasas
+ a/ot VXV (X,)dB,
+ /Ot /Ooo (V (X 4 2) — V(X,_)) N(ds,dz)
(5.3) _ /0 AV) (X)) ds + M(V), 130,
where N(ds,dz) := N(ds,dz) — v(dz)ds and
M(V) = o/ot VXV (X,)dB,

+/O /{zgl} (V (Xs— +2) — V(X)) N(ds,dz)

t
+/ / (V(Xs— +2) =V (Xs2)) N(ds,dz)
0 J{z>1}
ZDt+J*,t+J:

Clearly, if (M;(V))i>0 is a martingale with respect to the filtration (F;);>0, by
taking the expectation of both sides of (5.3)), we see that condition (5.2)) holds.

We start to prove that (My(V)):>0 is a martingale with respect to the filtration
(Ft)t=0- Since

. ()] =o* |

0

t t

E, [X, (14 X,) %] ds < 02/ B, [(1+ X) 7] ds <to? < o,
0

it follows that (Dy)¢>0 is a square-integrable martingale. Note that

(5.4) Viy+2z)—V(y)| <z sup |[V'(y)| <2, y,2z€Rs.

yeR>0

Therefore,

' zZ) — 21/ zZ)as 221/ z o
E”Vo /{zgl}(V(XS‘+) V(X )2 u(d )d}ét/{zgl} (dz) < oo,

which implies that (J, ;)i>0 is also a square-integrable martingale by [I3, pp. 62,
63]. If ye¢ R>p and z > 1, then

(5.5) [V(y+2)—V(y)| = log <1 + 1—7—y) < log(1 + 2) < log(2) + log(z).
So

Eg

A [, e - v(dz)ds]
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<t / (log(2) + log(2)) v(d2)
{z>1}

=tlog(2)v({z > 1}) +t/ log(z)r(dz) < oo, t=0,
{z>1}

and hence, by [13, Lemma 3.1 and p. 62], (J;):>0 is a martingale. Consequently,

(Mi(V)iz0 = (Dt + Jur + Ji)i>0 is a martingale with respect to the filtration

(Ft)t>0-

Next, we show that E, [fg AV (X5)] ds} < oo for all ¢ > 0. By the decompo-

sition of A into a diffusion part D and a jump part J as introduced in Section
we can write AV = DV + JV. Concerning the diffusion part DV, it is easy to see
that
2

_ g _
(5.6) sup [(DV)(y)| = sup |(a —by)(1+y)"" — Fy(1+y)7*| < 0.

yER>o yER>(

For the jump part JV, we decompose it further as JV = 7,V + J*V, where

(5.7 (TV)() = /{ L V42 = V) vas),
(5.8) (T V) = /{ V)~ Vi) vids)
By (5.4), we have

(5.9) (V)] < /{ L ) <o yeRy

Concerning J*, it follows from ([5.5) that

(5.10) [(T*V)(y)| <log(2)v({z > 1}) +/ log zv(dz) < 00, y € Rxo.

{z>1}
Combining (5.6), (5.9) and (5.10)) yields that | AV is bounded on Ry, which implies
E, [fot AV (X,))| ds} < oo forall t > 0. O

We are ready to prove the ergodicity of the JCIR process (X;)¢>o under (5.1).

Proof of Theorem (a). In view of |27, Theorem 5.1], to prove the ergodicity
of the JCIR process (X¢)¢>o0, it is enough to check that

(i) (X+)t>o0 is a non-explosive (Borel) right process (see, e.g., [31, p.38] or [22
p.67] for a definition of a (Borel) right process);
(ii) all compact sets of the state space Rs( are petite for some skeleton chain
(see [26] p.500] for a definition);
(iii) there exist positive constants ¢, M such that

(5.11) (AV)(z) € —c+ M1k(z), =€ Ry,

for some compact subset K C R, where V(z) = log(1 + ), z € Rxo.
We proceed to prove (i)-(iii).
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In view of [22], Corollary 4.1.4], (X;);>0 is a right process, since it possesses the
Feller property as an affine process (see [9, Theorem 2.7]).

According to Proposition [3.1) we can proceed in the very same way as in Jin et
al. [17, Theorem 1] to see that for each n € Zx( the d-skeleton chain X5, § > 0 be-
ing a constant, is irreducible with respect to the Lebesgue measure on R>(. Since
(X¢)i>0 has the Feller property, the claim (ii) now follows from [24] Proposition
6.2.8].

Finally, we prove (iii). As shown in the proof of Lemmal[5.1} [.AV| is bounded on
R>¢. Therefore, to get (5.11)), it suffices to show that lim,_,, AV (z) exists and is
negative. As before, we write AV = DV + JV. It is easy to see that

lim (DV)(z) = lim [(a —bx)(1+az) ' - %az(l + x)_ﬂ = —b.

Tr—r00 Tr—r00

Next, we consider the jump part JV. Note that

z
— =1 1+ — .
Viz+z)—V(z) og< +1+x)—>0 as r — 00

On the other hand, by (5.4)) and (5.5)), we have

V(2 +2) = V(2)| < 21lizcay + [log(2) + log(2)] Lzsy,

where the function on the right-hand side is integrable with respect to v. By the
dominated convergence theorem, we obtain lim, ,.(JV)(x) = 0. This completes
the proof. O

Remark 5.2. According to the discussion after [1, Proposition 2.5], a direct but
important consequence of our ergodic result is the following: under the assump-
tions of Theorem [1.2] (a), for all Borel measurable functions f : Ryo — R with
IR>0 |f(x)|m(dz) < oo, it holds

e _ _
(5.12) P < lim f/o f(Xs)ds = - f(z)w(dx)) =1

T—o0

The convergence (5.12) may be very useful for parameter estimation of the JCIR
process.

6. EXPONENTIAL ERGODICITY OF THE JCIR PROCESS
Our aim of this section is to show that the JCIR process X is exponentially
ergodic if

(6.1) / z"v(dz) < oo for some k > 0.
{z>1}

As in previous works (see, e.g., [I7] and [I6]) the following proposition will play
an essential role in proving exponential ergodicity of the JCIR process X, provided

that (6.1) holds.
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Proposition 6.1. Suppose (6.1) is true. Let V € C*(Rxo,R) be nonnegative and
such that V(z) = 2" for x > 1. Then there eist positive constants ¢, M such
that

(6.2) E. V(X)) < e V(@) + 2

for all (t,x) € RS

Proof. If k > 1, then it follows from ) that f{ S1} zv(dz) < oo, which, together
with [I7, Lemma 3], implies

E, [X;] <ze ® + M, t>0,z>0,
for some constant 0 < M7 < oco. In this case, we have

E, [V(Xy)] = E; [V(X))Lx,513] +Eo [V(Xe)Lx,<1y)
<Eq [Xi] + Sup. V()

y€([0,1

<ze ™+ M+ sup |V(y)|
y€[0,1]

< (V(z) +1) e + My + sup [V(y)|
y€[0,1]
<V(x)e ™ + My,

where My := 1+ Mi+supye(o 17|V (y)| < 0o is a constant. Hence is true when
k = 1. So in the following we assume 0 < Kk < 1.

Define g(t,z) := exp(ct)V(z), where ¢ € Ry is a constant to be determined
later. Then,

Qg(t, x) = cedV(x)7

gyt x) == pr

ketziTl x> 1,
etV (z), x€][0,1],

0? k(k —1)etar=2 x>1
It x) = ——g(t,x) = ) )
9: (1, 2) 8:1;29( 2) {eCtV”(m), x €10,1].

0 (t,2) = o olta) = {

Applying Itd’s formula for g(t, X;), we obtain

(63) g(t. X2) — g0, Xo) = / (Lg)(s, X.)ds + / g(s, X,)ds + Mi(g), ¢ >0,

where the operator £ is given by (Lg)(s, Xs) = exp{cs}(AV)(X;) with A as in
and

—0/ V' Xsq,(s, Xs)dBg —|—/ / (s, Xo_ +2) — g(s, Xs_)) N(ds, dz)
—Gt +Jt( ), for allt

We will complete the proof in three steps.
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“Step 1”: We check that (M;(g)):>0 is a martingale with respect to the filtration
(Ft)t>0- First, note that

t
Gt(g) = U/ %9(57)(5) V Xssta t>0,
0

is a square-integrable martingale with respect to the filtration (F;);>0. Indeed, for
each t > 0, we have

E. KJ / t JZgus,Xs)st)Q

(6.4)

t t
:0—2/ “F [1ix, <13 X V' (X,)] ds+a%2/ R [1ix, 513 X" '] ds.
0 0

Clearly, we have |11x, <13 XsV'(Xs)| < supyejoq) |V’ (y)| < 0o, which implies that
the first integral on the right-hand side of (6.4) is finite. Since |1y, 513 X2" | <

| Xs|%, by (6.1) and Proposition we see that the second integral on the right-hand
side of (6.4) is finite as well. Hence, (G¢(g))i>0 is a square-integrable martingale

with respect to the filtration (F3)>o.
Next, we prove that Ji(g), t > 0, is a martingale with respect to the filtration
(Ft)t=0. We define

/ / V(Xe_ +2) — V(X,_))N(ds,dz), t >0,
{z<1}

/ / V(X,_ +2) - V(X. ) N(ds,d2), 3 0.
{z>1}

So Ji(g) = J«t(V)+JF (V) for t > 0. In what follows, we establish some elementary
inequalities for V. For y > 1, we have

lecy()IV(y+2) = V()| =1y (2) (v + 2)" —y")

= 1y (2)y” ((1 + ;>N - 1>

(6.5) < ]l{zgl}(z)/iy”_lz < licay(2)z,
where we used Bernoulli’s inequality to obtain the first inequality in (6.5). More-
over, it is easy to see that for y > 1,

(6.6) 1oV +2) -Vl < Tesy(2) (07 + 27 —y%) < Tesn(2)2”
For y € [0, 1], using the mean value theorem, we get

(6.7) lcy(A)IVy+2) -Vl <=z s?p]lV( Yl <az,
y€(0,2

for some constant ¢; > 0. Finally, for y € [0, 1], again by Bernoulli’s inequality, we
have

Ly IV +2) = V)l < Loy () (5 + 2 + V)
<o) (= (14 82) +1V)I)
() " + 14+ V)

(=)
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where ¢z := 1+ sup,¢jo1] |V (y)| < oo is a positive constant. Now, from (6.5 and
(16.7), we deduce that

£ [ [ /{Zgl}ewv<xs_+z>V(XS_MdZ)dS]

t
<(1 +cl)/ ecsds/ zv(dz) < oo, t=0.
0 {z<1}

It follows from [I3, p.62 and Lemma 3.1] that (J.¢(V));>0 is a martingale with
respect to the filtration (F;);>0. Using and , we obtain

Ey

/ / eC IV (Xso + 2) — V(XS_)|1/(dz)ds]
0 J{z>1}

¢
< / / e® (2" 4+ c2) v(ds)ds
0 J{z>1}
¢

= / e“ds / 2"v(dz) + cov({z > 1}) | <00, t=0.
0 {z>1}

As a consequence, we see that (J;(V));>0 is also a martingale. Clearly, (M:(g))t>0 =
(Ge(g) + Ji(g))e>0 is now a martingale with respect to the filtration (F;):>o.

“Step 2”: We determine the constant ¢ € R~ and find another positive constant
M < oo such that
(6.9) (AV)(y) = (DV)(y) + (TV)(y) < =cV(y) + M, y € Rxo.
Consider the jump part JV = J,.V + J*V, where J,V and J*V are defined by
(5.7) and (5.8)), respectively. For all z € R>¢, using (6.5) and (6.7]), we obtain

GV = [ Vi) Ve <ire) [ <o

{=<1}

For J*V, we can use and to obtain that for all y € Rxy,

(TV)(x) :/ V(y+2) = V(y)lvr(dz)

{z>1}
< / z"v(dz) + cov({z > 1}) < 0.
{z>1}

Next, we estimate DV. Since,
V'(z) = k"' and V"(z)=k(k —1)z"? forz > 1,
we see that
o’z
(DV)(x) = (a — bx)V'(x) + TV”(’I’)

k—1)

2
= —bra" + k"t (a + o 3 ) < —bkx™ + 3

for all x > 1. Here c3 < oo is a positive constant. After all we get that for all x > 1,

(AV)(z) < bV () + ¢4
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where ¢4 < 00 is a positive constant. By noting that V € C?(Rx,R), we see that

sup |V(y)| <oo and sup [(AV)(y)| < oo.
y€(0,1] y€([0,1]

Consequently, holds for all > 0.

“Step 8”: We prove (6.2). Note that (Lg)(s,z) = exp{cs}(AV)(z). By (6.3),

and the martingale property of (M;(g));>0, we obtain that for all (z,t) € Réo,
B, [V(Xy)] = V(z) = Eq [g(t, X¢) — 9(0, Xo)]
- ot
=E, / (e“(AV)(Xs) + ce®V (X)) ds]
LJo
- ot
<E, / (e (—=cV(Xs) + M) + ce®*V(X5)) ds}
LJo
- oot
M
=E, / ecsts} < —et,
Lo ¢
So (6.2) is true. With this our proof is complete. |

Based on Proposition we are now ready to prove Theorem (b).

Proof of Theorem [L.2| (b). In view of Proposition and Proposition to
obtain the exponential ergodicity of X, we can follow almost the very same lines
as in the proof of [I7, Theorem 1]. We remark that the strong aperiodicity condi-
tion used in the proof of [I7, Theorem 1] can be safely replaced by the aperiodicity
condition (the definition of aperiodicity can be found in [24] p.114]), due to [25]
Theorem 6.3]. Moreover, the aperiodicity of the skeleton chain can be obtained by
following the same arguments as in part (b) of the proof of [I6, Theorem 6.1]. This
completes the proof. O
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