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INTERMEDIATE AND EXTRAPOLATED SPACES FOR BI-CONTINUOUS
OPERATOR SEMIGROUPS

CHRISTIAN BUDDE AND BALINT FARKAS

ABsTrACT. We discuss the construction of the entire Sobolev (Holder) scale for non-densely
defined operators with rays of minimal growth on a Banach space. In particular, we give a
construction for extrapolation- and Favard spaces of generators of (bi-continuous) semigroups,
or which is essentially the same, Hille-Yosida operators on Saks spaces.

INTRODUCTION

Extrapolation spaces for generators of Cy-semigroups (used here synonymously to “strongly con-
tinuous, one-parameter semigroups of bounded linear operators”) on Banach spaces, or for more
general operators, have been designed to study e.g., maximal regularity questions by Da Prato
and Grisvard [7]; see also Walter [34], Amann [3], van Neerven [33], Nagel, Sinestrari [28], Nagel
[26], Sinestrari [31], Magal, Ruan [24, Ch. 3]. These spaces (and the corresponding extrapo-
lated operators) play a central role in recent abstract perturbation results, most prominently in
boundary-type or domain perturbations, see e.g., Desch, Schappacher [9], Greiner [15], Staffans,
Weiss [32], Adler, Bombieri, Engel [1], Hadd, Manzo, Rhandi [17]. Extrapolation spaces are also
important in the theory of coupled operator matrices, see Engel [10].

In this paper, we concentrate on the construction of extrapolation spaces for linear operators
having a non-empty resolvent set on a Banach space, but we do not assume the operator to
fulfill the Hille-Yosida conditions or to be densely defined. In case the operator is densely de-
fined such a construction is known from the seminal papers of Da Prato, Grisvard, [8], Amann
[3] and Nagel, Sinestrari [28]. In the case of non-densely defined, sectorial operators there is a
very general—almost purely algebraic—construction due to Haase [16] leading also to universal
extrapolation spaces. Here, we present a slightly different construction of extrapolation and ex-
trapolated Favard spaces, allowing the construction of extrapolated semigroups in the absence of
strong continuity with respect to the norm. For a non-densely defined Hille-Yosida operator A
on the Banach space X such a construction is possible by taking the part of A in X, := D(A),
so that the restricted operator becomes the generator of a Cyp-semigroup on X, thus leading to
an extrapolated semigroup on the extrapolation space X _;, see Nagel, Sinestrari [29]. But this
semigroup will usually not leave the original Banach space X invariant. This is why we restrict
our attention to the situation where strong continuity of the semigroup is guaranteed with respect
to some coarser locally convex topology 7 on X. Here the framework of bi-continuous semigroups,
or that of Saks spaces, (see Kithnemund [20] and Section 4 below) appears to be adequate. How-
ever, most of the results presented here are valid also for generators of other classes of semigroups:
integrable semigroups of Kunze [21], “C-class” semigroups of Kraaij [19], m-semigroups of Priola
[30], weakly continuous semigroups of Cerrai [5], to mention a few.

Given a Banach space X, and a Hausdorff locally convex topology 7 on X, (with certain
properties described in Section 4), and a bi-continuous semigroup (7'(¢));>o with generator A,
we construct the full scale of abstract Sobolev (or Holder) and Favard spaces X,, X, F, for
a € R, and the corresponding extrapolated semigroups (T (%))¢>0. (If 7 is the norm topology,
there is nothing new here, and everything can be found in [11, Section II.5].) These constructions,
along with some applications, form the main content of this paper. Here we illustrate the results
on the following well-known example (see also Nagel, Nickel, Romanelli [27] and Section 5 for
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2 CHRISTIAN BUDDE AND BALINT FARKAS

details): Consider the Banach space X := Cp(R) of bounded, continuous functions and the (left)
translation semigroup (S(t)):>0 thereon, defined by (S(¢)f)(z) = f(x+1t), x € R, ¢t >0, f € Xo.
For a € (0,1) we have the continuous embeddings

Ci(R) <= Lip,(R) < h{f(R) < h{),.(R) < C{(R) < UCp(R) < Cp(R) — L>(R),

where C (R) is the space of differentiable functions with derivative in Cy,(R), Lipy (R) is the space
of bounded, Lipschitz functions, h{(R) is the space of bounded, little-Hélder continuous functions,
h{ 1. (R) is the space of bounded, locally little-Holder continuous functions, Gy (R) is the space
of bounded, Holder continuous functions, UCL(R) is the space of bounded, uniformly continuous
functions. In the abstract perspective and using the notation in this paper, this corresponds to
the inclusions of Banach spaces:

Xi = =X, = Xqe—=Fy,—= X, — Xg— Fp.

The extension of the previous diagram for the full scale o € R is possible by extrapolation. The
(abstract) spaces X, and F, (a € (0,1)) are well studied and we refer to the books by Lunardi
[23] and Engel, Nagel [11, Section II.5] for a systematic treatment. However, the definition of X,
is new, and requires a recollection of results concerning the other spaces, X, and F,.

Extrapolated Favard spaces are not only important for perturbation theory. They help to reduce
problems concerning semigroups being not strongly continuous to the study of an underlying Cjy-
semigroup. This perspective is propagated by Nagel and Sinestrari in [29]: To any Hille—Yosida
operator on X one can construct a Banach space Fy (the Favard class) containing X as a closed
subspace, and a semigroup (7(¢))¢>0 on Fy. (Note, however, that the semigroup (T'(t)):>o defined
on Fy may not leave X invariant.) We adapt this point of view also in this paper. In particular,
we provide an alternative (and short) proof of the Hille-Yosida type generation theorem for bi-
continuous semigroups (due to Kithnemund [20]) by employing solely the Cy-theory.

Applications of the Sobolev (Holder) scale, as presented here, to perturbation theory, in the
spirit of the results of Desch, Schappacher [9], or of Jacob, Wegner, Wintermayr [18], will be
presented in a forthcoming paper.

This work is organized as follows: In Section 1 we recall the standard constructions and re-
sults for extrapolation spaces for densely defined (invertible) operators. Moreover, we construct
extrapolation spaces for not densely defined operators A with D(A2) dense in D(A) for the norm
of Xy. Our argument differs form the one in Haase [16] in that we build the space X_; based on
X _5 (which, in turn, arises from X, and X _,), i.e., in a bottom-to-top and then back-to-bottom
manner, resulting in the continuous inclusions

Xog—=Xo—=X | =X 1 =X,

(None of these inclusions is surjective in general.) This approach becomes convenient when we
compare the arising extrapolation spaces X_; and X _; and construct the extrapolated semigroups
thereon. In Section 2 we turn to intermediate spaces; the results there are classical, but are put in
the general perspective of this paper. We also present a method for a “concrete” representation of
extrapolation spaces (see Theorem 1.15). Section 3 discusses the Sobolev (Holder) scale for semi-
group generators, and has a survey character. In Section 4 we recall the concept of bi-continuous
semigroups, construct the corresponding extrapolated semigroups and give a direct proof of the
Hille-Yosida generation theorem (due to Kiihnemund, see [20]) using extrapolation techniques.
We conclude this paper with some examples in Section 5, where we determine the extrapolation
spaces of concrete semigroup generators. In particular, we discuss the previously mentioned ex-
ample of the translation semigroup (complementing results of Nagel, Nickel, Romanelli [27, Sec.
3.1, 3.2]) and then left implemented semigroups (cf. Alber [2]).

1. SOBOLEV AND EXTRAPOLATION SPACES FOR INVERTIBLE OPERATORS

In this section we construct abstract Sobolev (Holder) and extrapolation spaces (the so-called
Sobolev scale) for a boundedly invertible linear operator defined on a Banach space. Some of
the results are well-known and even standard, but we chose to include them here for the sake
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of completeness and also because they are needed for the construction of spaces when we deal
with not densely defined operators. The emphasis will be, however, on this latter case, when the
construction is new, see Section 1.2 below. We also note that everything what follows is also valid
for operators on Fréchet spaces.

The following is a standing assumption in this paper.

Assumption A. We suppose that A : D(A) — Xj is a (not necessarily densely defined) linear
operator on a Banach space Xy with 0 in the resolvent set p(A).

As a matter of fact, it is only for convenience to suppose 0 € p(A) instead of p(A) # 0. Indeed,
if A € p(A) we may consider A— X and carry out the constructions for this new operator satisfying
0 € p(A — X). The arising spaces will not depend on A € p(A) (up to isomorphism).

1.1. Abstract Sobolev spaces. The material presented here is standard, see Nagel [25], Nagel,
Nickel, Romanelli [27] or Engel, Nagel [11, Section I1.5], and some parts are valid even for operators
on locally convex spaces, when one has to argue with a family of generating seminorms instead of
one norm. We set X7 := D(A) which becomes a Banach space if endowed with the graph norm

[]la = llzll + [l Az

An equivalent norm is given by ||z||x, := ||Az|| since we have assumed 0 € p(A). Then we have
the isometric isomorphism

A X1 — Xo with inverse A_l : Xo — X3

Definition 1.1. Recall the assumption that 0 € p(A), and take n € N, n > 1.
(a) We define
Xn:=D(A") and |z|x, :=|A"x| forz € X,.
If we want to stress the dependence on A, then we write X,,(A) and || - [|x, (4)-
(b) Let

often abbreviated as X .
(c) We further set

the part of A in X, i.e.,
D(A) ={z € D(A) : Az € X, }.

Moreover, we let
X, = DAY, olx, = |A"].
To be specific about the underlying operator A we write X, (A) and [z]/x ()
(d) For n € N we set A, := A|x,, the part of A in X,,, in particular Ag = A. Similarly, we let
A, = Alx , for example A, = A. By this notation we also understand implicitly that the
surrounding space is X, (A) respectively X (A) with its norm, see Remark 1.2.

Remark 1.2. 1. By “underlining” we always indicate an object which is in some sense smaller
than the one without underlining. The space X,(A) is connected with the domain of D(A),
and the whole issue of distinguishing between X, and X, becomes relevant only if A is not
densely defined but its part A is (cf. Remark 1.5). We keep to the notation A for the part of
the operator A instead of A|x, .

2. If A is densely defined, then X, (A) = X, (A) for each n € N. In particular, if X;(A) = D(A)
is dense in X(A), then X, (A) = X, (A) for each n € N.

3. For n € N we evidently have X;(A™) = X, (A). Also X;(A") = X, (A) holds, because
D(A"™) = D(A™). Indeed, the inclusion “D(A™) C D(A™)” is trivial. While for z € D(A™) we
have z € X, and A"z € X, implying A" 'z € D(A), and then recursively z € D(A").

4. For x € D(A,) = D(A™) we have [|z|x,a,) = |Anz|x,a) = A" 2| = |2]|x, ., a)-
Similarly D(4,,) = D(A™).
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Proposition 1.3. Suppose A is densely defined in X,,.

(a) Forn € N the mappings A" : X,, = Xo and A" : X,, — X, are isometric isomorphisms.

(b) For n € N the operators Ap : Xpni1 — Xy, and A, - X, | — X, are isometric isomorphisms
that intertwine A, 1 and A, respectively, A, ., and A,,.

(¢) If D(A) is dense in X, then X is dense in X, for each n € N. As a consequence, X, is
dense in X,, for each m,n € N with m > n.

Proof. The statements (a) and (b) are trivial by construction.

(c) This is [4, Thm. 6.2] due to Arendt, El-Mennaoui and Kéyantuo, because A is densely defined
in X,. O O

Remark 1.4. We note that the proof of the assertion (c¢) in [4, Thm. 6.2] is based on a Mittag-
Leffler type result due to Esterle [12] which is valid in complete metric spaces. Hence the statements
(a), (b) and (c) are all remain true for Fréchet spaces with verbatim the same proof as in [4].

Henceforth, another standing assumption will be the following (though not everywhere needed).
Assumption B. The operator A := A|y : D(A) — X, is densely defined, i.e.,
@ = X,
Remark 1.5. The condition of D(A) being dense in X, holds for example if there are M,w > 0
such that (w,00) C p(A) and
(1.1) [ARN, A)|| < M for all A > w.
Indeed, in this case we have for x € D(A)

AR, A)z — zf| = [[R(A, A)Az|| <

M| A
M—)O for A — oo.

Hence D(A%) C D(A) is dense in D(A) for the norm of X, and this implies the density of D(A)
in X;. An operator A satisfying (1.1) is often said to have a ray of minimal growth, see, e.g., [23,
Chapter 3], and also Section 2 below. Another term used is “weak Hille—Yosida operator”.

Proposition 1.6. If T € £(Xy) is a linear operator commuting with A=Y, then the spaces X,
and X, are T-invariant, and T € £(X,,) for n € N.

Proof. The condition means that Tz € D(A) for each x € D(A) and for such = we have
ATz = TAxz. This implies the invariance of X; and that ||[Tz| x,a) < [|T||[|2] x,(4). Using
the boundedness assumption we see that X; remains invariant under 7. For general n € N we
may argue by recursion, or simply invoke Remark 1.2. O O

1.2. Extrapolation spaces. The construction for the extrapolation spaces here is standard if A
is densely defined, or if A is a Hille-Yosida operator, see, e.g., [29].
For z € X, we define ||z||x | (a) :=||[A" /. Then the surjective mapping

A (DA - 1D = (Ko, - llx_, )

becomes isometric, and hence has a uniquely continuous extension
Ay (X - ID = (X - lx, @),

which is an isometric isomorphism, where (X _;, || - [|x_,(4)) denotes the completion of
(Xo, Il - lx_, (a))- By construction we obtain immediately:

Proposition 1.7. The space Xg is continuously and densely embedded in X . If A is densely
defined in X, then also X is dense in X ;. As a consequence (X_1, ||| x_,(a)) s the completion

of (Xo, AT )
Proof. The space X is dense in X _; by construction. For x € X, we have
lzllx_,a) = 1AA 2l x_ ) = 1A A7 2l x ay < NA - AT ) < AL 1ATH] - I,

showing the continuity of the embedding. The last assertion follows since X, is dense in D(A)
with respect to || - ||. O O
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Of course one can iterate the whole procedure and obtain the following chain of dense and
continuous embeddings

Xo‘_)z_lcﬁg_g‘—)""%i_ forn € N,

n

where for n > 1 the space X _,, is a completion of X, ; with respect to the norm || -||x (4

n

defined by [|z[lx  (a) = lA"517llx ,,(a) and
A 1 X ntl 7 X_

—_n L n
is a unique continuous extension of A_, ,; : D(A_, ;) =X _, ;to X .
These spaces, just as well the ones in the next definition, are called extrapolation spaces for the
operator A, see, e.g., [29] or [11, Section IL.5] for the case of semigroup generators. The spaces
X_,, X_, and the operator A_, will be used to define the extrapolation space X_;(A). To this

purpose we identify Xy with a subspace of X ;| and of X _,.
Definition 1.8. Consider X as a subspace of X_,, and define
X 1:=A ,(Xo):={A sz: v€Xo} and |z[x_, := A3z

Furthermore, we set D(A_1) := X and for z € Xy we define A_j2 := A_,z. To indicate the
dependence on the operator A we write X_1(A4) and [-[[x | (4

Remark 1.9. It is easy to see that the operator A_; is the part of A_, in X_;.

In what follows, we will define higher order extrapolation spaces and prove that all these spaces
line up in a scale, where one can switch between the levels with the help of (a version) of the
operator A (or A_q).

Proposition 1.10. The operator A_1 is an extension of A_;, (X_1,| - |lx_,) is a Banach space,
the norms of X | and X_1 coincide on X _;, and X _; is a closed subspace of X_1. The mapping
A_1: Xg— X_1 is an isometric isomorphism.

Proof. The first assertion is true because A_, is an extension of A_;. That X_; is a Banach
space is immediate from the definition. Since A:%AA = I on X,, we have ij € Xy € Xo
for z € X_,, so that [|[AZjz|| = ||[AZ3A_;A”{z|| = [[AZ{z|| = ||z||x_,. This establishes that the
norms coincide. Since X _; is a Banach space (with its own norm), it is a closed subspace of X _;.
That A_; is an isometric isomorphism follows from the definition. (] O

Remark 1.11. By construction we have X 1(A_,) = X_(,41)(A4) and X_1(A_p) = X_(n41)(A)
for each n € N.

Proposition 1.12. Forn € Z the operators A, : Xp41 — Xy, and A, : X, | — X, are isometric
isomorphisms that intertwine An1 and Ay, respectively, A, and A,,.

Proof. For n € N this is Proposition 1.12. So we assume n < 0. For n = —1 the statement about
isometric isomorphisms is just the definition, and the intertwining property is also evident. By
recursion we obtain the validity of the assertion for general n < —1 and for the operator 4,,. By
Remark 1.11 it suffices to prove that A_; intertwines A_; and Ay = A. For z € D(4y) = D(A)
we have A_1x € Xg = D(A_1) and Az = A:%A_lA_lx. O O

Thus for n € N we have the following chain of embeddings (continuous and dense, denoted by
—) and inclusions as closed subspaces (denoted by C):
=2 X, CXy o Xy CXg =2 X CX 32X ,CX g X CX o

where in general the inclusions are strict (see the examples in Section 5). We also have the following
chain of isometric isomorphisms

and
—1 —1 A—l —1

n A _ A~
i X1 S Xy — o — X N XS X g — o — X S X —
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Proposition 1.13. (a) X;(4_;) = X, and X1(A_1) = Xo with the same norms.

(b) X_,(4,) = X, with the same norms.

(©) (4))-1=A.

(d) X_1(41) = Xy with the same norms, and (41)-1 = A.

Proof. (a) By definition X1(A_1) = D(A_1) = X, with the graph norm of A_;. Since A_;
extends A, for z € Xy we have [|[A_1z||x_,(a) = [|Az||x_, = |[A~'Az| = |lz||. The first statement
then follows, because X;(4_;) = X1(4_;) = D(A) = X, with the same norms.

(b) For = € X,(A) = D(A?) we have

lllx_,ca,) = 147 2l x, ) = 1A A7 V2]l = 2],

which can be extended by density for all x € X, showing the equality of the spaces X ;(4;) = X,
(with the same norm).

(c¢) By construction the operator (4;)-1 : X;(A) — X_;(4,) is the unique continuous extension
of

A, : D(A;) = D(A%) — X, (4),
and (A;)_1 is an isometric isomorphism. For # € X, (A) we have [|z]x_ (a,) = 4] 'zl|x,(a) =
|]|. But then it follows that (4;)—1 = A: D(4) — X,.

(d) The space X_1(A;) is defined by
X_1(Ar) := (A1) 2(X1(A4)) = (A1) -1)_, (X1(4)) = A, (X1(4)) = AX1(4) = Xo,
by part (c). For the norm equality let € Xy. Then

o]l = | AA™ 2]l = |A™ 2llx, 4y = | AT 2]l x, () = (A1) Zallxa ) = Izl a0
For the last assertion we note that (A1) 1 = (4;)2|x,4) = 4. O O

Recall the standing assumption that A = A|x, is densely defined in X, = D(A). The fol-
lowing proposition plays the key role for the extension of operators to the extrapolation spaces,
particularly for the construction of extrapolated semigroups in Section 3.

Proposition 1.14. (a) Let n € N. If T € £(Xy) is a linear operator commuting with A~!,
then the operator T has a unique continuous extension to X _, denoted by T _,,. The operator
T_,, is the restriction of T_,,_,. The space X_,, is invariant under T_,_,, whose restriction
is denoted by T, for which T_, € £(X_,). For k,n € —N the operators T,,, T}, are all
similar; the same holds for T,, and Tj.

(b) Let T € £(X,) such that it leaves D(A) invariant and commutes with A~* = A~Y|x,. Then
T v = ATA 'z for each x € Xy, and as a consequence, T_; : X _; — X _; leaves Xo

invariant (and, of course, extends T ).
Proof. (a) For z € X, we have
ITollx oy = 1A~ Tal| = |TA= )] < |T) - 1A=l = I - lellx_cay
Therefore T : (Xo, [|-[|x_,a)) = (Xo, || x_, (4)) is continuous, and hence has a unique continuous

extension I'_; to X ;. This extension commutes with A:%, because T' commutes with A~ and
Aj is the unique continuous extension of A~'. By iteration we obtain the continuous extensions

T , onto X ,,
restriction of T'_,_;. We prove that X_; is invariant under T'_,. Let x € X_1, hence x = A_,y

for some y € Xo. Then Ty =T oy = T_,A 30z = A5T oz, hence T o = A ,Ty € X_,

which then all commute with the corresponding A~L. By construction T'_,, is a

i.e., the invariance of X_; is proved. We have for z € X _; that |T_iz||x_, = |[A 3T 12| =
IAZT pz|| = | T oA 5l < |ITofl - |AZ52]l = [IToll - [lllx_,, therefore T_y € £(X_y). The
assertion about 7_,, follows by recursion.

It is enough to prove the similarity of 7o = 7" and 7_;, and the similarity of Ty and T'_;. The
latter assertions can be proved as follows: For z € D(A) we have

AillI_lA_lx = Af%z_lAa; = A:%TAx = A:%ATx = A:iA_lT:L' =Tz,
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then by continuity and denseness the equality follows even for € X ). For the similarity of 7" and
T 1 take z € X(y. Then

A:%T,lA,lx = AgZ_QA_Qx =T jx="Tx.

(b) Let € Xo € X _;. Then there is a sequence (x,,) in X, with z,, — 2 in X _; (see Proposition
1.7). But then A='z, — A~ 'z in X, and Tx, — T_;z in X _; by part (a). These imply
TA 'z, = ATz, — A"1T_,x. Hence we conclude TA 'z = A~|T_,x and ATA ‘e =T ,x

for x € Xj. O O

Haase in [16] and Wegner in [35] have constructed the so-called universal extrapolation space
X_o as follows: Suppose A is densely defined (this assumption is not made by Haase), then
X, =X, for each n € Z and let X_, to be the inductive limit of the sequence of Banach spaces
(X_n)nen (algebraic inductive limit in [16]). One can extend the operator A to an operator
A_o : X_oo — X_ such that

Afoolxn:An» n € 7.
We now look at a converse situation, and our starting point is the following: Let & be a locally
convex space such that we can embed the Banach space Xy continuously in &, i.e., there is a
continuous injective map i : Xo — &, and so we can identify Xy with a subspace of &. We also
assume that we have a continuous operator A : & — & such that A — A : i(Xy) — & is injective
and that
D(A) = {JZ € Xp: Ao Z(l‘) S Z(Xo)},
and
iOAZAOﬂD(A).

In the next theorem we use this setting to describe the extrapolation spaces X

D ny

that we do not assume that A is a Hille-Yosida operator or densely defined.

X _,,. Notice

Theorem 1.15. Let Xy be a Banach space with a continuous embedding i : Xo — & into a locally
convex space &, let A : D(A) — Xq be a linear operator with A € p(A) such that A = Alx, (after
identifying Xo with a subspace of & as described above). We suppose furthermore that X\ — A is
injective on Xo. Then there is a continuous embedding i_1 : X_1 — & which extends i. After
identifying X _1 with a subspace of & (under i_1) we have

Xa={(X-Az: ze€Xo}, X 1={A—Az: z€X,} and A_1=Ax_,.

Proof. Without lost of generality we may assume that A = 0. Recall that A_;|x, = Aand A_; is
an isometric isomorphism A_; : Xo — X_1. We now define the embedding i_1 : X_1; — & by

iq:=AcioAT],
which is indeed injective and continuous by assumption. Of course, i_; extends ¢ since we have
i=AoioA™!. We can write
1_10A_1 :AoioA:% 0A_1=Aoi,

which yields the following commutative diagram:

Xfl - &
i—1

Now all assertions follow easily. O O
The last corollary in this section can be proved by induction based on the previous facts.

Corollary 1.16. Let A, X, & and i be as in Theorem 1.15. Then X,, C & and A, = Alx, for
each n € Z (after identifying X,, with a subspace of & under an embedding i,, compatible with ).
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2. INTERMEDIATE SPACES FOR OPERATORS WITH RAYS OF MINIMAL GROWTH

The following definition of intermediate, and as a matter of fact interpolation spaces, just as
well many results in this section are standard, and we refer, e.g., to the book by Lunardi [23,
Chapter 3|, and to Engel, Nagel [11, Section IL5] for the case of semigroup generators. In this
section we suppose the following.

Assumption C. The operator A on the Banach space Xy has a ray of minimal growth, i.e.,
(0,00) C p(A) and for some M >0

(2.1) IAR(N, A)|| < M for all A > 0.
Definition 2.1. For a € (0, 1] and z € X, we define
2] 7, (a) := sup [A*AR(X, A)z|],
A>0

and the abstract Favard space of order a by
Fo(A) = {z € Xq : ||#| ,(a) < 00}
In the literature the notation D4 (a, 00) is also used, see, e.g., [23]. We further set
Fo(A) .= F1(A_q),
see [11, Section IL.5(b)] for the case of semigroup generators.

Proposition 2.2. (a) The Favard space F,(A) becomes a Banach space if endowed with the norm

- 7. a)-
(b) The space Xq is isomorphic to a closed subspace of Fy(A).

The statement that X, is a closed subspace of Fy(A) when A is a Hille-Yosida operator is due
to Nagel and Sinestrari [29, Proof of Prop. 2.7].
Proof. (a) is trivial.
(b) For z € X, we have
M RO A-alx ) = VAR Azl ) = AT AR, A)a] < M o],
yielding
2l Foay = 12l 7y ayy < Ml

On the other hand, since A and A_; are similar, we have sup,-o [[AR(A, A_1)||x_,a) < M’ for
some M’ > 0 and for all A > 0. In particular, by Remark 1.5, A\R(A\, A_1)x — x foreach z € X ;.
From this we obtain for z € X that

2| = |A 1z — ||1im AR, A_)A_ xH < su HAA, RO\ A xH
lall = | A-1zllx_, ) = | Bm ARG A)Ae| < sup|AA RO A-da||
= llzlle sy = lzllma),
showing the equivalence of the norms || - || and ||z f,4) on Xo. O O

We also need the following well-known result, see, e.g., [23, Chapters 1 and 3|, for which we
give a short proof.

Proposition 2.3. For o € (0,1] we have F,(A) C D(A) = X,,.

Proof. We have
ARM\, A)z = AR\, A)z — z,
so that

INRON, Az — z|| < ”x”;% 50 as A — oo

O O
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Definition 2.4. Let A be a linear operator on the Banach space X satisfying (2.1). For a € (0, 1)
we set

X, (A) = {x € Fu(A) : lim A*AR(, A)z = o},

and we recall from Section 1 that

Xo(A4) :==D(4), X,(4) = D(Alx,a))-
The proof of the next proposition is straightforward and well-known.
Proposition 2.5. For a, 8 € (0,1) with « > 8 we have
X, (A4) = X, (A) C Fa(A) = X4(A) € Fs(4) = X,(A) € Xo(A)

with < denoting continuous and dense embeddings of Banach spaces, and C denoting inclusion
of closed subspaces.

Proof. For x € F,(A) we have
IMARN, A)z|| = NP~ AX* AR\, A)z|| < M ~¥z[la =0 as A — oo,

which also proves the continuity of F,(A) < X5(A). The other statements can be proved by
similar reasonings. ] O

Proposition 2.6. (a) The spaces Fo(A) and X (A) are invariant under each T € £ (Xo) which
commutes with A=1.
(b) If T € £(Xo) commutes with A=, then the space Fy(A) is invariant under T_;.

Proof. (a) Suppose that T € Z(Xy) commutes with R(-, A) and let € X (A4). We have to show
that To € X (A). Since T is assumed to be bounded, we obtain:

IANARA, A)Tz| = [A*ATR(A, A)z|| < [T - [A*AR(X, A)x]|.
This implies both assertions.
(b) Follows from part (a) applied to T_1 on the space X_;. O O
Definition 2.7. For a € R we write « = m + § with m € Z and 3 € (0, 1], and define
Fo(A) == Fp(An),
with the corresponding norms. For a ¢ Z we define
Xo(A) = X5(Am),
also with the corresponding norms.
In particular we have for a € (0,1) that
X (A =X, (A1) and F_,(A)=Fi_(A_1).

This definition is consistent with Definitions 2.1 and 2.4. The following property of these spaces
can be directly deduced from the definitions and the previous assertions (by induction):

Proposition 2.8. For any «a, f € R with a >  we have
X, (4) C Fo(A) = X5(A) C F3(4)

with — denoting continuous and dense embeddings of Banach spaces, and C denoting inclusion
of closed subspaces.

Now we put these spaces in the context presented at the end of Section 1.

Proposition 2.9. (a) For a € (0,1] we have A_1F, = Fo_1 and A1 X, =X, ;.
(b) For a € (0,1] and A, X and & as in Theorem 1.15 we have

F_, = {()\—.A)y eX_ 1: 9ye€ Fl—a}-
If a € (0,1), then
X, = {()\—A)y €EX_1:y egl,a}.
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3. INTERMEDIATE AND EXTRAPOLATION SPACES FOR SEMIGROUP GENERATORS

In this section we consider intermediate and extrapolation spaces when the linear operator
A : D(A) — Xy is the generator of a semigroup (T'(¢));>o0 (meaning that 7" : [0,00) — Z(Xy) is a
monoid homomorphism) in the sense described in the following.

Assumption 3.1. 1. Let X be a Banach space, and let Y C X{j be a norming subspace, i.e.,

|lz] = sup |{z,y)| for each z € Xj.
yeYllyll<1
2. Let T': [0,00) — Z(Xp) be a semigroup of contractions for which a generator A: D(A) — X,
exists in the sense that

(3.1) R\ Az = /000 e MT(s)x ds

exists for each A > 0 as a weak integral with respect to the dual pair (Xo,Y), i.e., for each
y€Y and z € Xy

(RN, Az, y) = /000 e"“(T(s)a@y) ds,

and R(\, A) € Z(Xp) is the resolvent of a linear operator A (see [21] by Kunze).
3. We also suppose that T'(t) commutes with A=! for each t > 0.

If the semigroup (T'(t)):>0 is only exponentially bounded of type (M,w), that is
|IT(t)]] < Me*" for all t >0,

then one can rescale the semigroup (consider(e™“*V*T(¢));>¢), and renorm the Banach space
such that the rescaled semigroup becomes a contraction semigroup. Moreover, the new semigroup
has negative growth bound, meaning that T'(¢) — 0 in norm exponentially fast as ¢ — oo. Then
it also has an invertible generator.

Remark 3.2. (i) There are several important classes of semigroups, satisfying Assumption 3.1,
hence can be treated in a unified manner: w-semigroups of Priola [30], weakly continuous
semigroups of Cerrai [5], bi-continuous semigroups of Kithnemund. We will concentrate on
this latter class of semigroups in Section 4.

(ii) In this framework Kunze [21] introduced the notion of integrable semigroups, which we briefly
describe next. Since we have

lyll= sup  [z,y)]
z€Xo,|z||<1

and, by the norming assumption,

[zl = sup [z, y)l,
yeYillyl<1

the pair (Xp,Y) is called a norming dual pair. Kunze has worked out the theory of semigroups
on such norming dual pairs in [21]. We recall at least the basic definitions here: assume
without loss of generality that Y is a Banach space and consider the weak topology ¢ =
0(Xo,Y) on Xg. An integrable semigroup of type (M,w) on the pair (Xo,Y) is a semigroup
(T'(t))+>0 of o-continuous linear operators satisfying the following.

1. (T(t))i>0 is a semigroup, i.e. T(t+s) =T (t)T(s) and T(0) = I for all t,s > 0.

2. For all A with Re(\) > w, there exists an o-continuous linear operator R(\) such that for

allz € Xgand ally e Y

(RO, y) = / N () dt.

Kunze defines the generator A of the semigroup as the (unique) operator A : D(A) — X (if
it exists at all) with R(\) = (A—A)~!, precisely as in Assumption 3.1. Note that o-continuity
of T'(t) can be used to assure that Y is invariant under 77(t), cf. the next remark.
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Remark 3.3. The semigroup (7'(t)):>0 commutes with the inverse of the generator if ¥ can be
chosen such that it is invariant under 7”(¢) for each ¢ > 0:

(AT (), y) = /OOO<T(S)T(t)x,y> ds = /OOO<T(5 +t)z,y) ds
- </0<>0 T(s)x ds,T'(t)y> = (T(t)A ™z, y),

for each z € Xg and y € Y.
Remark 3.4. 1. From (3.1) it follows that for each = € X,

¢
(3.2) Tt)r —z = A/ T(s)x ds.
0
Indeed, we have by (3.1) that

fo/OOT( )z ds

x—A/ a:ds-/ T(s)x ds.
t

Subtracting the first of these equation from the second one we obtain the statement.
2. If moreover A commutes with T'(¢) for each ¢t > 0, then for each z € D(A) we have

t
(3.3) Ttz —z = / T(s)Az ds.
0
Indeed, as in the above, we have by (3.1)

—x=—-A"1Ar = / T(s)Ax ds
0

“P(t)e = —A T (1) Az = / T ()T Az ds = / " T(s)Ax ds.

By a simple subtraction we obtain the st;tement. t

The next lemma and its proof are standard for various classes of semigroups.
Lemma 3.5. If (T(t))t>0 is (locally) norm bounded, then

Xeont :={z € Xo : t = T(t)x is || - ||-continuous}
is a closed a subspace of Xq invariant under the semigroup. Under Assumption 3.1 we have
Xy = W = Xcont-

Proof. The closedness and invariance of X o, are evident. We first show D(A) C Xont, which

implies D(A) C Xcont by closedness of Xcont. By (3.3) we conclude for z € D(A) that T'(t)z —z =
fot T(s)Ax ds. Since

|7z —al = sup [(T(t)a —2,y)] < sup / (T(s) Az, y)| ds < t]| Az]— 0
lylI<1 llyll<1

as t — 0, we obtain D(A) C Xcony and D(A) C Xcont- For the converse inclusion suppose that

2z € Xeont- Again by (3.2) we obtain that the sequence of vectors z,, := nfO% T(s)x ds € D(A)
(n € N) converges to x. Indeed

1

l#n — 2| = sup |(z, —2,3)| < sup n / " (T(s)z —z,y)| ds < n / T (s)z — ]| ds.
lyll<1 lylI<1 0 0

By the continuity of s — T'(s)x we obtain the inclusion Xcont € D(A). O O

Based on this lemma one can prove the following characterization of the Favard and Holder
spaces:
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Proposition 3.6. Let (T'(t)):>0 be a semigroup satisfying Assumption 3.1 with negative growth
bound and generator A. For o € (0,1] define

T — T _
(3.4) F,(T):= {x € Xo: Supw < oo} = {x € Xo: sup w < oo},
s>0 S s€(0,1) S
and for a € (0,1) define
T — T _
(3.5) X, (1) = {:Z:GXO :supM < o0 and limwzﬂ}
s>0 s 510 s

T _
(v xo -t Tl gy
510 s«
which become Banach spaces if endowed with the norm

o 1T (8)x — |
Izl cry 1= sup ==

The space X (T is a closed subspace of F,,(T). These spaces are invariant under the semigroup

(T'(t))t>0, and X (T') is the space of || - ||, (1)-strong continuity in Fo(T). For a € (0, 1] we have

Fy(A) = F(T) and for a € (0,1) we have X (A) = X _(T) with equivalent norms.

Proof. For x € F,(T) we have

T(s)T(t)x —T(t)x

ITGTO: =T o oo
S s>0

1T (s)z — |

S(X

1T () 7, (1) = Sli% < M|z|| g, (1)

proving the invariance of F,,(T"). Similar reasoning proves the invariance of X . Since F,(T) C
Xeont = Xy = D(A) and F,(4) C X, = D(A), the rest of the assertions follow from the
corresponding results concerning Cp-semigroups, see, e.g., 11, Sec. IL.5]. (] O

To complete the picture we recall a result from [23, Chapter 5]. It is stated there only for
Cy-semigroup, but Lunardi also remarks that it holds in greater generality. We require here the
conditions from Assumption 3.1 and note that the proof is verbatim the same as for the Cy-case
due to the formulas (3.2) and (3.3).

Proposition 3.7. Let A generate the semigroup (T(t))t>0 of negative growth bound as described
in Assumption 3.1. Then for p € [1,00] and o € (0,1) we have
(X,D(A))ap={zeX: t =Y, (t) =t T(t)xr — z|| € LY(0,00)},

where 1£(0,00) denotes the LP-space with respect to the Haar measure 4t on the multiplicative

t
group (0,00). Moreover, the norms ||x||q,p and

leller = Nl + 1lLe 0,00

are equivalent.

We conclude this section with the construction of the extrapolated semigroup as a direct con-
sequence of Proposition 1.14.

Proposition 3.8. Let A generate the semigroup (T'(t))t>0 of negative growth bound in the sense
of Assumption 3.1. Then there is an extension (T_1(t))i>o0 of the semigroup (T'(t))i>0 on the
extrapolated space X _1, whose generator is A_y.

4. INTERMEDIATE AND EXTRAPOLATION SPACES FOR BI-CONTINUOUS SEMIGROUPS

In this section we concentrate on extrapolation spaces for generators of bi-continuous semi-
groups. This class was introduced by Kithnemund in [20] and these semigroups possess generators
as described in Section 3. The following assumptions, as proposed by Kithnemund, will be made
during this section.

Assumption 4.1. Consider a triple (Xo, || - ||, 7) where Xy is a Banach space, and

1. 7 is alocally convex Hausdorff topology coarser than the norm-topology on Xy, i.e. the identity
map (Xo, || - ||) = (Xo,7) is continuous;
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2. 7 is sequentially complete on the ||-||-closed unit ball;
3. The dual space of (X, 7) is norming for Xy, i.e.,
(4.1) [zl = sup ()], ze€ Xo.
€(Xo,7)’
llell<1

Remark 4.2. 1. There is the related notion of so-called Saks spaces, see [6]. By definition a Saks
space is a triple (Xo, || - ||, 7) such that Xj is a vector space with a norm || - || and locally convex
topology 7 coarser than the || - [[-topology, but the closed unit ball is 7-complete. In this case,
Xy is a Banach space.

2. Tt follows from (4.1) that (Xo,Y) with Y = (X, 7)’ is a norming dual pair.

3. Kraaij puts this setting in the more general framework of locally convex spaces with mixed
topologies, see [19, Sec. 4], and also [13, App. A].

4. Assumption (4.1) is equivalent to the following: There is a set P of 7-continuous seminorms
defining the topology 7 such that

(4.2) |z]| = supp(z), x € Xo.
peEP

This description is also used by Kraaij in [19], cf. his Lemma 4.4. Note also that by this remark
and by Lemma 3.1 in [6] a Saks space satisfies Assumption 4.1. Indeed, assume (4.1) and let
P be the collection of all T-continuous seminorms p such that p(z) < ||z||. Then |¢(-)| € P
for each ¢ € (Xo,7)" with |¢|| < 1, and (4.2) is satisfied. If ¢ is any 7-continuous seminorm,
then g(z) < M||z|| for some constant M and for all z € X,. So that M~!. € P, proving that
P defines the topology 7. For the converse implication suppose that (4.2) holds. Then by the
Hahn-Banach theorem we obtain (4.1).

Now we give the definition of a bi-continuous semigroup.

Definition 4.3 (Kithnemund [20]). Let Xy be a Banach space with norm || - || together with

a locally convex topology 7 such that the conditions in Assumption 4.1 are satisfied. We call

(T'(t))e>0 a bi-continuous semigroup if

1. T(t+s)=T(t)T(s) and T(0) = I for all s,t > 0.

2. (T'(t))t>0 is strongly 7-continuous, i.e. the map ¢, : [0,00) — (Xo,7) defined by ¢, (t) = T'(t)x

is continuous for every x € Xj.

(T'(t))e>0 has type (M, w) for some M > 1 and w € R.

4. (T'(t))>0 is locally-bi-equicontinuous, i.e., if (x,)nen is a norm-bounded sequence in X which
is 7-convergent to 0, then also (T'($)xy)nen is T-convergent to 0 uniformly for s € [0, o] for
each fixed tg > 0.

@

Significant examples in this context are evolution semigroups on Cy, (R, X), semigroups induced
by flows, adjoint semigroups and the Ornstein—Uhlenbeck semigroup on Cy,(R%), to mention a few.
As in the case of Cy-semigroups we obtain the generator of a bi-continuous semigroup.

Definition 4.4. Let (T'(t));>0 be a bi-continuous semigroup on Xy. The generator A is defined
by
T _
Az := 7lim L)z -z
t—0 t

with the domain

T(t)x — T(t)x —

D(A) := {x e Xp: TlimM exists and sup M < oo}.
t—=0 t te(0,1] t
This generator has a couple of important properties which are summarized in the next theorem

(see [20], [14]):
Theorem 4.5. Let (T'(t))i>0 be a bi-continuous semigroup with generator A. Then the following
hold:

(a) The operator A is bi-closed, i.e., whenever x, — = and Az, — y and both sequences are
norm-bounded, then y € D(A) and Ax = y.
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(b) The domain D(A) is bi-dense in Xy, i.e., for each x € Xy there exists a norm-bounded sequence
(21)nen in D(A) such that x, = x.

(c) Forz € D(A) we have T(t)x € D(A) and T(t)Ax = AT (t)x for all t > 0.

(d) Fort >0 and x € Xo one has

¢ ¢
(4.3) / T(s)x ds € D(A) and A/ T(s)x ds =T(t)z — x.
0 0
(e) For A > w one has A € p(A) (thus A is closed) and:
(4.4) R\ A)x = / e MT(s)xds, z€X,
0

where the integral is a T-improper integral.

Recall the following result of Kithnemund from [20], whose proof is originally based on integrated
semigroups. We present here a different proof using extrapolation spaces.

Theorem 4.6 (Kithnemund). Let (Xo, | -||,7) be a triple satisfying Assumption 4.1, and let A be
a linear operator on the Banach space Xo. The following are equivalent:

(i) The operator A is the generator of a bi-continuous semigroup (T(t))e>0 of type (M, w).
ii e operator A is a Hille-Yosida operator of type (M,w), i.e.,
ii) Th tor A is a Hille-Yosid ¢ ¢ M '

M
R(s, A)F|| < ———
1RG5, A € o
for all k € N and for all s > w. Moreover, A is bi-densely defined and the family
(4.5) {(s- )*R(s,A)F: k€N, s> o}

is bi-equicontinuous for each o > w, meaning that for each norm bounded T-null sequence
(x,) one has (s — a)*R(s, A)¥xz, — 0 in 7 uniformly for k € N and s > a as n — oc.

In this case, we have the Fuler formula

T(t)x := 7lim (mR (m7A))m x  for each x € Xy.

m—oo \ t t

Moreover, the subspace X, := D(A) C Xy is the space of norm strong continuity for (T'(t))i>o0, it is
invariant under the semigroup, and (L(t))¢>o0 := (T(t)|x,)e>0 is the strongly continuous semigroup
on X, generated by the part A of A in X,,.

Proof. It follows from Lemma 3.5 that X, is the space of norm strong continuity for a bi-continuous
semigroup (T'(t)):>o0-

We only prove the implication (ii) = (i) and the Euler formula; the other implication is easy. We
may suppose that w < 0. Since A is a Hille-Yosida operator, the part A of A in X, generates a

Co-semigroup (I'(t))¢>0 of type (M,w) on the space X, := D(A). Define the function
1pl
Fls) = {SR(57A) for s > 0,

I for s =0,

which is strongly continuous on X, by Remark 1.5. Moreover, we have the Euler formula

_ . i m

Tyt = tm F(£)"

for € X, with convergence being uniform for ¢ in compact intervals [0, o], see, e.g., [11, Sec-
tion IIL.5(a)]. Since R(\, A)|x, = R()\, A) and since D(A) is bi-dense in Xj, by the local bi-
equicontinuity assumption in (4.5) we conclude that for € Xy and ¢ > 0 the limit

L . t\™
(4.6) S(t)x := TZL—EI?OF(m) x
exists, and the convergence is uniform for ¢ in compact intervals [0, to]. It follows that ¢ — S(¢)x is
T-strongly continuous for each z € Xy. The operator family (S(t)):>o is locally bi-equicontinuous
because of the bi-equicontinuity assumption in (4.5).
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Next, we prove that T'(t) leaves D(A) invariant. Let z € D(A), so that x = A~y for some y € X,
and insert « in the formula (4.6) to obtain

4.7 THx=SHA ly= glirglo F(%)mAfly =A"! nclirgoF(%)my = A"'S(t)y € D(A),
where we have used the bi-continuity of A~! and the boundedness of ([%R(%, A)}my)meN. By
Proposition 1.14 (b) we can extend T'(t) to Xg by setting T(t) := AT(t)A™! € Z(Xy). It follows
that (T(t))¢>0 is a semigroup. By formula (4.7), we have T(t)y = AT(t)A~ 'y = AA7'S(t)y =
S(t)y for each y € Xy. So that (T'(t))>0, coinciding with (S(t)):>0, is locally bi-equicontinuous,
and hence a bi-continuous semigroup.

It remains to show that the generator of (T'(t));>0 is A. Let B denote the generator of (T'(¢))¢>o.
Then, for large A > 0 and z € X, we have

R\, B)x = / e MT(s)x ds = / e MT(s)x ds = R(\, Ag)z = R(\, A).
0 0

Since R(A, B) and R(\, A) are sequentially 7-continuous on norm bounded sets and since D(A) is
bi-dense in Xy, we obtain R(\, B) = R(\, A). This finishes the proof. O O

The first statement in the next proposition is proved by Nagel and Sinestrari, see [26] and [28],
while the second one follows directly from the results in Section 1.

Proposition 4.7. Let A be a Hille-Yosida operator on the Banach space Xo with domain D(A).

Denote by (L(t))i>0 the Co-semigroup on X, = D(A) generated by the part A of A.

(a) There is a one-parameter semigroup (T(t))i>0 on Fo(A) which extends (L(t))i>0. This semi-
group is strongly continuous for the || - || x_, 4y norm.

(b) Suppose that for each t > 0 the operator T(t) leaves D(A) invariant. Then the space Xo is
invariant under the semigroup operators T(t) for everyt > 0, i.e., for T(t) := T(t)|x, we have
T(t) € Z(Xo).

4.1. Extrapolated semigroups. In this subsection we extend a bi-continuous semigroup on X
to the extrapolation space X_; as a bi-continuous semigroup. We have to handle two topologies,
and the next proposition leads to an additional locally convex topology on X_; still satisfying
Assumption 4.1.

Proposition 4.8. Let the triple (Xo, || -||,7) satisfy Assumption 4.1, let P be as in Remark 4.2.4,

let E be a vector space over C, and let B : Xo — E be a bijective linear mapping. We define for

ee Eandpe P

lell == [I1B7 el and prp(e) :=p(B~"e).

Then the following assertions hold:

(@) || - |l is a norm, pg is a seminorm for each p € P.

(b) For the topology Tr generated by Pg := {pg : p € P} the triple (E,| - ||g,TE) satisfies the
conditions in Assumption 4.1.

(c) If (T'(t))e>0 is a bi-continuous semigroup on X, with respect to the topology T, then Tg(t) :=
BT (t)B~! defines a bi-continuous semigroup on E. If A is the generator of (T(t))i>0, then
BAB™! is the generator of (Tg(t))i>o0-

Proof. Assertion (a) is evident. The conditions (1) and (2) from Assumption 4.1 are satisfied by
the definition of || - ||g and pg. Since

lelz = |B™ e]| = supp(B~'e) = sup pg(e),
pEP pe€PE
and by Remark 4.2 (3) in Assumption 4.1 is fulfilled. The proof of (b) is complete.
(c) For e € E we have |Tr(t)||z = |B~*BT(t)B~te|| = | T(t)B~te| < ||T(t)]| - |le]| &, which shows
that Tg(t) € Z(E). Clearly, (Tr(t))i>0 satisfies the semigroup property. For e € E and pg € Pg
we have

pe(Te(t)e —e) = p(B™'BT(t)B~'e — B™'e) = p(T(t)B~'e — B~'e) - 0 fort — 0,
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showing the 7g-strong continuity of (T'x(¢))¢>0. If (e,) is a || - || g-bounded, 7g-null sequence, then

(B71e,) is a || - ||-bounded 7-null sequence, so that by assumption Tg(t)e, = T(t)B~te, — 0
uniformly for ¢ in compact intervals. If A is the generator of (T'(t));>0, then by means of (4.4) we
can conclude that B~1AB is the generator of (Tg(t)):>0- O O

Definition 4.9. Let (T'(t));>0 be a bi-continuous semigroup in X, with generator A.
(a) For B = A™' : Xy — X; and E = X; in Proposition 4.8 define P; := Pg, 7 = 7g,

(Tl (t))tZO = (TE<t))tZQ.
(b) For B=A_;: Xy —» X_1 and F = X_; in Proposition 4.8 define P_; := Pg, 7_1 := 75,

(T-1(t))e>0::= (Te(t))t>0-
We obtain immediately the next result.

Proposition 4.10. The semigroups (T1(t))i>0 and (T_1(t))¢>0 are bi-continuous with generators
Ay = Al|p(a) and A_y, respectively.

Iterating the procedure in Definition 4.9 we obtain the full scale of (extrapolated) semigroups
(T (1)) >0 for n € Z.

Definition 4.11. Let (T'(¢));>0 be a bi-continuous semigroup on X, with generator A and suppose

that (T4, (t))t>0 and Py, have been defined for some n € N already.

(a) For B=A,!: X,, = X,,11, E = X,,;1 and the semigroup (7},(t));>0 in Proposition 4.8 define
Prt1:=Pg, Tat1 := T8, (Tnt1(t))i>0 == (TE(t))i>o0.

(b) For B=A_,,_1:X_, = X_,_1, E=X_,_1 and the semigroup (7_,,(¢));>0 in Proposition
4.8 define P—n—l = PE, T—n—-1:"—=TE, (T—n—l(t))tzo = (TE(t))tzo.

Proposition 4.12. For each n € Z the semigroup (T),(t))i>0 is bi-continuous on (X, || - |In, Tn)

with generator A, : X, 11 — X,,. Its space of norm strong continuity is X, .

Proof. The first statement follows directly from Proposition 4.10 by induction. For n = 0 the
second assertion is the content of Lemma 3.5, for general n € Z one can argue inductively. 0O O
The following diagram summarizes the situation:

T_,(t)
X og—=X ,

T_1(t
A, X 1 10 X 4 AT)
T_y(t) .
Ay Xfl ——= X 1 ATy
T(t)
A, Xg——mmmmm Xo AT}
I(t)
A X, Xy ATt
T
A X1 s X1 At

T, (t
X, Ty (t) X,
The spaces X, ,; are bi-dense in X, for the topology 7, and dense in X, for the norm || - ||x,.
The semigroups (T}, (t))>0 are bi-continuous on X,,, while (T, (¢)):>0 are Cy-semigroups (strongly
continuous for the norm) on X,.
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4.2. Holder spaces of bi-continuous semigroups. Suppose A generates the bi-continuous
semigroup (T'(t));>0 of negative growth bound on Xj. Recall from Theorem 4.6 that the restricted
operators T'(t) := T'(t)|x, form a Cy-semigroup (I'(t))¢>0 on X,. Also recall from Proposition 3.6
that for o € (0, 1]

- T(t)x —
Fa(A):Fa(T):{:L'GXO sup ————— Hi( )m :I;H OO}:{JJEXO Supw<oo}
t>0 e >0 to
with the norm
||z _ sup LBz — 2]
« ta b)

and for « € (0,1)
T - T -
X (A):= {mEXO: limw:()} = {J;EXO: limM:O}.
t—0 to t—0 te
We have the (continuous) inclusions
X, =X - X (4) = F,(A) - Xy — Xo;

all these spaces are invariant under (T'(t));>0.We now extend this diagram by a space which lies
between X, and Fi,.

Definition 4.13. Let (T'(t)):>0 be a bi-continuous semigroup of negative growth bound on a
Banach space X with respect to a locally convex topology 7 that is generated by a family P of
seminorms satisfying (4.2). For a € (0,1) we define the space

T(t)x — T(t)xr —
(4.8) Xo = Xo(T) = {m € Xo: 7lim M =0 and sup M < oo},
t—0 te >0 te

and endow it with the norm || - ||, We further equip F,, and X, with the locally convex topology
TF, generated by the family of seminorms Pr, := {pp, : p € P}, where prp, is defined as

T _
oy 2T~ 2)
t>0 28

(4.9) Pr,(2) =

It is easy to see that X, is a Banach space, i.e., as closed subspace of F,,. By construction we
have that indeed X (A) C X, C F,(A). Next we discuss some properties of this space.

Lemma 4.14. (a) Let (zy,) be a || - ||r, -norm bounded sequence in F, with x, — x € Xq in the
topology 7. Then x € F,.
(b) The triple (Fu,| - ||, TF,) satisfies the conditions in Assumption 4.1.

(¢) X, is bi-closed in F,, i.e., every || - ||r, -bounded an Tr, -convergent sequence in X, has its
limit in X,,.
Proof. (a) The statement follows from the fact that the norm || - || g, is lower semicontinuous for
the topology 7. If
Tt)xn —
T = 2d <

for each n € N, ¢t > 0 and for some M > 0 we can estimate

[T(t)x — || (T(t)x - x) . (T(t)xn - :%)
sup —— =supsupp| ——— ) =supsup lim p(———
t>0 t t>0 peP te t>0 peP N e
gsupsuplimsupH xn —In < M.
t>0 peP n—oo T >0 neN
(b) We have for p € P and « € F, that
p(T )z — x) 1T (t)x — =]
r)=sup————= <sup——— =
pr, (@) t>%)) e - t>g e |
This proves that 7, is coarser than the || - || s, -topology, but is still Hausdorff by construction.

For the second property of Assumption 4.1 let (z,,)nen be a 7 -Cauchy sequence in F, such that



18 CHRISTIAN BUDDE AND BALINT FARKAS

there exists M > 0 with ||z, ||, < M for each n € N. Since 7 is coarser than 75 , we conclude
that (z,) is 7-Cauchy sequence which is also bounded in || - ||F, , hence in || - ||. By assumption
there is € X such that z, — x in 7. By part (a) we obtain & € F,. It remains to prove that
rn — x in 7p,. Let € > 0, and take N € N such that for each n,m € N with n,m > N we have
Pr, (Tp — Tm) <e. Fort >0

Tt)(xn —x) — (Tn —2)\ T(t)(xy — ) — (Tn —
o T ) = o o
for each n > N. Taking the supremum in ¢ > 0 we obtain pp_(x — x,) < ¢ for each n > N.

lim p xm)) <pr, (Tn—xm) <e

m—r o0

The norming property in (4.1) follows again from Remark 4.2 and the fact that the family P is
norming by assumption.

(c) Let (zn)nen be a || - ||F,-bounded and 7, -convergent sequence in X, with limit z € Xy. For

p € P we then have

T(t)(0 — o) — (20 — 2)
tOt

supp( ) — 0.

t>0
Since x,, € X, for each n € N, we have

T t - 4n T t —
hmp(w) —0. and swp HM
t—0 to t>0 te

< 00.

We now conclude for a fixed p € P
Ttr—z\ (TH)(r—2n) = (x — ) + T(t)2n — T4y
p(=5—) =2 )

tOt ta
T t — Ln) — — dn T t n ~— 4n
Sp(()(ﬂc n) = (2 x))+p(()x x)
te (A
T(t)xy — Xy e €
< _ LW0)Tn T € L E
< pr,(z wn)+p( o )<2+2 &
where we first fix n € N such that pr, (z — x,) < §, and then we take § > 0 such that 0 < ¢ < ¢
implies p(iT(t)fZ—w") < 5. O O

The next goal is to verify that (T'(¢));>0 can be restricted to X, to obtain a bi-continuous
semigroup with respect to the topology 7r, .

Lemma 4.15. If (T'(t))i>0 is a bi-continuous semigroup, then X, is invariant under the semi-
group.

Proof. We notice that in order to prove

lim LT =T _
s—0 s«
we only have to check that
T(sp)x —
P(Tlsa)z—2)

«
Sn

for n — oo for every null-sequence (s,)nen in [0,00) and for each p € P. Let z € X,. Then
we have that y,, := % converges to 0 with respect to 7 if (s, )nen is any null-sequence and
n — 0o. Moreover, this gequence (Yn)nen 18 ||-]|-bounded by the assumption that = € X,. Whence
we conclude

7lim T'(t)y, = 7lim Tlsn)T®)z —T(t)e

n— 00 n—o00 3%

so that T(t)z € X,. O O

=0,

We now prove that (T'(t)):>0 is bi-continuous on X, and notice first that the local boundedness
and the semigroup property are trivial.

Lemma 4.16. If (T(t))i>0 is a bi-continuous semigroup on Xo and o € (0,1), then (T(t))i>0 is
strongly Tr, -continuous on X,.
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Proof. We have to show that pg_ (T(t,)x —x) — 0 for all p € P whenever ¢, | 0. Let s,,t, > 0
be with s,,t, — 0. Then

PI(sn)T(tn)z = T(sn)r = T(tn)z + @) _ p(L(tn)T(s0)z = T(tn)r) | p(L(sn)2 — )

<
5n Sn 5%
(4.10) _ p(T(E)(T(sn)z — 7)) | p(T(sn)a —2)
5% 5%
The sequence (y,) given by y,, := T(S’;i,)fﬂ: is || - [|-bounded and T-convergent to 0, because z € X,.

So that the last term in the previous equation (4.10) converges to 0. But since {T'(t,) : n € N} is
bi-equicontinuous, also the first term in (4.10) converges to 0. This proves strong continuity with
respect to Tp_ . 0 (]

Lemma 4.17. Let (T(t))i>0 be a bi-continuous semigroup on Xo. Then (T(t))i>o is locally bi-
equicontinuous on F,.

Proof. Let (z,)nen be a || - |7, -bounded sequence which converges to zero with respect to 75,
and assume that (T'(¢)z,)nen does not converge to zero uniformly for ¢ € [0, ¢o] for some ty > 0.
Hence there exists p € P, § > 0 and a sequence (t,)nen of positive real numbers such that

pr, (T(tn)Ts) > 0
for all n € N. As a consequence there exists a null-sequence (s, )nen in R such that
P(T(50)T (tn) 70 — T (tn)7n)

>0
Sn
for each n € N. Now notice that the sequence (y,)nen defined by y, = W is a 7-null
sequence since
T(sp)xn —x T(s)x, —x
q(T(sn)wy ")Ssupq( (8)Tn n), qcP,
S 5>0 s«

and the term on the right hand side converges to zero as n — oo by assumption. Using the local bi-
equicontinuity of the semigroup (7'(t)):>o with respect to 7, we conclude that T(t)T(S")SinfT(t)z"
converges to zero uniformly for ¢ € [0,to], which is a contradiction. Hence (T'(¢)):>o is locally
bi-equicontinuous on X,. O N O

Remark 4.18. Notice that the local bi-equicontinuity with respect to 7z, holds on the whole
space F,, while strong 77_-continuity holds on X, only. In particular, we will see in Theorem
4.20 that X, is the space of strong 7, -continuity.

We can summarize the previous results in the following theorem.

Theorem 4.19. Let (T'(t))>0 be a bi-continuous semigroup on Xo. Then the restricted operators
T, (t) :==T(t)|x, on X, form a bi-continuous semigroup. Moreover, the generator Aq of (Tw(t))i>o0
is the part of A in X,.

Proof. Because of the previous lemmas it remains to prove that the part of A in X, generates
the restricted semigroup on X,. We can argue as in the proof of the proposition in [11, Chap. II,
Par. 2.3|. Since the embedding X, C X is continuous for the topologies 77, and 7, we conclude
that A, C A|x, . For the converse let C' denote the generator of (T, (t)):>0 and take A € R large
enough such that

R\, O)x = / e MT(s)r ds = R(\, Az, 2 € X,.
0
For x € D(A|x_.) we obtain
=R\ A\ - A)z =R\, C)(\— Az € D(O)

x, € A,. This proves that the part of A in X, generates the restricted semigroup.
O O

and hence A

By similar reasoning as in Lemma 3.5 one can prove the following.
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Theorem 4.20. Let a € (0,1) and let (T'(t))t>0 be a bi-continuous semigroup on X. Then D(A)
is Tp, -bi-dense in X, and

(4.11) Xo={ze€F,: 75, lim T'(t) = z},
i.e., for x € F,, the mapping t — T(t)x is Tp, -continuous if and only if x € X,.

Proof. Denote by Xy cont the right-hand side of (4.11), i.e., the space of 7x, -strong continuity.
Notice that D(A) C X, € X, C X4 cont-

Suppose £ € Xq cont- For each n € N we have

1 1

Ty = n/; T (t)z dt = n/g T(t)x dt € D(A)
0 0

as a 7- and 7p, -convergent Riemann integral. Whence it follows that z,, - x, whereas the |||z, -
boundedness of (2, )nen clear. We conclude that € X, (because X, is bi-closed in F},), implying
Xo.cont € Xo. As a byproduct we also obtain that D(A) is bi-dense in X,,. ] O

Proposition 4.21. For 0 < a < g <1 we have
X1 =D(A) = Fg— X, C X,,

where the embeddings are continuous for the respective norms and for the respective topologies 1,
TFy, TF,- The space D(A) bi-dense in X, and as a consequence Xp is bi-dense in X,

4.3. Characterization of Hoélder spaces by generators. Analogously to Proposition 3.6 we
characterize the Holder space X, by means of the semigroup generator.

Theorem 4.22. Let (T'(t))t>0 be a bi-continuous semigroup with negative growth bound and gen-
erator A. For a € (0,1) we have

(4.12) Xo = {m € Xo: 7lim A“AR(\, A)z =0 and sup [[A*AR(\, A)z| < oo}.
A—00 A>0
Proof. Suppose z € X,. From Proposition 3.6 we deduce immediately
sup [|A*AR(X, A)z|| < 0.
A>0

Let now € > 0 be arbitrary. For z € X, and p € P we can find § > 0 such that 0 < ¢ < ¢ implies
p(T(t)z—x)

Ta < e. Recall the following formula:

A*AR(\, A)x = \>T! / e M(T(s)z — z) ds.
0

From this we deduce

p(A*AR(\, A)z) < )\O‘H/ e e Msa ds

0 Ch
5 [e%S)
— )\OH»l/ ef)\s . p(T(S)I B 1’) s% ds + )\044»1/ ef)\s . p(T(S)l’ B I) s% ds
0 5% 5 s
é )
T —
< )\a+1€/ ef)\ssoz ds+>\o¢+1/ ef)\s . H (5)$ x”ga dS
0 5 5%

0 0o
< )\‘”15/ e s ds + ||| g, AT! / e ™. 5% ds
0 s

Ao [eS)
- 5/ e > dt + H:r||Fa/ e 1t dt
0 Ad

oo

< Le+ ||Z||Fa/ e 't dt
Ao

where L := fooo e 5% ds < co. Notice that the last part of the sum tends to zero if A\ — oo since
d > 0 is fixed. So we obtain T7limy_ oo A*AR(\, A)z = 0.
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For the converse inclusion suppose that 7limy_oc A*AR(A, A)z = 0 and sup, [[A*AR(A, A)z|| <
00, the latter immediately implying ||z r, () < oo (see Proposition 3.6). We have to show that

7lims o % = 0. For A > 0 define 2, = AR(), A) and y) = AR(A, A), then we have
x = AR\, A)x — AR(N\, A)x = ) — yx.
First notice that for p € P

PO =22 o L \R(L, A)e — AR( A)a) <

te B

t
(4.13) / p(T($)AYAR(N, A)x) ds.
0
By assumption the term A*AR(A, A)z is norm-bounded and converges in the topology 7 to zero
as A — oo, hence by the local bi-equicontinuity we conclude that p(T(s)A\*AR(X, A)z) — 0
uniformly for s € [0,1]. Now let € > 0 and Ao > 1 so large that for A > Ag and s € [0, 1] we have
P(T(S)A*AR(N, A)x) <e. If t < )\io, then A := 7 > X\ and we obtain that the expression in (4.13)
becomes smaller than e.
For the estimate of the second part involving y we observe that
(T (t)yx — y») 1

P < (TN AR A)z) + (W AR( A)e).

1

By taking t < )\%} and A :=  we obtain the estimate

Ty — )

(4.14) o < p(T(%))\O‘AR()\, A)x) + pA*AR(N, A)x) < e+e,
by the choice of \g. Altogether we obtain for t < )%O that %Zf_r) < 3¢, showing
i LW
t—0 te
ie., x € X, as required. O O

Remark 4.23. It is possible to define the space X,(A) as in (4.12) also for operators which
are not necessarily generators of bi-continuous semigroups. However, we have to suppose that
the resolvent fulfills certain continuity assumptions with respect to a topology satisfying, say,
Assumption 4.1.

Again, we put our spaces X, in the general context of Theorem 1.15.

Proposition 4.24. For a € (0,1) and A, A and & as in Theorem 1.15 we have

_ , 1Tty -yl . Ty—y _

Finally, we extend the scale of spaces X, to the whole range o € R.
Definition 4.25. For o € R\ Z we write « = m +  with m € Z and § € (0, 1], and define
Xa(A) = Xp(An),

with the corresponding norms. The locally convex topology on X, comes from Xz via the mapping
A,

Remark 4.26. We summarize all previous results in the following diagram

A Aq—1
X1 Xa Xa Fy XO Xo Xafl Xa-—1 Fo-1 X1
X1 Xa Xo Fyo Xo XO ch—l Xa-1 Fo-1 X1




22 CHRISTIAN BUDDE AND BALINT FARKAS

where a € (0,1). Here A,—1 and A, _; are defined to be the part of A_; in X,_; and the part
of A_, in X _,, respectively. They are all continuous with respect to the norms and topologies
on these spaces. In addition, we recall that X,_; and X_,_; are the extrapolation spaces of
Xa(A_1) and X (A_1), respectively. All horizontal arrows represent continuous inclusions, while
the vertical arrows represent the action(s) of the semigroup(s). All the spaces are dense in the
underlined ones containing them, while the spaces with underlining are bi-dense in each of the
bigger ones.

5. EXAMPLES

In this section we present examples for extrapolation and intermediate spaces for (generators
of) bi-continuous semigroups. We will use Theorem 1.15 and its variants to identify the space X,
for a < 0.

5.1. The translation semigroup. Let X; = C,(R) be the space of bounded and continuous
functions on R, equipped with the supremum norm || - ||oc and consider thereon the compact-open
topology 7o generated by the family of seminorms P = {px : K C R compact}, where

pr(f) = Sgg|f($)|7 [ € Cp(R).

The left translation semigroup (T'(t)):>0 defined by
T f(x) = flx+1t), t=0

is bi-continuous on X, with respect to 7.,. The generator A of this semigroup is the first derivative
Af = f’ on the domain (see [20])

D(A)={f € Cu(R): f is differentiable f' € Cp(R)}.
The space of strong continuity is X, = UCp(R), the space of all bounded, uniformly continuous
functions. We use Theorem 1.15 to determine the corresponding extrapolation spaces. To this
purpose let & = 2'(R) be the space of all distributions on R, let A:= D : 2'(R) — 2'(R) be the
distributional derivative, and let i : C,(R) — 2'(R) be the regular embedding. From Theorem
1.15 it then follows that

X ={FeZ'R): F=f—Df for some f € UCL(R)},

X 1={FeZ2'(R): F=f—Df for some f € Cp(R)}.

For the Favard and Holder spaces we have

_ e (@) = ) _ (e
F, = {f € Cph(R): ;L;gRW < 00}— Cp(R),
O . lf@) = fWl _ e
X, = {f € UC,(R) : lim ;;?R T 0}— hi (R).
o<|z—y|<t

Hence F, is the space of bounded a-Hélder-continuous functions and X, with the so-called lit-
tle Holder space h{(R) (see also [23]). The abstract Holder space X, corresponding to the bi-
continuous semigroup yields the local version h{}, (R) of the little Holder space

: [f(z) = f(w)l
b loe = eCt(R): lim sup ——F——"%
b,l {f b( ) 150 v ye K |l‘ o y|a
o<|z—y|<t

=0 for each K CR compact}.

Then X, = hf 1o (R).

It is easy to see X, € X, € F,. The extrapolated Favard class Fy can be identified with
L>®(R). To prove this we argue as follows: We know from the general theory that Fo(T) =
(1 — D)F1(T') where Fy(T) are precisely the bounded Lipschitz functions on R. Now using the
fact that Lip, (R) = W1°°(R) with equivalent norms we obtain that indeed Fy = L*°(R). For an
alternative proof of this fact we refer to [11, Chapter I1.5(b)].
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Moreover, from Corollary 2.9 we obtain for « € (0, 1)
Flp= {f € J'R): F=f—Dfforfe cgja(R)},
and
X o= {f €J'[R): F=f—Dfforfe hg;lgc(R)}.
We summarize this example by the diagram:
Ch(R) < Lip,(R) < hif(R) < h{ ), (R) < C{(R) < UCp(R) < Cp(R) < L™(R)
according to the abstract chain of spaces
Xi—=Fi—=X,—=Xe—=F, =Xy —= Xo— F
for « € (0,1). For the higher order spaces we have

X, :=D(A") = {f € Cp(R) : f is n-times differentiable and (™) € Cb(R)}

- {fer(R): F® e Cp(R), kzl,...,n} = CP(R)
for n € N. For n € N and a € [0, 1)

() (g) — f(n)
Froia= {f € C(R) : sup ) = ) < oo} = CpY(R).
z,yeR |£E - y|a

T#Y

This example complements the corresponding one in Nagel, Nickel, Romanelli [27, Sec. 3.2].

5.2. The multiplication semigroup. Let Q be a locally compact space and Xo = Cp(2). Let
q : © — C be continuous such that sup,cq Re(g(z)) < 0. We define the multiplication operator
Mg : D(Mg) = Cr(Q2) by My f = qf on the maximal domain

D(My) ={f € Co(2) : qf € Cp()}.
This operator generates the semigroup (75(t)):>o defined by
(Ty())(x) = '@ f(z), t>0,2€Q,feCy(Q),

which is bi-continuous on C(2) with respect to the compact-open topology. Now let & = C(Q)
the space of all continuous functions on €, let M, : C(£2) — C(£2) be the multiplication operator
Myf =qf and i: Cp(2) — C(Q) the identical embedding. Then by Theorem 1.15 we obtain

X 1 ={geC(Q): ¢ lge ()}
For a € (0,1), the (abstract) Favard space is
(5.1) Fo={f € Cu(@): l*f € Cul(®)}.
To see this suppose first that f € F,, which means

tq(x) _
s [ @) = @]
t>0 ze te

By taking supremum only for ¢ = m we obtain

()
sup [eTd1 — 1] - | ()] - [q(z)|* < oo,

€N
since
652) €96 (@) — F@)] _ 1) 1] [F(@)llg(a)|*
te lq(z)[te
Hence |q|*f € Cp(€2), so that the inclusion “C” in (5.1) is established. For the converse assume
that |¢|*f € Cp(Q2). Since the function g(z) = ‘CI;_C}' is bounded on the left half-plane, we obtain

that f € F, by (5.2). This proves the equality. We also conclude that F,, = X,, since

etd@) f(2) — f(x
sup |1 (@) = J(@) @) -l e

zeK t

eta(@) _q
tq(x)

zeK
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for each compact set K C 2. The extrapolated Favard spaces are then given by
Foo={feCy(Q): |g' *f € CL()} = X_..

The spaces X, are more difficult to describe in general since the space of strong continuity X,
depends substantially on the choice of ¢q. For example, if % € Co(Q), then Xy = Co(£2). To see
this notice that Co(Q2) C X, trivially. On the other hand

1=|] 174
q
which shows that D(M,) C Co(©2) and hence that X, C Co(2). For « € [0,1] this yields
X, ={f €Co(Q) :q|*f € Co(V)},
and
X o ={af : f € Co(®), gl F € Col)} = {f € C©) < |g] = € Col@)}.
This example extends Section 3.2 in [27] by Nagel, Nickel and Romanelli.

5.3. The Gauf-Weierstra semigroup. On Xy = C,(R?) (d > 1) we consider the Gaufs-
Weierstraff semigroup defined by T'(0) = I and

o) — 1 oy . d
(53 105 = g [ i v 10 vewt

If we equip Cp,(R?) with the compact-open topology 7co, then (T'(t)):>o becomes a bi-continuous
semigroup, and its space of strong continuity is UCy,(R?). From [22, Proposition 2.3.6] we know
that the generator A of this semigroup is given Af = Af on the maximal domain

D(A)={f e C,(RY): AfeCy(RY},
where A is the distributional Laplacian. Now the extrapolation space can again be obtained by
Theorem 1.15. If we take & = 2'(R?), A = A and i : C,(RY) — 2’(R?) the regular embedding,
we then have
X 1 ={Fc2'R?: F=f—Af for some f € C,(R))}.

The domain of the generator can be given explicitly, see, e.g., [22] or [23]. For d =1 it is

D(4) = C}(R),
while for d > 2

D(A) = {f € Cp(RY) N W2P(R?), for all p € [1,00) and Af € Cb(Rd)}.

For a € (0,1) \ {3} the Favard spaces are

Fy= C%a (Rd)’

while for oo = % one obtains

_ z+y
F;:{fer(Rd): sup F )+ W) = 27 (57)] <oo}.
2 z#y |z -y

From Corollary 2.9 it follows that for v € (0,1), a # 3
F, = {F € P'RY): F=f—Af for some f cﬁ“‘“)(Rd)},

and
F

:{FE_@’(Rd): F:f—AfforsomefEF%}.

1
2
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5.4. The left implemented semigroup. Let X, := Z(FE) be the space of bounded linear
operators on a Banach space E. We equip Z(E) with the operator norm and the strong topology
Tstop generated by the family of seminorms P = {p, : = € E} where

p2(B) = ||Bz|, BeZ(E).
Let (S(t))t>0 be a Cy-semigroup with negative growth bound on the Banach space E. The
semigroup (U(t))¢>0 on Xy defined by
Ut)B=S({t)B, Be Xy, t>0,

is called the semigroup left implemented by (S(t)):>0. Note that (U(t)):>o still has negative growth
bound and is a bi-continuous semigroup. We determine the intermediate and extrapolation spaces
for this semigroup. We can write

uit)b - B S(t)B - B
I Bl £ ) —5upw zsupw

te t>0 te
S(t)Bx — B S(t B
— sup sup 12WBz =Bl o 188 Bz — Bell sup |Balr, sy
>0 ||z <1 te 2| <1 ¢>0 e ]| <

From this we conclude the following.

Proposition 5.1. Let (UL(t))i>0 be the semigroup which is left implemented by (S(t))i>0. Then
Fo,(U)=ZL(E,F,(S)) foraec(0,1]

with the same norms.

From the definition we obtain that

XJWZ{BEX@Uwﬁm%£E;£:

t—0 t™

0, [1Bllr.a < oo}

Bx — B
:{Beof lim IS(t) Bz zl =0 for alleE},
t—0 te
t)B — B
:{B MngLL————:O}
t—0 te

Proposition 5.2. Let (U(t));>0 be the semigroup which is left implemented by (S(t))i>0. Then
Xa(u) = X(EvXa(S))
with the same norms.

We now turn to the extrapolation spaces. For the Cy-semigroup (U(t));>o0 on the space X,
these have been studied by Alber in [2|. He has shown that the generator G of (U(¢)):>0 is given
by

gV =A_,V
on
DG ={VeZE): A VeZE))},
where A_; denotes the generator of the extrapolated Cy-semigroup (S_1(t))¢>0 on E_;. The
extrapolation spaces X_; and X _; can now be obtained by Theorem 1.15. For that let

& = {S :E — FE_ : linear and continuous},

where E_ , is the universal extrapolation space of (S(t));>0 (see the paragraph preceding Theorem
1.15), and let i : Z(F) — & be the identity. Consider the operator-valued multiplication operator

AV =A_V, VEE,

where A_z = A_(,,_w for x € E_,,. Notice that A — A : Xy — & is injective for A > 0 since
A_ o, and A_; coincide on E. Hence by applying Theorem 1.15 we obtain

X ={AV: VeZE)}

and
X_1:{A—1V: VEXO}.
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From this we conclude that

Xy ={Ve2(BE): 3(Va)en C Z(E) with V,, — V strongly } = ZEy e B,

Since for any C € Z(E, E_1) we have nR(n,A_1)C € Z(F) and nR(n,A_1)C — C strongly as
n — 0o, we obtain

X_1=Z(E,E_,).
For X _; we have:

X, ={VeLEEL): IAVanen C L(E) with V,, >V in L(E,E_)} = ZE) Y,

This last statement is a result of Alber, see [2], which we could recover as a simple consequence of
the abstract techniques described in this paper. Finally, we obtain by Corollary 2.9 and Remark
4.26 that for a € [0,1)

F_,(U)=A1Z(E,F1_,(59)) =Z(E,F_,(9))
and

X o) = AL L(E, X1_a(S)) = Z(E, X_o(S)).
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