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A DESCH-SCHAPPACHER PERTURBATION THEOREM FOR
BI-CONTINUOUS SEMIGROUPS

CHRISTIAN BUDDE AND BALINT FARKAS

ABSTRACT. We prove a Desch—Schappacher type perturbation theorem for one-parameter semi-
groups on Banach spaces which are not strongly continuous for the norm, but possess a weaker
continuity property. In this paper we chose to work in the framework of bi-continuous semi-
groups. This choice has the advantage that we can treat in a unified manner two important
classes of semigroups: implemented semigroups on the Banach algebra .#(E) of bounded, lin-
ear operators on a Banach space F, and semigroups on the space of bounded and continuous
functions over a Polish space induced by jointly continuous semiflows. For both of these classes
we present an application of our abstract perturbation theorem.

INTRODUCTION

As suggested by Greiner in [17] abstract perturbation theory of one-parameter semigroups provides
good means to change the domain of a semigroup generator. For this an enlargement of the
underlying Banach space may be necessary and extrapolation spaces become important. One
of the well-known results in this direction goes back to the papers of Desch and Schappacher,
see [7] and [8]. Another prominent example of such general perturbation techniques is due to
Staffans and Weiss, [30,31], and an elegant abstract operator theoretic/algebraic approach has
been developed by Adler, Bombieri and Engel in [1]. A general theory of unbounded domain
perturbations is given by Hadd, Manzo and Rhandi [18]. A While a more recent paper by Bétkai,
Jacob, Voigt and Wintermayr [4] extends the notion of positivity to extrapolation spaces, and
studies positive perturbations for positive semigroups on AM-spaces. Hence, the study of abstract
Desch—Schappacher type perturbations is a lively research field, to which we contribute with the
present article. The reason for such an active interest in this area is that the range of application
is vast. We mention here only a selection from the most recent ones: boundary perturbations
by Nickel [29], boundary feedback by Casarino, Engel, Nagel and Nickel [6], boundary control
by Engel, Kramar Fijavz, Kloss, Nagel and Sikolya [11] and Engel and Kramar Fijavz [9], port-
Hamiltonian systems by Baroun and Jacob [3], control theory by Jacob, Nabiullin, Partington and
Schwenninger [19,20] and Jacob, Schwenninger and Zwart [21] and vertex control in networks by
Engel and Kramar Fijavz [10,12].

All the previously mentioned abstract perturbation results were developed for strongly continuous
semigroups of linear operators on Banach spaces, Cy-semigroups for short. This is, for certain
applications, e.g., for the theory of Markov transition semigroups (see [27], for a more general
theory we refer to [26]), far too restrictive. For this situation the Banach space of bounded
and continuous functions over a Polish space is the most adequate, but on this space the strong
continuity with the respect to norm is, in general, a too stringent requirement.

Kithnemund in [24] has developed the abstract theory of bi-continuous semigroups, which has the
advantage that not only Markov transition semigroup, but also semigroups induced by jointly
continuous flows or implemented semigroups, just to mention a few, can be handled in a unified
manner. Some perturbation results for bi-continuous semigroups are known, see [14—16], however,
none of these is suitable for domain perturbations.
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As first step in longer a program this paper treats a Desch—Schappacher type perturbation theorem
for this class of semigroups. Since the theory of bi-continuous semigroups uses a Banach space norm
and a additional locally convex topology, it is fundamental to relate our results to the existing,
analogous ones concerning semigroups on locally convex spaces. We recall the next result, due to
Jacob, Wegner, Wintermayr, from [22].

Theorem. Let X be a sequentially complete, locally convex space with fundamental system I' of
continuous seminorms, and let (A, D(A)) be the generator of a locally equicontinuous, strongly
continuous semigroup (T(t))i>0 on X. Moreover, let X be a sequentially complete locally convex
space such that

(a) X C X is dense and the inclusion map is continuous,
(b) Af with domain D(A) = X generates a locally equicontinuous, strongly continuous semigroup
(T'(t))e>0 on X such that T(t)|x = T(t) holds for all t > 0.

Let B: X — X be a linear and continuous operator and to > 0 be a number such that

(c) Vf e C([0,to], X) : /OtOT(tO —t)Bf(t) dt € X,

(d) VpeT' 3K € (0,1) Vf € C([0, 4], X) : p </0 OT(to —1)Bf(t) dt) < K~tes[1512 ]P(f(t))'

Then the operator (C, D(C)) defined by
Cx=(A+B)x forzeD(C)={zeX:(A+Bz e X}

generates a locally equicontinuous, strongly continuous semigroup on X if and only if D(C) C X
is dense.

We will prove a similar result for bi-continuous semigroups with the advantage that we can relax
condition (d) of the previous theorem by allowing different seminorms on the left- and the right-
hand side of the inequality. Moreover, one has to change and expand the conditions for the
bi-continuous case carefully to obtain a good interplay between the Banach space norm and the
locally convex topology. A space X with the properties used in the theorem above is called an
extrapolation space. For Cy-semigroups on Banach spaces the classical construction is presented in
[13, Chapter II, Sect. 5a] in a self-contained manner. Extrapolation spaces for strongly continuous
semigroups on locally convex spaces are constructed by Wegner in [32]. Extrapolated bi-continuous
semigroups and extrapolation spaces are recently treated by Budde and Farkas in [5].

This paper is organized as follows. In the first section we recall some definitions and results for bi-
continuous semigroups and give some preliminary constructions needed for the Desch—Schappacher
perturbation result, which is stated and proved as Theorem 2.1 in Section 2. Section 3 contains a
sufficient condition for operators to satisfy the hypothesis of the abstract perturbation theorem,
see Theorem 3.1. In Section 4 we prove that for a large class of bounded functions g : R — C
which are continuous up to a discrete set of jump discontinuities and for each bounded (complex)
Borel measure p on R the operator

Cf:=f’+/Rfdu~g

with appropriate domain generates a bi-continuous semigroup on the Banach space Cp(R) of
bounded, continuous functions on R. Section 5 is devoted to Desch—Schappacher perturbations
of left implemented semigroups on the Banach algebra Z(F) of bounded, linear operators on a
Banach space E.

1. PRELIMINARIES

1.1. Bi-continuous semigroups. The class of bi-continuous semigroups was introduced by Kiih-
nemund in [25] and [24] to treat one parameter semigroups on Banach spaces that are not strongly
continuous for the norm (i.e., not Cy-semigroups), but enjoy continuity properties with respect to
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a coarser, locally convex topology. Here we briefly describe the basic ingredients needed for this
theory. Throughout this paper we need the following main assumptions.

Assumption 1.1. Consider a triple (X, |||, ) where X is a Banach space, and

(a) 7 is a Hausdorff topology, coarser than the norm-topology on X.
(b) T is sequentially complete on norm-bounded sets, i.e., every ||-||-bounded T-Cauchy sequence is
T-convergent.
(¢) The dual space of (X, T) is norming for X, i.e.,
lz|| = sup |e(z)| for allx € X.
pe(X,T)
lell<1
Remark 1.2. One can reformulate the third assumption equivalently (see [5, Rem. 4.2] and [23,

Lemma 4.4]) as follows. There is a set & of T-continuous seminorms defining the topology 7, such
that

(1) lzll = sup p().
peEP

Definition 1.3. A family of operators B C Z(X) is called bi-equicontinuous if for each norm-
bounded 7-null sequence (z,)nen in X one has

7lim Bz, =0,
n—oo

uniformly for B € B.

Definition 1.4. Let (X, ||-||, 7) be a triple satisfying Assumption 1.1. We call a family of bounded

linear operators (T'(t)):>0 a T-bi-continuous semigroup if

1. T(t+s)=T(@)T(s) and T(0) =1 for all s,¢ > 0 (semigroup law).

2. (T(t))¢>0 is T-strongly continuous, i.e., the map &, : [0,00) = (X, 7) defined by &, (¢) = T(t)x
is continuous for every x € X.

3. (T(t))+>0 is exponentially bounded, i.e., there exist M > 1 and w € R such that | T'(t)| < Me“*
for each t > 0.

4. (T'(t))e>0 is locally-bi-equicontinuous, i.e., the family {T'(t): ¢t € [0,%o]} is bi-equicontinuous
for each ty > 0.

By saying that (T'(t)):>0 is a bi-continuous semigroup on a Banach space X we implicitly assume
that in the background the triple (X, ||-|| , 7) satisfying Assumption 1.1 is fixed. For a bi-continuous
semigroup (T'(t));>o0 the growth bound is defined by

wo(T):=inf{weR: IM >1Vt>0: [|T(t)] < Me“'}.

One of the prominent examples of bi-continuous semigroups is the translation (semi)group (7'(t))¢>0
on the space Cp(R) of bounded continuous functions on R,

Tt f(z) = f(x+1t), t>0, feCy(R), z€R.

This semigroup is not strongly continuous with respect to the supremum-norm |||, but it be-
comes strongly continuous with respect to the compact-open topology 7.,, the locally convex
topology on Cy,(R) induced by the family of seminorms & = {px : K C R compact} where

pr(f) = SEE |f(z)], fe€Cu(R).

Similarly to the case of Cp-semigroups we define the generator for a bi-continuous semigroup as
follows.

Definition 1.5. Let (T'(¢));>0 be a 7-bi-continuous semigroup on X. The (infinitesimal) generator
of (T'(t))i>0 is the linear operator (A, D(A)) defined by
T(t)x —x

Az := 7lim
t—0
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with domain

T(t)x — T(t)x —
D(A) := {x € X: 7lim Dz == exists and sup 1Tz = | < oo}.
t—0 t€(0,1] t
The following theorem summarizes the most essential properties of bi-continuous semigroups and
their generators (see [25], [15]).

Theorem 1.6. Let (T'(t))i>0 be a T-bi-continuous semigroup with generator (A, D(A)). Then the
following hold:

(a) A is bi-closed, i.e., whenever x, — = and Az, — y and both sequences are norm-bounded,
then © € D(A) and Az = y.

(b) D(A) is bi-dense in X, i.e., for each x € X there exists a norm-bounded sequence (Tp)nen in
D(A) such that z,, = .

(¢) For x € D(A) we have T(t)x € D(A) and T(t)Ax = AT (t)x for allt > 0.

(d) Fort>0 and x € X one has

/t T(s)x ds € D(A) and A/t T(s)x ds =T(t)x — x,
0 0

where the integral has to be understood as a T-Riemann integral.
(e) For A > wo(T) one has A € p(A) (thus A is closed) and for x € X

R\ A)x :/ e MT(s)x ds,
0

where the integral is a T-improper integral.

1.2. Extrapolation spaces. In this section we recall some results concerning extrapolation
spaces for bi-continuous semigroups from [5]. Throughout this section we assume without loss
of generality that 0 € p(A4). One of the most important ingredient for extrapolation spaces is the
following proposition.

Proposition 1.7. Let (T(t))i>0 be a bi-continuous semigroup on X with generator (A, D(A)).
The subspace X, = D(A)“'H C X is (T'(t))e0-tnvariant and (L(t))i>0 = (T'(1)x,)e=0 is the

Co-semigroup on X, generated by the part of A in X, (this generator is denoted by A, ).

The classical construction of the extrapolation spaces X _,, corresponding to the Cp-semigroup
(T'(t))t>0 is summarized in [13, Chapter II, Section 5a]. Recall from there that one obtains X _;
as a completion of X, with respect to the ||-|| _;-norm defined by

Izl _y =[] A™ 2

, forzeX,.

Notice that X, is dense in X_; and that (Z(t));>0 extends by continuity to a Cp-semigroup
(T_1(t)i>0 on X _; with generator (A_;,D(A_,)), where D(A_;) = X,. By repeating this

construction one obtains the following chain of spaces
A A

] a_2

XO oy X—l (SN X_2_>...
where all maps are continuous and dense inclusions. Moreover, we have
Xg—=>X—=X_,4,

see [5], so that we can identify X, by the continuity of the inclusions, as a subspace of X ;. We
define the extrapolation space X_; for the bi-continuous semigroup (7'(¢))¢>0 by

X_1 = A_Q(X)

The norm on X _; is defined by |z||_; := ||[A”3z]|, the locally convex topology 7_; on X_; comes
from the family of seminorms &_; :={p_1: p € &} where

poa(x) :=p(A 3z), pe P, xcX.
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It was shown in [5] that (T'(t)):>0 extends to a 7_;-bi-continuous semigroup (71 (t))¢>0 on X_1
and has a generator A_; with domain D(A_;) = X. The operator A_; : X — X_; is an
isomorphism intertwining the semigroups (7'(t));>0 and (T-1(¢))i>0. If we want to stress the
dependence of the extrapolation space X_; corresponding to the operator (A, D(A)) we write
X_1(A). This will be used for the discussion of Desch—Schappacher perturbations.

Remark 1.8. By construction A_; : (X,7) — (X_1,7_1) is continuous, and actually an isomor-
phism. In particular, we have

Vpe P IL>0TFye P Ve e X : p(x) < L(vy(z) +v(A_12)).

1.3. Admissibility space. In this subsection we fix some notation. Let (T'(¢));>0 be a 7-bi-
continuous semigroup on a Banach space X with generator (A, D(A)), where 7 is generated by a
family of seminorms &?. Furthermore, let B € £ (X, X_1) such that B : (X,7) = (X_1,7-1) is a
continuous linear operator and define for ¢y > 0 the following space:

@) [ F:[0,t0] = Z(X) : T-strongly continuous, norm bounded

fo and {F(t) : t € [0,t0]} is bi-equicontinuous ’
Remark 1.9. In [15, Lemma 3.2] it was shown that for ¢; > 0 the space ¥,, is indeed a Banach
space (and in particular a Banach algebra) with respect to the norm

[|F|l :== sup [[F(?)].
te(0,to]

For F € X;, and t € [0,to] we define the so-called abstract Volterra operator Vi on X, by
t
(3) (VBF)(t)z = / T_1(t —r)BF(r)z dr, z€X.
0

The integral has to be understood here in the sense of a 7_;-Riemann integral. Notice that, in
general, for x € X we have (VpF)(t)z € X_1. For the formulation of our main result we need the
following definition.

Definition 1.10. Let B € £ (X, X_1) such that also B : (X,7) — (X_1,7—-1) is continuous.
The operator B is said to be admissible, if there is ty > 0 such that the following conditions are
satisfied:

(i) VeF(t)x € X for all t € [0,to], F' € X4, and x € X.
(ii) Ran(Vp) C X4,.
(lll) Vg € g(:{t[)) and HVBH < 1.

The set of all admissible operators B : (X,7) — (X_1,7—1) will be denoted by S£S’T. We write

B e St[()) S7(T) whenever it is important to emphasize for which semigroup (T'(t))¢>0 the operator
B is admissible.

2. AN ABSTRACT DESCH-SCHAPPACHER PERTURBATION RESULT

This section contains the formulation of the Desch—Schappacher type perturbation result and its
proof.

Theorem 2.1. Let (A, D(A)) be the generator of a T-bi-continuous semigroup (T(t))i>0 on a
Banach space X. Let B : X — X_1 such that B € Stzzs,r for some tg > 0. Then the operator
(A_1 + B)|x with domain

D((A,l +B)|X) = {(E €eX: A ix+ Bre X}

generates a T-bi-continuous semigroup (S(t))i>0 on X. Moreover, the semigroup (S(t))i>o satisfies
the variation of parameters formula

(4) St)x =T({t)x + /Ot T_1(t —r)BS(r)x dr,

for everyt >0 and z € X.
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Proof. Since ||Vg| < 1 by hypothesis, we conclude that 1 € p(Vg) . Now let ¢t > 0 be arbitrary
and write t = ntg +t1 for n € N and 1 € [0,t0). Define

S(8) = (R, VB)Tjjo.0))(t0)" - (R(L, V) Tj[0,1)) (t1)-

We first show that (S(¢)):>0 is a semigroup. For 0 < s,t < s+t < ¢y and n € N we prove the
following identity (cf. [13, Chapter III, Sect. 3])
(5) (VET)(t+s) =Y (Vi *To))(s) - (VET)(t), ¥neN

k=0

by induction. We abbreviate V := V. Since VO = I, equation (5) is trivially satisfied for n = 0.
Now assume that (5) is true for some n € N. Then we obtain by this hypothesis that

n+1

D (VT (s) - (VET) (1)

k=0
(s—r n—k r)-vk st,l—r "T(r) dr
_Z</ )BV T()d) VT(t)—&-T()/OT (t —r)BV"T(r) d
_ /ST_l(S ~ ,,)BZ":VWW(T) VET(t) dr + /t T (s +t—r)BV"T(r) dr
0 k=0 0

s t
= / T (s —r)BV"T(r+t) dr+ / T 1(s+t—r)BV"T(r) dr
0 0

s+t t

= / T 1(s+t—r)BV"T(r) dr + / T 1(s+t—r)BV"T(r) dr
t 0

= V"I (s + ).

By this we conclude that (S(t)):>o satisfies the semigroup law for 0 < s,¢t < s+t < 3. Indeed,
for each t € [0, 1] the point evaluation §; : X, — £ (X) is a contraction and since ||[V]] < 1 by
hypothesis the inverse of I — V' is given by the Neumann series. Therefore,

<ZV”T> Z (VPT)(t), tel0,to].
n=0

Moreover, we have

IV D)@l < V- [| T,

and we conclude that the series above converges absolutely. Hence

S(s)S(t) =Y (V'T)(s)- Y (V'"T)(t)
n=0 n=0

zn: VR () (VET) (2)

k=0

M

Il
=)

n

MS

(V) (s+t) = S(s+1t).

n—=

0
Next, we show that S(¢)S(s) = S(t + s) for all ¢,s > 0. For that let t,s > 0 be arbitrary and
n,m € N and t1,ts € [0,t9) such that t = ntg +t; and s = mtg + to. Then we obtain the following
S(t)S(s) = S(to)"S(t1)S(t0)™ S(t2)
= 5(to)"S(to)™S(t1)S(t2)
. S(to)nerS(tl + tg), ift1 +1t2 < to,
T S(t) S (b — (tg — 1)), if £y + o > to.
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But in both cases the right-hand side equals S(t + s) by definition. Hence (S(t)):>0 satisfies the
semigroup law. The next step is to show that it is a 7-bi-continuous semigroup. Notice that for
te [0, to]
Si(0,10) (1) = R(1,VB)Tj0,10] ()
and hence (S (t)) +>0 is locally bounded and the set {S(t) : ¢t € [0,%0]} is bi-equicontinuous. For
t>0let m:= %J and notice that {S to)F: 1<k < m} is bi-equicontinuous, hence we conclude
that the set
{S(to)F: 1<k < m}-{S(s): s€[0,t]}

is also bi-equicontinuous. By definition of (S(t));>0 we obtain 7-strong continuity, and hence
(S(t))i>0 is a T-bi-continuous semigroup. We now prove

smszmx+/Hua—mBﬂnxw

0

for each t > 0 and # € X by proceeding similarly to [13, Chapter III, Sect. 3]. For t = ntg + t1,
n € N and t; € [0,t9), we obtain:

/lt T_1(t —r)BS(r) dr

_"z_:/(’“Jrl)tO T_1(t —r)BS(r) dr + /t T_1(t —r)BS(r) dr

k=0 Y kto nto

= 2T71(t — (k + 1)t0)/ ’ Tfl(to — T)BS(T) dr - S(kto) =+ / ' Tfl(tl — T)BS(T) dr - S(nto)
k=0 0 0

= Z T(t — (k+ 1)to)(S(to) — T(to))S(kto) + (S(t1) — T'(t1))S(nto) = S(t) — T(t).

The next step is to show that the resolvent set of (A_; + B)|x is non-empty. For this we claim
that R(A\, A_1)B is bounded with ||[R(A\,A_1)B| < 1 for A large enough. Choose M > 0 and
w € R such that ||T(¢)|| < Me*? for all ¢ > 0. Then for A > w we obtain:

R(\,A_))B = /OOO ATy (r)B dr =Y e 0T (ntg)(VaF))(to)

n=0
where Fy(r) := e %=1 ¢ %, . From this we obtain the following estimate:

Me(w_)‘)t()
1 _ (w )\ t()

IR A1) B[ < [[Ve] + IVall-

Since ||Vg|| < 1, we conclude for sufficient large A that
IR A_)B| < 1.

This yields 1 € p(R(A\, A_1)B) for large A and then the invertibility of A\ — (A_; + B)|x, since
A= (A +B)x =(A-A)I-R(\A4)B).

Hence the resolvent set of (A_; + B)x contains each sufficiently large A. In the last step we
will show that (A_; + B)|x is actually the generator of the 7-bi-continuous semigroup (S(t)):>o-
Denote by (C, D(C')) the generator of (S(t));>0. Let A > max (wo(T), wo(5)), then by the variation
of constant formula (4), the resolvent representation as Laplace transform [25, Lemma 7] and the
fact that we may interchange the improper 7-Riemann integral and the 7_;-Riemann integral by
an application of [24, Lemma 1.7] we obtain

R(\,C)=R(\A)+ RN A_1)BR(\,C).
Whence we conclude

(I— RO\ A_1)B)R(\,C) = R(), A),



8 CHRISTIAN BUDDE AND BALINT FARKAS

and therefore
I=A—A)(I-R\NA_1)B)RNC)=AN—(A_1 + B)|X)R()\, ).

It follows that C' C (A_; + B)|x and by the previous observations C' = (A_; + B)|x. O

2.1. Abstract Favard Spaces and Comparison. We recall the definition of (abstract) Favard
spaces from [13, Chapter III, Sect. 5b] and [5]. Let (A, D(A)) be an operator with ray of minimal
growth, i.e., (0,00) C p(A) and for some M > 0

6) AR A <M forall A > 0.

For a € (0, 1] the (abstract) Favard space F,(A) is defined by
F,(A) = {x € X : sup ||A*AR(\, A)z| < oo} .
A>0
If in addition (A4, D(A)) is the generator of a (7-bi-continuous) semigroup (7'(¢));>0, then

T _
Fo(A)=<ze€X: sup w <oop =:F(T).
s€(0,1) S

The space Fy(A) defined by
Fo(A) = Fl(A71)7

is called the extrapolated Favard class. The restricted operator A_i|p,a) : Fo(A) = F1(A) is an
isometric isomorphism. Moreover, if (A, D(A)) generates a Cy-semigroup (T(¢))¢>o it is shown
in [28] that also

Fo(T) = F1(T-1)

holds. In the next proposition we show that Desch—Schappacher perturbations of bi-continuous
semigroups, which satisfy a special range condition concerning the extrapolated Favard class, give
us semigroups which are close to each other in some sense.

Proposition 2.2. Let (T(t))i>0 be a T-bi-continuous semigroup on X generated by (A, D(A)).

Suppose that B € S,fS’T with Ran(B) C Fy(A) and let (S(t))i>0 be the perturbed semigroup. Then
there exists C' > 0 such that for each t € [0, 1] one has

I7(t) = Sl < Ct.

Proof. We may assume wy(7") < 0. We find M > 0 such that ||T'(¢)|| < M and ||S(¢)|| < M for
every t € [0,1]. Since Ran(B) C Fy(A) we conclude that A"}B : X — F;(A). Hence A”1B is
bounded by the closed graph theorem and we find K > 0 such that ||AjBx||F1(A) < K ||z|| for
each z € X. Let &_; the family of seminorms corresponding to the first extrapolation space (see
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Section 1.2). By using (4) we obtain

|S(t)z — T(t)z| = A_1/0 T(t—7r)A"1BS(r)x dr

ot
= T_llim%/ T(t—r)AZ1BS(r)x dr
0

h—0
t j—
= ||7—1lim MT(t —r)AZIBS(r)z dr
h—0 JO h
"T(h) -1
= sup limp (/ LT(t —r)ATI1BS(r)z d?“)
pEP_4 h—0 0 h
b (T(h) -1
< sup lim [ p (()T(t—r)AjBS(r)a:> dr
ped_, h—0 Jq h
t p—
< limsup/ MT(t —7r)AT1BS(r)z|| dr
h—0 0
¢
SM/O |AZLBS(r)all,, ) dr
< KM g
for each x € X and ¢ € [0,1]. O

Corollary 2.3. Let (T(t))i>0 be a T-bi-continuous semigroup on X generated by (A, D(A)). If
B e 8P and Ran(B) C Fy(A), then the perturbed semigroup (S(t))i>0 leaves the space of strong

to

continuity X, := D(A) . invariant.

3. ADMISSIBLE OPERATORS

Next we consider a sufficient condition for B : (X,7) — (X_1,7—1) to be admissible. Throughout
this section we denote the space of continuous functions f : [0,%o] — (X, 7) which are ||-||-bounded
by Cy, ([0, to], (X, 7)). If equipped with the sup-norm, Cy, ([0,%0], (X, 7)) becomes a Banach space.

Theorem 3.1. Let (T(t))t>0 be a T-bi-continuous semigroup with generator (A, D(A)) on a Ba-
nach space X. Let &2 be the set of generating continuous seminorms corresponding to 7. Let
B e £(X,X_1) such that B : (X,7) = (X_1,7-1) is a linear and continuous operator, and let
to > 0 be such that

to
(a) /T_l(to —r)Bf(r) dr € X for each f € Cy, (]0,%0], (X, 7)).

0
(b) For every ¢ > 0 and every p € & there exists ¢ € & and K > 0 such that for oll f €

Cb ([07 tO} ’ (X> T))
@ o[ Tl =B @) <K s O] e
0 r€0,to)
(c) There exists M € (0, %) such that for all f € Cy, ([0,o], (X, 7))

to

(8) / T (ty — r)BS(r) dr|| < M||f|.. .

0
Then B € SgS’T, and as a consequence the operator (A_1 + B)|x defined on the domain
D((A_l +B)|X) = {1’ c X: A_11'+B£L' S X}

generates a T-bi-continuous semigroup.
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Proof. We first show Ran(Vp) C Xy,. Let f € Cy ([0,t0],(X, 7)) and define for ¢ € [0,%o] the
auxiliary function f; : [0, t9] — X by

Lo, reo—d.
ft()'* {f(’l“+t_t0)7 rE[to—t7tO]~

Then f; € Cy, ([0,t0], (X, 7)) and

(9) /0 T 1(t—r)Bf(r) dr = /0 T_1(to —r)Bfi(r) dr — /t T_1(r)Bf(0) dr
By Theorem 1.6

/t T (r)BF(0) dr = T(#) /0 T (")BF(0) dr € D(A_y) = X.

We conclude that the map 1 : [0, 9] — X_1 defined by

(10) () ;:/0 T 1 (t —r)Bf(r) dr

has values in X. Moreover, for ¢ > 0 and p € & we have the following estimate:
p((t)—1(s))

—p </O (=) BF(r )dr—/OST_l(s—r)Bf(r) dr)
([

o =B~ ) ar )+ ([ T ()BFO) )

<p

<K - sup q(fi(r) = fs(r)) +p </ T1(r)Bf(0) d?“) +ellfe = fillo

r€[0,t0]

<K - sup q(fi(r)— fs(r))

T‘G[O,to]
iL (7 ( / T BFO) dr) T (T ) - T_l(S))Bf(O))> Fellfi- £l

<K - sup |q(fi(r)— fs(r))]
r€0,to)

iL ( [ AT B0 dr 4 (00 - T1(s>)Bf(0))> o]

where the v € &_; of the second to last inequality comes from Remark 1.8. The extrapolated
semigroup (T_1(t))¢>0 is strongly 7_;-continuous and v € &_4, so that we can find ¢, > 0 such
that

v(T_1(t) = T_1(s)Bf(0)) < € whenever |t — s| < 0.

Moreover, f is 7-continuous and therefore uniformly 7-continuous on compact sets, which gives us
0o > 0 such that

sup |q(fi(r) — fs(r))| < e if |t — 5| < .
r€[0,to]

Last but not least, v(T_1(r)B f(0)) is bounded by some constant M > 0, so for d3 = 47 we have
t
s — 1] < 55 —> / V(T2 (B (0)) dr < e.

Now, we take § := min {01, 2,3} and obtain
p(¥(t) —v(s)) < (K +2||fll +2L)e,

showing that ¢ : [0,%9] — X is 7-continuous.
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Next, we prove the norm-boundedness using the same techniques and arguments as in [13, Chapter
III, Sect. 3]. Let f € Cy, ([0,t0], (X, 7)) and write

f=Fs+hs,
where

s Ja-90, 0sr<s
3(2) = 0, §<r <t

for some § > 0. Then f[; and hgs are norm-bounded and continuous with respect to 7, fg(O) =0
and || fsllco < 2||f|lco- Now we obtain

/Ot T_1(t —r)Bhs(r) dr

)

/T,l(t—r)Bf(r) dr /T,l(t—r)B};(r) dr
0 0

S ‘

"

SMH]T(;HOO + K (’ /Ot T_1(t — r)Bhs(r) dr ) + HA1 /Ot T_1(t — r)Bhs(r) dr

<M || _+ K‘ /OéTl(t =) (1= %) Bf(0) dr )
+ k| wBrO) —% 05T_1(t—r)Bf(0) dr
By taking § \, 0 we obtain B
(11) ‘/Ot T y(t —r)Bf(r) dr|| < 2M |If].. .

We proceed with showing local bi-equicontinuity. For that let (x,),en be a norm-bounded 7-
null-sequence. Let ¢ > 0 and p € &, then by taking f*(r) = f(r)z,, we can find ¢ € & such
that

p (VeF(H)zs) =p /0 T \(t = 1) BF (1), dr)

(
< (/Ot T \(to — r)Bf™(r) dr — /tto T4 (1) Bf™(0) dr)

<K sup |g(f"(r)] +p ( | s dr) el

r€[0,to]

<K - sup [q(f"(r))|+ell /7]

rel0,to]
v (o( " 1B 0) ar) 2 (s lt0) = Ta(0) BF0)).

Now we can argue by the local bi-equicontinuity of (T'(¢));>0 and (T_1(t))>0 and with the arbi-
trarily small € > 0 to conclude the local bi-equicontinuity of Vg F. Hence we see that Vp maps
X4, to Xy, and by (11) that [|V|| < 1 since by assumption M € (0, 3). O

4. PERTURBATIONS OF THE TRANSLATION SEMIGROUP

Take X = C,(R) and let (T'(t))¢>0 be the translation semigroup defined by T'(¢) f(z) = f(z +t).
As already mentioned in Section 1.1, this semigroup is 7.,-bi-continuous. Moreover, the resulting
extrapolation spaces, in the notation we used in Section 1.2, are (see [5]):

X ={F=f-Df:feUCy(R)},
X g={F=f-Df:feCy(R)},
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where UCy,(R) denotes the space of bounded uniformly continuous functions and D f the distri-
butional derivative of f. The generator of (T'(t));>o is A = D with domain D(A) := C}(R), and
also A_; = D with domain D(A_;) = Cp(R). The extrapolated semigroup (T_1(¢)):>0 is the
restriction to X_; of the left translation semigroup on the space 2’(R) of distributions.
Consider the function g : R — R defined by

0, < -1, z>1,
(12)  g(x) =< =, -1<z<0,

2—x, O<z<1.
Notice that g € X_1, since g = h — Dh where h is the tent function on the real line defined by

0, r< -1, z>1,
h(z)=<z+1, —-1<z<0,
—x+1, 0<z<1.

Let 4 be a bounded regular Borel measure on R and define the continuous functional ® : Cp(R) —
R by ®(f) = [; f dp and the operator B : X — X_; by

Bf :=®(f)g.

This operator B is by construction continuous with respect to the local convex topologies on the
spaces X and X_1, and also for the norms. Moreover, B has all properties required in Theorem
3.1. To see this let f € Cy, ([0,t0], (X, 7)) be arbitrary. Define a map ¢ : R — R by

Y() = /0 T_1(to —r)Bf(r)(-) dr.
Observe that

Toa(to —r)Bf(r)(x) = Toa(to —r)@(f(r))g(z) = (f(r))g(x + to — 7).

We claim that v is continuous. Indeed, let € > 0 be arbitrary, and notice that by substitution for
each r € R

x+to

/ "B (f(r) g+ to — 1) dr = / B(f( +to— ))g(s) ds.
0 x

After this substitution we can make the following calculation for each xz,y € R

x+to

vla) = 0l) = [

x

y+to
O(f(z+to—s))g(s) ds—/ O(f(x+to—s))g(s) ds
x+to y:c
_ / B(f(z +to — 5))g(s) ds —/ B(F(z+to — 5))g(s) ds
0 0
y+to Yy
- / B(f(y +to — 5))g(s) ds + / B(f(y + to— 5))g(s) ds
0 0
x+to
- / (B(f(x +to— ) — F(y+to— ) g(s) ds

+to

Y
+ [ @U@t =)~ fly+to— 5) g(s) d.
By the assumptions there exists M > 0 such that

(@(f(z+to—) = fly+to—))g( )l <M.
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For § := 55; > 0 and for z,y € R with |z — y| < ¢ we have

() — ()]
x+to

< / (B +to — ) — F(y +to— 5))) g(s)] ds
y+to

+ [T @ G109 = S to = )] s
<2z —yl-[(@(f(x+to—-) = fly+to—))9()lw
<2M -z —y| <e.

This proves that 1 € Cp(R).

Observe that in general we only have

to
Q= / T_1(to —7)Bf(r) dr € X_4,
0

so that point evaluation of this expression at z € R does not make sense. We know, however, that
1 € Cp(R), and that the pointwise Riemann-sums R, (z) for the integral

/0 "B(F(r))glz + to— r)dr

converges for all € R to ¢ (z). If we can show that the sequence (Ry,),ecn converges in the sense
of distributions we can conclude that @ := f 1(to—r)Bf(r)dr =19 € X. Let v € Z(R) be
a test function and define ¢ := w @1/) Then

(1=A_1)"Rp,0) = (1—A_1)7'Q, ).

By the meaning of this pairing we conclude that <Rn,@z> — (Q,{/:). By the above we conclude
that @ € X.

The next step is to estimate the norm. Notice that

[Tt =) ar|_=sup| [ 50t tg-r) a

zeR
to

<Sup/0\<1>(f(7"))| Ig(»”Ctho—T)I(Jl?"S?/0 |@(f(r))| dr

zeR

<2/0/|f \dlul()dr§2\u|(R)/Oon(r)llood7’

— 20 (R) / 1F ) dr < 2l (RYEo £l

In particular we can choose to so small that M := 2 |u| (R)ty < 3. Hence condition (c) of Theorem
3.1 is fulfilled. Condition (b) from Theorem 3.1 can be proven similarly. Let K C R be an arbitrary
compact set and € > 0. Then

P ( / Tt - 1) BFG@) dr) < sup / "l (F()] - lgla + to — )] dr

TEK

<2sup / o (f(r)] dr

zeK

< 200lu|(®) sup sup |F(r)(w)] + < ]
re(0,to] Y€
where by the regularity of the measure p we choose K’ C R such that |u|(R\ K') < e. By
Theorem 3.1 we conclude that (A_; + B)|x generates again a 7.,-bi-continuous semigroup on
Cp(R). We now give an expression for the generator. Observe that f € D((A_1 + B)|x) if and
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only if f € Cp(R) and f'+@(f)g € Cp(R) and this is precisely then, when the following conditions
are satisfied.

Jim (7() + @(Pg(®) = lim (1) + @(Ng(t).
(13)  § lim (7/(0)+ @(g(t)) = lim ((1) + 2(F)a(0).
lim (7/(8) + ©(/)g(t)) = lim (/'(1) + @()g(®)),

By the explicit expression for g : R — R we can rewrite Equation (13) as follows:

Jm f1(®) = L, f(t) —@(f),
(14) lim £'(¢) =tli\r%f’(t)+2¢>(f),

lim /() + 9(f) = lim ().

Or equivalently

1
(15) tim, 76) -~ fim, 70 =~ (T £ = tim 7)) =i 7'6) i £'0) =~

We see that the generator (C, D(C)) of the perturbed semigroup is given by

Cr=1'+ [ fau-g. seD(C)
D(C)={f€CLR): feCLR\{-1,0,1}) and (15) holds} .

The previous example uses a function g € X_; which has three points of discontinuity, with one
sided limits at each of these points. We generalize this to a countable (discrete) set of jump
discontinuities. For that assume that g € X_; is a function such that ||g||,, < co and that the set
of discontinuities of g is discrete. One defines again an operator B : X — X_; by

Bf = 3(f)g :=/Rf du-g, feChR)

Notice that none of previous calculations and arguments depend on the number of discontinuities
(in fact, we only used that g is bounded). So we can conclude that (A_; + B)|x generates a 7,-bi-
continuous semigroup on X. The only issue we have to care about are the conditions mentioned
n (15), that is an “explicit” description of the domain. Let Z := {z1,22,23,...} be the set of
discontinuities of g that is assumed to be discrete, and we suppose that all of these points are
jump discontinuities. Let us define a,, := limy »,, g(t) and b, = limy\ 4, g(t). We observe that
f € D((A-1 + B)|x) if and only if

tl/im )+ o(fa, = tl\i‘m ')+ ®(f)b,, foreachneN,

or equivalently

. / R 12 — _
tl}rﬁl (@) tl\l(r; ') =®(f)(b, —ap), foreachneN.

We conclude that the operator (C, D(C)) given by

Cf=f’+/Rfdu-97

D(C) = {fecbom: £ ECHRA2), Jim £(0)~ lim ()= 2(f)(bn — an) neN}

generates a Teo-bi-continuous semigroup on Cp(R).
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5. THE LEFT IMPLEMENTED SEMIGROUP

Let (T'(t))1>0 be a Cp-semigroup on a Banach space E with generator (A4, D(A)). For simplicity we
assume that the growth bound of (T'(¢));>0 satisfies wo(7") < 0. The left implemented semigroup
(U(t))i>0 on Z(E) is defined by

(16)  UM)S:=T(H)S, t>0,Sc Z(E).

Our purpose is to relate Desch-Schappacher perturbations of the Cy-semigroup (T'(¢))¢>o and
Desch—-Schappacher perturbations of the left implemented semigroup (U(t))¢>0.

Remark 5.1. (i) We observe that the left implemented semigroup on .Z (E) is 7Tsot-bi-continuous,
where the strong operator topology T is induced by the family & = {||- z||; : = € E} of
seminorms. In fact (U(t))i>o is a Cop-semigroup if and only if the semigroup (T'(¢));>0 is
continuous with respect to the operator norm (see [2] and [24]).

(ii) The extrapolation spaces of the underlying Cyp-semigroup (in the notation of this paper X,
n € N) are studied in detail in [2]. The extrapolation spaces in the bi-continuous setting are
determined in [5]. In particular, the first extrapolation spaces are given by

X, =7m

== — )

=-gsot(E7E71

Xflzg(E) ) :g(EvEfl)v

where E_; is the extrapolation space of the Cy-semigroup (T'(t)):>0.

5.1. Ideals in .Z(F) and module homomorphisms. Before we relate Desch—Schappacher per-
turbations of Cy-semigroups and of the corresponding implemented semigroups we need some
auxiliary results.

Lemma 5.2. Let E be a Banach space and (A, D(A)) a Hille-Yosida operator on £ (E), i.e.,
suppose there exists w € R and M > 1 such that (w,00) C p(A) and

M
G —w)

for each A > w and n € N. The following are equivalent:

(i) D(A) is a right ideal of the Banach algebra £(E), i.e., CB € D(A) whenever C € D(A),
B € Z(E), and A is a right £ (E)-module homomorphism, i.e., A(CB) = A(C)B for
C e D(A) and B € Z(E).
(ii) There exists a Hille-Yosida operator (A, D(A)) such that A(C) = AC, where D(A) =
Z(E,D(4)).
(iii) There exists a Hille-Yosida operator (A, D(A)) such that A(C) = A_1C, where D(A) =
{CeZ(E): A_1C e Z(E)}.

1RO A" <

Proof. The implication (iii)=-(i) is just a checking of properties of an explicitly given operator.
The implication (ii)<(iii) follows from the fact that the operator A and A_; coincide on the
domain D(A) of A.

(i)=(ii) By definition one has R(), A) € £(Z(E)) whenever A € p(A). Define for A € p(A)
R(X) := R(A\, A)(D).
Since R(A, A), A € p(A) satisfy the resolvent identity also R()), A € p(A) do:
RO — R(p) = ROL A1) — R, A1) = (RO, A) — R, A) (1
= (A=) R A)R(p, A)) (1) = (A = ) R(A) R(p)

for each A, € p(A). Hence the family (R()))xep(a) is a pseudoresolvent. If R(A)z = 0 for some
r € F, then

0=AR\)z = AR\, A) (D).
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But since AR(A, A)(I) - Tas A — oo, it follow that x = 0. Therefore R(\) is injective, and hence
there exists a closed operator (A, D(A)) such that R(A\) = R(A, A), i.e.,

R(A A) = R(A, A)(D),
Let C € D(A), i.e., C = R(\, A)D for some D € Z(FE). Then
A(C) = A(R(N, A)D) = AR(\,A)D — D = (AR(\,A) = I)D
= AR\ A)— (A—A)R(NA)D = AR\, A)D = AC.
U

Lemma 5.3. Let E be a Banach space and (A, D(A)) a generator of a Tsop-bi-continuous semi-
group (T(t))i>0 on Z(E). The following are equivalent:

(i) D(A) is a right-ideal of Z(F) and A is a right £ (E)-module homomorphism.
(ii) The semigroup (T (t))i>o0 is left implemented, i.e., there exists a Co-semigroup (S(t))i>0 such
that T (t)C = S(t)C for each t > 0.
Under these equivalent conditions, if (B, D(B)) is the generator of the Cy-semigroup (S(t))t>o,
then A(C) = B_1C for each C € L(E,E_1) = X_1(A).
Proof. (ii)= (i) : If C € D(A), then the limit

. Tt)Cz—Cx
(AC)(z) := }gr(l) —

b

exists for each « € X. Since (7 (¢))¢>0 is left implemented we obtain for B € Z(E)
(A(CB))(z) = lim T(#)(CB)x — (CB)x ~ lim (T(®)C)(Bx) — C(Bzx)

t—0 t t—0 4
and we conclude that CB € D(A) and A(CB) = A(C)B.

(i)= (ii) : For A € p(A), C € D(A), B € Z(FE) one has
(A—=A)(CB)=XCB - A(C)B = (AC - A(C))B.

Since A — A is a bijective map we conclude that
R(NA)(DB) = (R(M\A)D)B

for each D € Z(FE). By the Euler formula (see [5, Thm. 4.6] and [13, Chapter II, Sect. 3]) we
obtain

)

T(t)C = rlim (SR (% A))" c.

n—oo \1 t’

From this we deduce the equality
n_/n

T(1)(CB)() = (lim (;R (—,A))n C) B = (T(t)C)B.

n— 00 t
Set S(t) := T (t)I, and we are done
THC=THIT-C)=(TEH)HC = S(¢)C.
Finally, A is multiplication operator by the generator (B, D(B)) of the semigroup (S(t))i>0 by
Lemma 5.2. O

Proposition 5.4. Let (T'(t))i>0 and (S(t))i>0 be Co-semigroups on the Banach space E, and let

(A, D(A)) denote the generator of (T'(t))i>0. Let (U(t))i>0 and (V(t))i>0 be the semigroups left

implemented by (T (t))t>0 and (S(t))i>0, respectively. Let (G, D(G)) be the generator of (U(t))i>o0

and let K : L(E) — ZL(E,E_1(A)) be such that K € S£S’TS“(Z/{) and such that C := (G_1 +

K)\ 2 (with mazimal domain) is the generator of (V(t))t>0. Then K has the property that
K(CD) =K(C)D,

for each C,D € Z(E).
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Proof. Since by assumption G and C = (G_1 + K)|#(g) both generate implemented semigroups
we conclude by Lemma 5.3 that G, and hence G_1, and C are all multiplication operators. One
has G_1(C) = A_1C for each C € Z(F) and there exists an operator M : D(M) — E such that
C(C) = MC for each C € D(C). We conclude that

K(C)=MC — A_,C

for each C' € D(C). Since (C,D(C)) is bi-dense in Z(F), for each C € Z(F), there exists a
sequence of operators (C,)nen in D(C) such that sup,,cy ||Cr| < oo and

Cphx — Cr,

for each x € E. The continuity of L and G_; yields
K(Cn) =% K(C),
G(Cy) =¥ G(O)

with convergence in Zot(F, E_1(A)). Therefore, for each z € E the sequence (MCpz)nen is
Cauchy in E_;(A) and we can define

Lz := lim MC,z, xé€FE.

n— o0

By construction we obtain L € .Z(E,E_1(A)) and C(C) = LC for each C € .Z(FE) and therefore
K(C)=A_1C+ LC,

for C' € D(C). Now we define B := L + A_; as an operator in .Z(F, E_1(A)) and conclude that
K(C)=BC

for each C € Z(F) and that was to be proven. O

5.2. A one-to-one correspondence. We relate Desch—Schappacher perturbations of the imple-
mented semigroup with the perturbations of the underlying Cp-semigroup. To do so we have to
use the class of Desch—Schappacher admissible operators S£ S for Cy-semigroups. Recall from [13,
Chapter ITI, Section 3a] the following definitions for a strongly continuous semigroup (7'(¢));>o on
a Banach space E. We define

SPIT) :=={Be L(B,E_,): Vg € Z(C([0,to], %ot (E))), Vsl <1},

where Vg denotes the corresponding Volterra operator on E defined by
t
(VBF)(t) ::/ T 1(t—r)BF(r)dr, FeC([0,t)],E), t€][0,to].
0

The following result shows that Desch—Schappacher perturbations of a Cy-semigroup always give
us Desch—Schappacher perturbations of the corresponding implemented semigroup.

Theorem 5.5. Let (U(t))i>o0 be the semigroup on £ (E) left implemented by the Cy-semigroup
(T(t))¢>0- Suppose that B € SP(T) and let (S(t))i>o be the perturbed Cy-semigroup. Define the
operator K : Z(E) — Z(E,E_1) by

KS:=BS, SeXZ(E).
Then K € 855’75"“ and the perturbed semigroup (V(t))i>o s left implemented by (S(t))i>0-
Proof. First of all we show that Vi F(¢t)C € Z(E) for F € X4, t € [0,t] and C € Z(E). Define
f€C([0,t0] , Lot (E)) by f(r):= F(r)C and observe

(VK;F)(t)Cx:/O U (t - 1)KF(r)Ca dr:/o T 1t —r)Bf(r)z dr.
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Since by assumption B € SP°, we obtain (Vi F)(t)Cx € E. The following estimate will be crucial

for what follows
¢ ¢
|(VicF)(t)Cx|| = H/ U_1(t = r)KF(r)Cx dr|| = ‘ / T_1(t —r)BF(r)Cx
0 0

= [I(Va )@zl < [IVall- I 71 - ICz < (VB[ - LA - 1C1 - [l -

This estimate shows that (VicF')(t)C' € Z(F). Moreover, we directly see that Ran(Vi) C X4,
since Tyog-strong continuity, norm boundedness and bi-equicontinuity of VicF' follow also from the
previous estimate. Also the fact that ||Vic|| < 1is immediate, due to the assumption that B € SP%.
Finally, we show that (G_1 +K)| ¢ (g) generates the semigroup left implemented by (S(t))¢>0. For
this notice that for sufficiently large A > 0 we have

R\, (A1 +B)g)Czx = / e MS(t)Cx dt = / e MY(1)Cx dt
0 0

=R\, (G-1 +K) | 2m)Cz,
for all » € E and C € Z(FE). Whence we conclude that (G_1 + K)| ¢ (g) generates the semigroup
left implemented by (S(¢))¢>o- O

Here is the converse of this theorem.

Theorem 5.6. Let (U(t))i>0 and (V(t))i>0 be two semigroups on Z(E), left implemented by the
Co-semigroups (T'(t))e>0 and (S(t))i>0, respectively. Let (A, D(A)) be the generator of (T(t))i>0
and let K € S£S’TS°° (U) be such that (V(t))i>0 is the corresponding perturbed semigroup. Define
Be Z(E,E_)) by

Bz := (KI)z, xz€kE.
Then B € SP3(T) and (A_1 + B)|p generates (S(t)):>o.

Proof. Let f € C([0,t0],-Leot(E)) and © € E. We observe that by Lemma 5.2 one has that
(KL)f(r) = K(If(r)) = Kf(r) for each r € [0,¢]. For f € C([0,t0],Zot(F)) we define F € Xy,
by F(r) := My, the multiplication with f(r), i.e., F(r)C = f(r)C for each C € Z(F). The
following computation is crucial for the proof:

¢

Vef(t)z :/o T 1(t—r)Bf(r)z dr :/o T_1(t—r)(KI)f(r)x dr

= / U1t =r)Kf(r)z dr = / U_1(t = r)KF(r)Iz dr
0 0

= (Vi F)(t)1x.
From this and from the assumption that K € S£ S’TS‘”, we conclude that B € S£ S, Moreover we
have
t t
St)r =V(t)lx =U(t)lz + / U_1(t = r)KV(r)Iz dr = T(t)x + / T_1(t —r)BS(r)x dr,
0 0
for each # € E. This yields that (A_; + B)|g generates (S(t))¢>o0- O

Summarizing Theorems 5.6 and 5.5 we can state the following.

Corollary 5.7. Let (U(t))i>0 and (V(t))i>0 be two semigroups on Z(E) left implemented by
the Cy-semigroups (T'(t))i>0 and (S(t))i>0 on E, respectively. Let us denote the generators of
U)o and (T'(t))i>0 by (G, D(G)) and (A, D(A)), respectively. The following are equivalent:
(i) There exists K € S£S’T(Z/{) such that (V(t))i>0 is generated by (G_1 + K) 2 (g)-
(ii) There exists B € SPS(T) such that (S(t))i>o is generated by (A_y + B)|p.

Remark 5.8. Notice that not every Desch—Schappacher perturbation of a implemented semigroup
gives again a implemented semigroup. To see this let (G, D(G)) be the generator of the left
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implemented semigroup (U(t));>0 and ® € (L(E), Tsot)’. Define, as above, an operator K :
Z(E)— Z(E,E_1) by

K(C):=®(C)G_1(I), CeZ(E).
Such an operator K is not multiplicative if ® # 0.
5.3. Comparisons. Now we relate comparison properties of the implemented semigroup and
properties of the underlying Cp-semigroup. First of all, for B € .#Z(E) we define the multiplication

operator Mp € L (Z(F),Z(E)) by MpS := BS. Then one has |[Mp| = ||B|. By taking
B:=T(t) — S(t) for t > 0 we directly obtain the following result.
Lemma 5.9. Let (U(t))i>0 and (V(t))i>0 be two semigroups on L (E) left implemented by the
Co-semigroups (T'(t))i>0 and (S(t))e>0, respectively. Then the following are equivalent:

(i) There exists M > 0 such that ||U(t) — V(t)|| < Mt for each t € [0,1].

(ii) There exists M > 0 such that ||T(t) — S(t)|| < Mt for each t € [0,1].

Recall from [5, Prop. 6.1] that the Favard spaces of the implemented semigroup and of the
underlying semigroup for « € [0, 1] are connected by

(17)  Fol) = Z(E, Fuo(T)).

This yields to the following result.

Lemma 5.10. For B € Z(E,E_1) we define K : L(E) - Z(E,E_1) by KS := BS. Then
Ran(K) C F,(U) if and only if Ran(B) C F,(T).
By [2] and [5] the extrapolated implemented semigroup is defined by

UL()S =T1(1)S, §eZE) Y 2 2B, B ).

This gives
Fod) = Fr(U-) = Z(E, F\(T-1)) = Z(E, Fo(T)).
Proposition 5.11. Let (U(t))i>0 and (V(t))i>0 be two semigroups on L(E) left implemented by

(T'(t))e>0 and (S(t))i>0, respectively. Furthermore let (G, D(G)) denote the generator of (U(t))>o0-
Suppose that there exists M > 0 such that

[U(t) = v < Mt
for each t € [0,1]. Then there exists K € Stfs’T with Ran(K) C Fy(G).

Proof. Since ||U(t) —V(t)|| < Mt for each ¢t € [0,1] we can use Lemma 5.9 to conclude that
IT() —S@)|| < Mt for each t € [0,1]. If (A, D(A)) denotes the generator of (T'(t))t>0, then
by [13, Chapter III, Thm. 3.9] we find B € £ (E, E_;) such that B € SP% and Ran(B) C Fy(A).
As in Theorem 5.5 this gives rise to a multiplication operator K : Z(F) — Z(E, E_;) defined by

KS:=BS, SeZ(E).
By Lemma 5.10 we conclude that Ran(K) C Fy(G). It remains to show that (G_1 + K) 2 (g
generates (V(t)):>0. But, by [13, Chapter III, Thm. 3.9], (A_1 + B)|g generates (S(t))¢>0. O
Combining Propositions 5.11, 2.2 and [13, Chapter III, Thm. 3.9] we obtain the following theorem.

Theorem 5.12. Let (U(t))i>0 and (V(t))i>0 be two semigroups on L(E) left implemented by
(T(t))e>0 and (S(t))i>0, respectively. Denote by (G,D(G)) the generator of (U(t))i>o0 and by
(A,D(A)) the generator of (T'(t))i>0. If K € StlZS’T(L{) such that Ran(K) C Fy(G), then there
exists B € SP%(T) with Ran(B) C Fy(A) such that KS = BS for each S € Z(E).

Proof. By Proposition 2.2 we find M > 0 such that |[U/(¢t) — V(¢)|| < Mt for each ¢t € [0,1].
Following the proof of Proposition 5.11 there exists B € SP° such that Ran(B) C Fy(A). O

From this we can deduce the following equivalence.
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Theorem 5.13. Let (U(t))i>0 and (V(t))i>0 be two semigroups on L(E) left implemented by
the Co-semigroups (T'(t))i>0 and (S(t))t>0 on E, respectively. Let us denote the generators of
(U())e>0 and (T(t))e>0 by (G,D(G)) and (A, D(A)), respectively. The following are equivalent:

(i) There exists K € SP57(U) such that Ran(K) C Fo(G) and such that (V())e>0 is generated

to

by (G-1 + K) | 2(r)-

(ii) There exists B € SP%(T) such that Ran(B) C Fy(A) and such that (S(t))e>0 is generated by
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