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We establish a new method for obtaining non-convex spectral enclosures for operators
associated with second order differential equations Z(t) + Dz(t) + Apz(t) = 0 in a Hilbert
space. In particular, we succeed in establishing the existence of a spectral gap which is
the first result of this kind since the seminal results of Krein and Langer for oscillations of
damped systems. While the latter and other spectral bounds are confined to dampings D
that are symmetric and dominated by A, we allow for accretive D of equal strength as Ag.
To achieve these results we prove new abstract spectral inclusion results that are much more
powerful than classical numerical range bounds. Two different applications, small transverse
oscillations of a horizontal pipe carrying a steady-state flow of an ideal incompressible fluid
and wave equations with strong (viscoelastic and frictional) damping, illustrate that our new

bounds are explicit.
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1 Introduction

The mathematical analysis of abstract second order Cauchy problems has been a vital field
of research over the last decades. In fact, many linear stability problems in applications, in
particular in elasticity theory and hydromechanics, are modeled by second order differential

equations of the form
5(t) + D3(t) + Agz(t) = 0 (1)

in a Hilbert space H, where Ag is a self-adjoint and uniformly positive operator in H and
D is a linear operator in H representing e.g. the damping of the underlying system, see e.g.
1 1

[30, 31, 13, 10]. Here we consider the case that A(; 5DA(; 2 is bounded and accretive. Both Ag
and D may be unbounded, D may be equally strong as Ay and need not be self-adjoint, and for
some results, D need not even be sectorial.

By means of the standard substitution z = (2, )", the second order differential equation (1)
is equivalent to a first-order system

i(t) = Ax(t) (2)

1

in a suitably defined prodl%ct Hilbert space. More precisely, if we equip the space H 1= D(A3)

with the graph norm of A2, then the operator A: D(A) C H1 x H — H1 x H associated with
2 2

(1) is defined as

0 1

A= [ ~Ay —-D

], 'D(A):{[Z:|GH;XH;’A()Z—FD’LUEH}. (3)

Under stronger assumptions on the damping operator D such as self-adjointness and/or
stronger relative boundedness, operators of this form and applications in elasticity theory or
hydromechanics have been studied intensively in the literature for more than 20 years, see
e.g. [3,4,7, 8,9, 21, 22, 24, 25, 26, 27, 32, 39, 42, 43]. In particular, it was proved that A
is boundedly invertible, has spectrum in the closed left half-plane, and generates a strongly
continuous semigroup of contractions on H 1% H, see e.g. [42, Proposition 5.1]. Another widely

studied special case is proportional damping D = dAg with 6 € [%, 1] and d > 0 in view of

corresponding semi- or non-linear strongly damped wave equations, see e.g. [10, 6] and the
references therein.

Another example for a differential equation (1) and corresponding operator A are abstract
Klein-Gordon equations originating in quantum mechanics, see e.g. [38] and the references
therein. In this case Ay has the form Ag = Hy — V2 and D = 2V where Hj is a self-adjoint
uniformly positive operator, e.g. —A+mc? on R™ with particle mass m > 0, and V is a symmet-

ric operator such that VH, ? is bounded. By means of indefinite inner product methods, the
spectrum of A was analyzed and criteria on D were found ensuring that A generates a group of
bounded unitary operators in a Pontryagin space in [37].

The aim of this paper is to establish new enclosures for the spectrum of the operator A
in (3) under rather weak assumptions on the damping operator D, allowing it to be as strong
as Ag so that even very general perturbation results such as [12] do not apply. To this end,
we do not only use the classical numerical range W (A) of A, but also the so-called quadratic
numerical range W?(A). The latter was introduced in 1998 for operator matrices with bounded
off-diagonal entries in [36], shortly after studied in great detail for bounded operator matrices in
[34, 35], and in 2009 generalized to diagonally dominant and off-diagonally dominant operator
matrices in [40]. Unlike the numerical range, the quadratic numerical range is not convex: it



may consist of two components which need not be convex either. Since the quadratic numerical
range is always contained in the numerical range, see [41], it may give tighter spectral enclosures.

We show that this is indeed always the case here, for uniformly accretive, for sectorial and
even for self-adjoint damping operator D (see Figures 1-12 below).

If D is only assumed to be uniformly accretive relative to Ag in H (and hence uniformly
accretive in H) and no information on the imaginary part of W (D) is available, then the nu-
merical range W (A) cannot provide a better spectral enclosure than the left half-plane since
it is convex and contains the numerical ranges of the diagonal elements D and 0 of A. The
quadratic numerical range W?(A) yields a non-convex enclosing set to the left of the imaginary
axis and, under a certain additional condition, it provides a vertical strip free of spectrum, see
Theorem 6.1.

If D is assumed to be sectorial with angle < 7 and uniformly accretive in H, then the
quadratic numerical range W?2(A) always yields an enclosure with corner at 0, whereas the
numerical range W (.A) may still be a half-plane; if D is uniformly accretive relative to Ay in H,
the former is even contained in a sector, while the latter only gives a parabolic enclosure, see
Theorem 6.2 and Proposition 3.8. In fact, it was proved in [35] for the bounded case that, while
every corner of the numerical range must belong to the spectrum o(A), corners of the quadratic
numerical range may also belong to the spectrum of a diagonal entry of A. Here 0 ¢ o(A), but
0 belongs to both numerical range and quadratic numerical range; hence 0 cannot be a corner
of W(A), but 0 may be, and indeed is, a corner of W?2(A) since it belongs to the spectrum of
the zero operator on the diagonal of A.

Even for self-adjoint D, the difference between numerical range and quadratic numerical
range is substantial. Whereas the imaginary part of the numerical range is always unbounded
if Agp is unbounded, the quadratic numerical range may have bounded imaginary part, may be
partly confined to the negative real axis or may even be entirely real, see Theorem 7.2! In the
latter case, under a certain additional condition, it may even consist of two disjoint real intervals.

There are two key problems we have to solve before we can take advantage of the quadratic
numerical range. Firstly, the operator A in (3) is not an operator matrix itself since its domain
does not decompose according to the decomposition H 1 X H of the space in which A acts; in
fact, A is merely the closure of the operator matrix A|g, xm, and only the quadratic numerical
range of A|pg, «m, is defined. Secondly, the operator matrix A|g, x g, with its three unbounded
entries [ : H - H 1 Ag - H 1= H, and D : H — H, is neither diagonally dominant nor
off-diagonally dommant in fact in the first column the stronger entry is the off-diagonal Ay,
while in the second column the stronger entry is the diagonal D.

Our first main result is the so-called spectral inclusion property of the quadratic numerical
range, i.e. the set of inclusions

UP(A‘H1><H1) - W2(A|H1><H1)’ UGP(A|H1><H1) - WZ(A|H1><H1)7
UP(A) - WQ(A|H1><H1)7 UGP(A) - W2(~A|H1><H1)7
for the point and approximate point spectrum of A|g, xm, and A, respectively. As usual, one

has to require the existence of at least one point of the resolvent set p(.A) in each component of
C\ W?2(A|g, xm,) to obtain the full chain of spectral enclosures

o(A) C W2( Ay xam,) C W(A). (4)

Although neither the numerical range nor the quadratic numerical range may be determined
precisely, analytic estimates for either of them provide bounds for the spectrum via the en-
closures (4). We derive an estimate for W(.A) and a series of estimates for W?2(A|y,xp,) in




terms of various constants relating the “real part” of the operator D to Ay and, if D is sectorial
with angle < 7, in terms of its sectoriality angle. In all cases, the quadratic numerical range
yields tighter bounds than the numerical range since it allows for finer estimates. Moreover, we
compare all the obtained estimates for W?2(A| g, x g, ) and combine them to further improve the
enclosure for the spectrum.

Two different applications show the wide applicability and power of our new spectral bounds.
The first example is a wave equation in a bounded domain 2 C R™ with viscoelastic and frictional
damping subject to Dirichlet conditions on 02, where

A=A, D=—-dA+V

with d > 0 and ess inf ReV > 0 and certain minimal conditions on V; in particular, neither
symmetry nor sectoriality are assumed. Secondly, we consider an operator of the form (3) arising
in the investigation of small transverse oscillations of a pipe carrying steady-state flow of an ideal
incompressible fluid. The corresponding second order equation (1) is of the form

Pu 0% [ 0%u Pu 0%u

57 * o P + O | * Koy = T, >0, ©)

where u(r, t) denotes the transverse oscillation at time ¢ and position r, and E, C, K are positive
physical constants. Here both operator coefficients Ay = g;E 82 and D = 87,2(7 82 + K2 Iy in
L?(0,1) with appropriate domains are fourth order differential operators and hence have the same
strength. Both applications demonstrate that all constants involved in our abstract results may
be analytically estimated. In particular, in both cases we derive thresholds for the damping
constants at which a spectral free strip opens up (see Figures 10-12 below), a phenomenon that
could not be captured so far for non-symmetric damping.

Throughout this paper we use the following notation. For a closable densely defined linear
operator S in some Banach space X we denote by p(S) the resolvent set, by o,(S) the point
spectrum, and by o, (S) the approximate point spectrum, i.e. the set of all A € C for which there
is a sequence (T, )nen in D(S) such that

[znll =1, (S =Nan] =0, n = o0,

see e.g. [14, p. 242]. Clearly, the point spectrum is a subset of the approximate point spectrum;
moreover, the boundary of the spectrum o (S) belongs to 0,4,(S), see e.g. [14, Proposition 1.10].

2 Operator framework

In this section, we rigorously introduce the operator A4 in (3) associated with the second order dif-
ferential equation (1). Throughout this paper H is a Hilbert space and we assume the following.

(A1) The operator Ay : D(Ag) C H — H is a self-adjoint and uniformly positive linear
operator on H such that 0 is in the resolvent set of Ajg.

Assumption (A1) allows us to introduce Hilbert spaces H1 and H_1 by means of Ay as follows.
2 2

We define
H

1
2

1 1
= DA, -y o= 114G - 1,



and we set H 1:= HY, where the duality is taken with respect to the pivot space H; in other

2 2
words, H_1 is the completion of H with respect to

: 1
=ty = 1149 * 2llar-
If we further define Hy := D(Ap) with the norm || - ||z, := || 4o - ||, then Ay may be viewed as
a bounded operator Ay : H; — H and extends to a bounded operator Ay : H1 — H_1; in both
2 2
cases we keep the notation Ag.
If we denote the inner product on H by (-,-) g or (-,-) and the duality pairing on H

by (-,-Ym | xH,, then, for (z’,z)—r € Hx H,
-2 2 2

x H

D=

1
2

<Z/7 Z)Hi% XH% = <Z/, Z)H-

(A2) The (damping) operator D : H 1= H_1 is bounded and the (bounded) operator
1 1

Ay 2DA,? is accretive in H, i.e.

1
2

Re(Dz,2)g , xm, >0, z€ Hi.
T2 2 2
(A3) The operator D maps the space H; = D(Ay) into H.

Example 2.1 (Wave equation with strong damping). We consider a wave equation subject to
viscoelastic and frictional damping on a domain {2 C R", where either 2 = R" or (2 is bounded
and has C?-boundary; in the latter case we impose Dirichlet conditions on 9, cf. [16, (1.2)],
[17, (GM), p. 1]. More precisely, let

Ag=-A+b, D=-dA+V

with b € L*°(Q,R) such that ess infb > 0 if Q& = R"™ and ess infb > 0 if © is bounded, visco-
elastic damping constant d > 0, and frictional damping V' such that ess inf Re V' > 0 and, for
dimension n > 5, V = Vi + 1h € LQ/Q(Q,C) + L>®(Q,C). Note that, with LY, p € [1,00),
denoting the weak LP-space, a sufficient condition for the latter is V € L%, (Q, C)+L>®(Q, C) for
p > %. In this situation H = L*(Q,C), H1 = Hy(Q,C), H; = H*(Q,C) N H1 (due to elliptic
boundary regularity) and H7% =HYQ, (C)2 ’

Clearly, Ay satisfies (Al). If Q@ = R", then [29, Corollary 2.11] implies (A2) and (A3).
Indeed, choosing o = 1 in [29, Corollary 2.11] and noting |V;|*/? € L2 (R",R), one finds that
Vi|'/? . HY(R*,C) — L?*(R™,C) is a bounded multiplication operator and hence so is Vi =
Vi|Y/? - sgnVy - |[V4|Y/2 © HY(R"™,C) — H~Y(R",C), i.e. (A2) holds; the choice @ = 2 in [29,
Corollary 2.11] yields (A3). If  is bounded with C?-boundary, (A2) and (A3) follow from the
above considerations since {2 has the extension property.

For dimension n < 4, [29] is not applicable. In this case we have to assume more restrictively
that V4 € L?(Q,C) if n < 3 and V; € L?*T¢(Q,C) for some € € (0,1) if n = 4. Then (A2) and
(A3) follow from well-known Sobolev embeddings for H!(Q2,C) and H?(Q2, C), cf. [15, Section 2].

Remark 2.2. (a) Note that, by the closed graph theorem, (A3) implies that D is a bounded
operator from H; to H.
(b) The bounded operator D : Hi — H_1 has H; as a core. If we view D as an operator in

H with domain Hy, then it is densel; defined and accretive by (A2), (A3),
W(D):={(Dg,g9) | g € Hy, [lg| =1} c {2 € C|Rez > 0},

hence closable by [28, Theorem V.3.2]. In the following, we use the notation D for both operators.



In the product Hilbert space H 1 X H we now consider the operator A : D(A) C H 1 H—
Hi x H given by
2

A:[_O ! ] D(A):{[Z]eHéxH;|Aoz+DweH}. (6)

Proposition 2.3. The operator A is closed with bounded inverse given by

[ =AgtD —A?
A= TP ©

in H1 x H, A generates a Cy-semigroup of contractions, and Hy X Hy is a core of A, i.e.
2

A|H1><H1 = A.
Moreover, A is bounded if and only if Ay is a bounded operator in H.

Proof. The formula (7) for the inverse of A is easy to check; it is also easy to see that all entries
therein are bounded operators between the respective Hilbert spaces. Hence A is a closed
operator. The semigroup property was shown e.g. in [19].

By (A3), we have H; x Hy C D(A). Hence A|pg,xu, C A since A is a closed operator.
Thus it remains to be shown that A C A|g,xm,- Let (z,w)" € D(A), ie. z,w € Hi and

f:=Apz+ Dw € H. Since H; is dense in H%, there exists a sequence (wp)nen in Hi Squl that
Wy —> W, N—> 00, in H% If we define z,, := Aalf — AalDwn € Hi, n € N, then z, — 2z, n — 00,
in H, and Agz, + Dw, = f in H. This shows that (z,,w,)" € D(A) and (A(zn, wn)T)
(wn, 2—f)T converges in H% x H.

) Clearly, if A is bounded in H 1 X H, then so is Ay : H 1= H. This is equivalent to

Ag : H — H being bounded which implies that Ay is bounded in H. Vice versa, the boundedness
of Ay implies that D(Ap) = H and H1 = H = H_1 with all norms being equivalent. Then also
2 2

the entries [ : H — Hi1 and D : H — H in A are bounded and hence so is A. O
2

neN

Remark 2.4. Proposition 2.3 implies that o(.A) is contained in the closed left half-plane and that
0 € p(A). However, otherwise the spectrum of A may be quite arbitrary, see [25, Example 3.2].

In the following sections we will establish new, tighter enclosures for the spectrum of A in
terms of its entries Ay and D; particular attention will be paid to the case of sectorial and
self-adjoint damping operator D.

3 The numerical range of A

In this section we investigate the numerical range of the operator A in (6), which is defined as
W(A) = {<Ax,x>H%xH | € D(A), ||z]| =1}.

By the Toeplitz-Hausdorff Theorem, W (A) is always a convex subset of C, see [28, Theo-
rem V.3.1], and it has the so-called spectral inclusion property

ap(A) CW(A),  aap(A) C W(A). (8)



Since A is unbounded in general, additional assumptions are needed to ensure o(A) C W(A): if

a component {2 of C\ W(A) contains a point of p(.A), then Q C p(A), see [28, Theorem V.3.2].

The following constants will play an important role throughout this paper, see also [25, 26]:

Re(Dz,2)n | xH,
2

= lnf 2 E 07007
e P
Re(Dz,2)n | xH,
/YO = Sup 2 2 2 € [0700]7
seH \{0} (]
9
Re<DZ,Z>H7%><H% )
60 = 1nf E 0,00 9
o T, C )
2
Re(Dz,2)n | xH,
= inf 2—2 €[0,00).
e oy [lellllelly

By (A1), the operator Ay is uniformly positive, i.e. there exists a constant ag > 0 such that
(Apz, 2) > a3|z||? for z € D(Ap). In other words,

1
HZHH% = [l4g 2]l = aollzll, =z € Hi; (10)
_1
note that one may choose ayp = (min O'(AQ))% = ||4,°? H_l. Altogether, we have the following
estimates between the constants in (9):
1d > Bodo, Yo > Bo > aopo,  fio > aodo. (11)

Note that Sy > 0 means that D is uniformly accretive as an operator in H with domain Hj,
ReW (D) > 3, while §p > 0 means that D is uniformly accretive relative to Ag in H, i.e. the
numerical range of the linear operator pencil L in H, cf. [35], given by L(\) := D — A\Ay,
D(L(N\)) = Hy, \eC, satisfies Re W (L) > 9. Note that both pg > 0 and dy > 0 imply Sy > 0.

The following simple observations will be useful in the following.

Remark 3.1. (i) In the definition (9) of By, 70, do, po, the infimum and supremum, respec-
tively, may equivalently be taken over z € H;\ {0} since H is a core for D, see Remark 2.2.

(ii) In applications the explicit values of [y, o and d9 may not be known but only lower
bounds, see Example 8.1. All the following spectral enclosures are therefore formulated in
terms of (non-negative) bounds 5 < Sy, u < pp and 6 < dg, respectively; in each case, the
best enclosures are obtained for 8 = 8y, p = o and § = dg.

Lemma 3.2. If y9 < 0o and puo > 0, then Ag is a bounded operator in H with || Apl|| < Z—‘z; the
same holds if yo < 0o and §p > 0. 0

Proof. By definition of g, we have Re(Dz,z) > pol|z||||z]|z, for all z € Hy \ {0} and hence,
because vy < oo and pg > 0, 2
1 Re(Dz, 2)
po  |lz[1?

note that 6y > 0 implies po > 0 by (11). O

3 Y0
145 |l = Nzl < 2]l < —=Il=[I;
2 Ho



Remark 3.3. We have A € W (A) if and only if there is (f,g)" € D(A), 1£1%, +lgll* = 1, with
2

A= <|: —?40 —Il) :| |: g :| ’ |: £ :|>H1><H: <g7f>H% - <A0f+Dgag>H7%><H%

=9, g, —(Aof,9)m_

1 1
= —2iIm(AZ f, A2 g) — (Dg,g)n_

(12)

«H, —(D9,9)H | xH

S
S

1 1
2 2

ol

xXHiq -

[N
ol

Proposition 3.4. (i) The numerical range W (A) of A is contained in the closed left half-
plane and

W(—D)U {0} C W(A). (13)

(ii) The real part Re W (A) satisfies
inf (ReW(A)) = —y, max(ReW(A))=0; (14)
in particular, Re W (A) is bounded if and only if yo < 0.

(iii) The imaginary part Im W (A) is bounded if and only if Ay is a bounded operator in H ; in
this case, also D is bounded and

1
[Im W (A)| < [|AG || + [[Tm D]|.

Proof. (i) By Remark 3.3, assumption (A2) ensures that W(.A) is contained in the closed left
half-plane.

If we choose g =0 and f € Hy with ||f||g, =1, then (f,0)" € D(A) and Remark 3.3 shows
that 0 € W(A). If we choose f =0 and g € waith llgll =1, then (0,9)" € D(A) and Remark 3.3
shows that —(Dg, g) € W(A).

(ii) The second equality in (14) is immediate from (i). The inclusion (13) implies that
inf (ReW(A)) < —v, cf. Remark 3.1; the opposite inequality follows since for A € W (A), by
Remark 3.3, there exists g € H% with ||g|| < 1 such that either A =0 > —~g if g = 0 or else, if
970,

Re(Dz, Z>H_% XH%

> —  sup = —.
1911 seHy\{0} |22

Re<Dgug>H_l xHq
Rex = g i

(iii) If Ap is a bounded operator in H, then A is a bounded operator in H:1 x H by Propo-
2

sition 2.3 and so W (A) is bounded. . )

Vice versa, suppose that Ay, and hence A¢, is unbounded. Thenl, since Hj is a core for AZ,
there exists a sequence (gn)nen in Hy with [|g,| = % such that (A gn, gn) — o0, n — oo. For
n € N, we set )

iA)°gn if Im(Dgp,gn) =0,
o= iM Ay %gn otherwise.
[Im(Dgn, gn)|

Obviously, || full7;, + llgnll* = 1 and, by (A3), (fa,gn)" € Hi x Hy C D(A). From Remark 3.3

we deduce 2

ful | fn _( I\ Im(Dgn, gn)
(AR [2]) = (<2t Ak 1D, g) B,

8



if Im(Dgy,, gn) # 0 and

In| |fn _ 3
Im< [9} [9n]>Hle_ 2<9ongn>

if Im(Dgy, gn) = 0, which shows that the imaginary part of W (.A) is unbounded.
The last claim follows from Remark 3.3 if we use that Ag bounded implies D bounded and

that in (12) we can estimate [2(A3 f. A3 g)| < 2HfPHHfHJLIl lgll < ”A2H(Hf”H1 +1gl2) = 1431
and [Im(Dg, g)r_,m, | < [Tm Dllflg||* < [Im D 0

The following example shows that the numerical range W (.A) may indeed fill the entire closed
left half-plane.

Example 3.5. Let H = ¢?(N), N = {1,2,...}. The operator
D(Ao) := {(zn)nen € L(N) | (np)nen € £2(N)},
AO(xn)neN = (nxn)nel\h (xn)nEN € D(Ao),

satisfies (A1) and H% = {(zn)nen € C(N) | (Vnan)nen € £2(N)}. Then the operator

Dealner = ((1+ (=1)")nza) s (@n)ner € Hy |

satisfies (A2) and (A3). As usual, we denote by e; := (J;5)ien, j € N, the sequence of unit vectors
in /2(N). Then, clearly W(—D) = (—oc0,0] and hence (—o0,0] C W (A) by (13). Moreover, for

n €N,
1

1 1 co—1
1272(2n 4+ 1)"2 ezpqa ||, = [+i272 eon1ll = —=,
2

3

1
\/i 9
and, by (12) since Degy, 41 = 0,

1 1
275(2n + 1)75 €on+1
A oL
+i27 2 €on+1 HyxH
2
+i

= Woresi <\/2n+ leopt1, V2n + 1€2n+1> = (£i)Vv2n+1 — Zico, n — oo.
n

Altogether, the convexity of W (A), see e.g. [28, Theorem V.3.1], implies that W (.A) is the entire
closed left half-plane,

1 1
272 (271 + 1)75 €2n+1
+i22 €2n+1 ’

W(A) = {\ € C | Re < 0}.

Due to the spectral inclusion property (8), estimates for the numerical range yield estimates
for the approximate point spectrum. For the spectrum of A, we obtain the following.

Corollary 3.6. The spectrum of A satisfies the following inclusions:
(i) o(A) C {z € C\ {0} | Rez < 0};
(ii) if y0 <oo and there is A € p(A) with ReAg < —70, then 0(A) C {z€C\{0}| -0 <Rez<0};

(iii) of v0 < o0 and py > 0, then o(A) C {z € C\{0} | =70 < Rez <0, |Imz| < %+||ImDH},
0

and the same inclusion holds if vo < oo and dg > 0.



Proof. By Proposition 2.3, we know 0 ¢ o(A). Thus, by Proposition 3.4 and Lemma 3.2, in all

claims it suffices to prove that o(A) C W(A). As W(A) is convex, the set C\ W (A) consists
of one or two components. By [28, Theorem V.3.2], if a component Q of C\ W(A) contains a
point \g € p(A), then Q C p(A). Since 0 € p(A) by Proposition 2.3 and p(.A) is open, we always
have {z € C | Rez > 0} Np(A) # 0 and thus (i) follows. The assumption in (ii) ensures that also
{z€ C|Rez < =y} Np(A) # (. By Lemma 3.2 the assumptions in (iii) guarantee that A is

bounded which implies that o(A) C W(A) and hence the claim follows. O

Remark 3.7. Corollary 3.6 provides an alternative proof for the fact that o(.A) is contained in
the closed left half-plane, see Remark 2.4.

If the operator D has some sectoriality property, then the numerical range of A is contained
in some parabolic region, as the following result shows. We point out that the numerical range
cannot lie in a sector with corner 0: recall from Proposition 3.4 (i) that 0 € W(A). Thus 0 being
a corner of W(A) would imply 0 € o(A), cf. [35], a contradiction to Proposition 2.3.

Proposition 3.8. Assume there exists k > 0 such that
Im(Dz, z)| < kRe(Dz,z), z¢€ Hj. (15)
If 69 > 0, then, for every § € (0, do],

g(A)Cc W(A) C {)\ € C| —y <ReX <0, |ImA| < k|ReA| + 2\/%\Re)\| } (16)

where § = &g gives the best enclosure.

Proof. Proposition 3.4 (ii) implies W (A) C {A € C| —y < ReX < 0}. By Remark 3.3, we have
A € W(A) if and only if there exists (f,g)" € D(A) with 11, + llgll* = 1 such that
2

RGA: _Re<Dgag>H7%><H%7 (17)

Im\ = —2Tm(f, g)py, — Im<D979>H_%xH%- (18)

NI

If 6o >0 and & € (0,4, then [|g||3;, < sRe(Dg, g9)u
2
and (18), we find

xH, - Using this estimate, ||f|/x, <1, (17)
2

N

_1
2

1
< 2\/5Re<Dg,g>H%xHé +kRe(Dg,9)u ,xH

1
= 24/ 5[Red| + k[Re),

which proves the inclusion for W (A) in (16). This and the convexity of the set W (.A) ensures
that the complement C\ W (A) has only one component, in both cases 9 = co and vy < oc.

Now the inclusion o(A) C W(A) in (16) follows from [28, Theorem V.3.2] in the same way as
the inclusion in Corollary 3.6 since we know 0 € p(A). O

[N
Nl

Remark 3.9. Note that the condition dy > 0 implies that assumption (15) is satisfied for some
k > 0 but not vice versa, cf. 26, Lemma 4.1]. In fact, if we denote the norm of D : H1 — H_
2

N[

11
1= ||A, DA, ?|| and use the definition of Jy in (9), we see that

2

by D3 -
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2 2 2 2
(Re<Dzvz>H7%><H%) + (Im<DzaZ>H7%XH%) = ‘(DzaZ>H%XH7%‘ < (HD”%,—%HHZHQ%)
IDI3 _, 2
S T(RG<DZ7Z>H_%XH%) .
) 1Dl _1
This shows that 22 >1 and

0o

[

IDIR s 3
Im(Dz, 2)p | xm, | < (22 - 1) Re(Dz,2)p

9 xHy -
2 2 60

[N
[N

4 The quadratic numerical range (QNR) of A

In this section we establish new spectral enclosures for the operator A in (6) by means of the
so-called quadratic numerical range. The latter is defined for operators in a product Hilbert
space Hi X Ho that admit a matrix representation with respect to some decomposition of the
space, i.e. that have a domain of the form D; x D,y with dense subspaces D; of H;, i = 1, 2.

In general, such a decomposition of the domain of the operator A in (6) requires stronger
assumptions on D; e.g. if D maps H1 even into H, then D(A) = H; X H% Under the weaker

2

assumptions (A2), (A3), HixH; C D(A) is a core of A by Proposition 2.3 and so the quadratic
numerical range of the restriction A|g, x, is defined as follows, see [41, Definition 2.5.1].

Definition 4.1. For (f,g9)" € Hy x H; C D(A), f,g # 0, let

<gvf>Hl
S V3 P P
H,y |19
A g = 2 € M,(C).
Fo _ (Aof9)  (Dg.9)
1f 1y llgll lgl?
The set of all eigenvalues of all these 2x2 matrices Ay g,
W2<-A‘H1><H1) = U UP('Aﬂg) = U JP(Af@)v
(f,9) "€ HixHi, (f,9)T € HixHy,
f.9#0 ||f||H%=HgH=1

is called the quadratic numerical range of the operator matrix A| g, x p, in H% x H.

Remark 4.2. The following equivalent description of W?2(A|y, x, ) is useful, see [41, Proposi-
tion 1.1.3]. For (f,g)" € Hy x Hy with f,g # 0, set

(Dg, g) |<f,9>H%|2

+ (19)
lgll® [1f13, llgl?
2

A(f g:A) = HfHJZLI% lgll* det(Afgy—X) = HfH%I% lgl® { A%+ A

Then
W2(Al gy xm) = {N€ C|3(f,9)" € HixHi, f,g#0:A(f,g:\) =0} (20)

The quadratic numerical range is either connected or consists of two components; thus it is
in general not convex, and even its components need not be so (see e.g. [34], [41, p. 4/5]).

An important property of the quadratic numerical range is that it is always contained in the
numerical range. Together with Proposition 3.4, we obtain:

11



Proposition 4.3.
W2(.A|H1><H1) C W(A|gyxm,) CW(A) C{z€C|—y <Rez<0}.

Proof. The first inclusion was proved in [41, Theorem 2.5.3], the second one is obvious, and the
third one was shown in Proposition 3.4 (ii). O

In general, the quadratic numerical range may be considerably smaller than the numerical
range. The next proposition shows that the extreme points of their real parts are the same.

Proposition 4.4. If dim H > 1, then
W(=D)U{0} € W*(Alm, ) N W (A) (21)

and hence
inf(Re W?(Alg, xm,)) = =0, max(Re W?(A|p,xm,)) = 0. (22)

Proof. Since dim H1,dim H > 1, the numerical ranges of the diagonal elements of A|g, x i, , i.€.
2

of the zero operator 0 in H1 and of D : H — H with D(D) = Hj, are contained in W2(A|g, x i, )

2
by [41, Theorem 2.5.4]. This together with Proposition 3.4 (i) proves (21).
The claims in (22) follow from (21), Proposition 4.3 and Proposition 3.4 (ii). O

5 The spectral inclusion property of the QNR

In this section we establish the spectral inclusion property of W?2(A|g, xz,) under our standard
assumptions (A1)—(A3). To obtain inclusions for the spectrum of A, we use that A = A|m, «
by Proposition 2.3 and hence, see e.g. [41, Lemma 2.5.16],

op(A) C oap( Al xm, ),  Tap(A) = Oap( Al < )- (23)
Theorem 5.1. We have
UP('A’H1><H1) C WQ(A’H1><H1)7 UGP(A’H1><H1) C WZ(A‘H1><H1)7 (24)
and hence
op(A) C W2( Al xemy ) oap(A) C W2(Al g sy )- (25)

Proof. 1t suffices to prove the inclusions (24); the inclusions (25) follow from (24) by means
of (23).

The inclusion of the point spectrum in (24) was proved in [41, Theorem 2.5.9]. To prove
the inclusion of the approximate point spectrum, let A\ € o4, (A|H, xH,) = 0ap(A). Then, by
Proposition 2.3, A # 0, ReA < 0, and there exists a sequence ((fn, gn) " Jnen in Hy x Hy with

| I e
Inl g, x1 nreo Inl g, xH1
2 2
Then we have
anHQHl + HgnH2 =1 (26)
and ’
HAOfn“‘Dgn"')‘gnH — 0, n—oo. (28)

12



Without loss of generality, we may assume that
I T 2
a:= B | fall,
exists. Then b := lim, o0 ||gn|> = 1 —a, by (26). If a = 0, then (27) and (10) imply that b = 0,

a contradiction to b = 1 — a. Hence we have a > 0.
Now we consider the sequence of polynomials

_Z<fn7fn>H1 <gn’fn>H% , z€C, neN. (29)

A(fn, gn; z) = det 2
—(Aofn,gn)  —(Dgn, gn) — 2(gns gn)

By (27) we obtain
lim (gn, fn)r, = lm (Afy, fu)o, = Aa. (30)
n—00 3 n—00 5

It follows that lim,, oo (Ao fn, gn) = Aa. Note that (g, )nen is bounded in H by (26). Thus, using
(28) and the definitions of a, b, we deduce that

li_)rn (Dgn, gn) = — li_>m (Ao fn + Agny gn) = —Aa — Ab. (31)

Then, by (29), (30) and (31), it follows that

— A
A(fny gn; z) — det 4 “

_ =:A
“Xa Xa+Mb—zb (2), n =00,

uniformly for z in compact subsets of C. It is easy to see that A(\) =0 and A # 0 since Aa # 0.
Hence, by Hurwitz’ theorem (see e.g. [11, Theorem VII.2.5]), for every € > 0 there exists N € N
with the property that, for n > N, the quadratic polynomial A(f,,gn;2) has a zero z,; € C
with 2,1 — A| < €. Since 2,1 € W(A|m, xm, ), it follows that A € W2(A| g, x ;) O

Proposition 5.2. If, in addition to the assumptions (A2), (A3), the operator D maps the space
Hi into H, then )
’ op(A) = op(Alm xm,) € W (Al xm,)- (32)
Proof. By Theorem 5.1, we only have to prove the first identity. If D maps H: into H, we
2
have D(A) = Hy x Hi. Since an eigenvector (f,g)" € D(A) = H; x Hi1 of A at an eigenvalue
2 2

A € op(A) satisfies

we see that also g € Hy, and 0,(A) = 0p( Al xH, ) follows. O

Remark 5.3. The stronger assumption in Proposition 5.2 is satisfied if e.g. D = Ag for some
0 € (—o0,1].
The following inclusion of the spectrum is immediate from Theorem 5.1.

Theorem 5.4. If a component Q of C\ W2(A| g, xm,) contains a point \g € p(A), then Q C
p(A); in particular, if every component of C\ W2(A|g, xm,) contains a point Ao € p(A), then

U(A) - WQ(A|H1 ><H1)'

Proof. The claim follows from Theorem 5.1 and the fact that the boundary of the spectrum
o(A) belongs to oq,(.A), see e.g. [14, IV §1.10]. Alternatively, it follows from Theorem 5.1 and
the fact that the mapping A+ dim R(A — A\)* is locally constant, see [28, Theorem V.3.2]. [
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6 Uniformly accretive and sectorial damping;:
estimates for QNR and spectrum

In this section and the next we show how special properties of the damping operator D such as
uniform accretivity and sectoriality are reflected in the quadratic numerical range W?2(A| g, x 1, )-
As a result we obtain new bounds on the spectrum of A which improve the bounds by the
numerical range, see Proposition 3.8, considerably.

In particular, we show that the spectrum is separated into two parts by a spectral free strip
if Bydp > 4; in this case, D is uniformly accretive with inf (ReW (D)) = By > a2dy > 0, see
(9) and (11). Note that the spectral free strip has to lie between —fy and 0 since W (—D) C
W2(A|g,xm,) by (21). We also show that, unlike the numerical range, W2(A| g, x g, ) may lie in
a sector with corner 0 even though 0 ¢ o(A) since the zero operator on the diagonal of A has
0 in its spectrum, cf. [35, Theorem 3.1].

We begin with a spectral enclosure for the case dg > 0 which may be used if no explicit
information on ImW (D) is available; in this case the only enclosure provided by the numerical
range W (A) is the left half-plane.

Theorem 6.1. Suppose that g > 0 and hence By > 0, so that D is uniformly accretive. Then,
fO?” every B € (0350]) S (Oaéo]’

7(A) C {A€C|ReA <0, [Red| ¢ Iy, [ImA| < ho(|ReA|)}

where Iy is a (possibly empty) interval centred at g, given by

0 if B3 <4,
Iy = 33
0 <§(1 f%),g(u 1;5)> if 86> 4, (%)
and
Bt
ho() = {557 O st tEh

00, B <t < oo;

in particular, if 86 > 4, then A has a spectral free strip around Rel = fg. The choice = Py,

0 = g gives the best enclosure and, if Bodg > 4, the widest spectral free strip around Re\ = —%.
If 40 < o0 and there is a \g € p(A) with Rehg < —o, then o(A) N{A € C| ReX < =y} = 0.

Proof. If we show that W2(A|p,xm,) \ {0} satisfies the asserted inclusion, then so does o(.A)
due to Theorem 5.4, the fact that 0 € p(A) by Proposition 2.3 and that hg is bounded on the
subinterval in [0, g] where it is defined with ho(0) = 0.
Let 8 € (0, Bo], 6 € (0,80]. Since Re W?(A|m, xm,) < 0it suffices to consider A € W2(A|m, x 1, )
with —3 < ReA < 0. By Definition 4.1, there exists (f,g)" € Hy x Hy, || f|lg, = |lg| = 1, with
2

0=det(Azg =) = A(A+(Dg,9)) +[{f, 9)u, |* (34)
Together with [(f, g}, |* < [|gl|F, < Re(D(Sg,g>7 this implies that
2 2
1 Re(Dg,g) 1
= _ 2Re~ — < (/=22
R6<Dg,g> |<fag>H%| Re)\ ReA < < 5 |)\|2 +1)|Re)‘|
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and hence 1 1 1
< + .
[ReAl = 0|A> ~ Re(Dg, g)
Using this estimate and Re(Dg, g) > 8 > |ReA| > 0, we obtain
1/ 1 1 -1 1/ 1 1\-1 1 B|Re)|
ReA|? I)\2:)\2<7< — ) <,(777) _ 1 _BiReAl
IReAP + AP = A" < S{ e ~ RetDga)) S5 Ren " 3) ~55-ReN’
which proves the claimed spectral inclusion. Note that, if 50 > 4, then estimating the left hand
side above further by |[ReA|? < |ReA|? + [ImA|? yields that |Re)| must satisfy the inequality
|[ReA|(B — |Re)|) < g or, equivalently, ||ReA| — g > > (§)2(1 - %) > 0.
It is not difficult to see that, for increasing § € (0,dp] and 8 € (0, fy], the enclosure gets
tighter since the right endpoint of Iy is increasing, the left end-point is decreasing and ho(t) is
decreasing. The last assertion follows from Proposition 4.3. O

Theorem 6.2. Assume there exists k > 0 such that

Im(Dz, z)| < kRe(Dz,z), z¢€ Hj. (35)
(i) If Bo >0 and B € (0, Bo], then
o(A) c {A € C|ReA <0, [ImA| < hi(|ReA|)} (36)
where h; : [0,00) — [0, 0] is given by
—kt, 0<t< g
hi(t) := 7 3 (37)
00, 3 <t <oo;
if vo < 0o and there is a Ny € p(A) with ReXo < —vo, then
o(A) c {A € C| =y < Re <0, [ImA| < hi(|ReA|)}.
(i) If po >0 and p € (0, o), then
g(A) C{AeC| -y <ReX <0, [ImA| < hii(|ReA|)} (38)
where hi; : [0,00) — [0,00) is given by
hia(t) = kut, k2= 52 + k22_1 - \/(52 - k2;1)2+ k2, (39)
with k,, € [0,00) satisfying k < k, < \/@.
(iii) If 8o > 0 and ¢ € (0,0], then
o(A) C {A e C| —y <ReX <0, [ImA| < hsi(|Re|)} (40)

where hg; : [0,00) — [0,00) is defined by hyi(t) being the largest non-negative solution y of
2
(v + %) (y — kt) = Sty, (41)

which satisfies the estimates

1 kt kt\2 2t 1 2t
< Ppss < mi - — — < ] — — .
kt < hyi(t) _mln{k:t—i— ) + (2) + 5 }_k;t+m1n{6, 5 }, tef0,00). (42)

The choice B = By, 1+ = po and § = dg, respectively, yields the best enclosures.
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Remark 6.3. (a) If £ > 0, then the function p — k, is strictly decreasing on (0,00) from a
pole at pu = 0 to lim,_,o k, = k; for k = 0, it is strictly decreasing on (0,2) and equal to 0 for
w22,
2 1 (2 1 41, 0<pu<?2,
kﬁ:—2—7+)—2—7’: 2 a if k= 0. (43)
w2 e 2 0, p>2,

Note that, in general, k, = k if and only if k = 0 and p > 2.

(b) The spectral enclosure (40) by the quadratic numerical range in Theorem 6.2 (iii) is
better than the one by the numerical range in Proposition 3.8; indeed, the term \/%7 in the last
upper bound for hy; in (42) is better than the corresponding term there by a factor of v/2.

Proof of Theorem 6.2. If we show that W?2(A| g, xa, ) \ {0} satisfies the asserted inclusions, then
so does o(A) due to Theorem 5.4, the fact that 0 € p(A) by Proposition 2.3, and hx(0) = 0 for
k e {i,ii,iii}.

Let A € W2(A|u, x#,) \ {0}. Proposition 4.3 implies that —y9 < Re\ < 0, so we only have to
show the estimates for ImA. Further, we can assume that ImA # 0 since all enclosing sets contain
{t e R| —y <t < 0}. By Definition 4.1, there exists (f,g)" € Hy x H; with £l . = llgll =1
such that (34) holds. Dividing by A and taking real and imaginary parts, we obtain

2

Re(Dg, g) = (W + 1) [ReAl, (44)
2

Im(Dg, g) = (W - 1) ImA. (45)

Since in all cases 3y > 0, either by assumption or because of (11), we have Re(Dg, g) # 0. Thus
(44) implies ReX # 0 and we conclude

Im(Dg,g) _ Re(Dg.g) , _ Re(Dg,g) —2|Re) (46)
Im\ |ReA| |ReA| ’

Re(Dg,g) Im(Dg,g) _ 2|<f7 9>H1/2|2 (47)
|Re| ImA N2

(i) Let 8 € (0, Bp]. Assume that |ReA| < g By (44) and the definition of 5y in (9), we have

|<fvg>H1/2|2 Re<Dg g) BO ﬁ
T2 4 = L > > 2).
A2 1T TReA © Red  [Ren| (7
Then, from (44), (45), (35) and the above estimate it follows that
[(£:9) by )5
Im| _ [n(Dg,g)] —pE—+1 ! S
[ReA|  |Re(Dg, g)| [1(F:9)m, , 2 - [(f.9)m, 17 1771 - 2Re)|’
— 1 1-2( —p+1 B

(ii) Let p € (0, uo]. By (44) and (45) we obtain

(RG<D9,9>>2 B (Im(Dg,g>>2 _ 9
Re) Im\ N |A|2 '
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A2
(Re(Dg, g))*’

2
A2 P (m(Dg.g)\ _, (1),
ReAP A2 \Re(Dg,g)) — ~ \Re(Dg,g) | -

Using HfHHl/2 = |lg|| = 1 and the definition of py in (9), we estimate |(f, >H1/2‘ < ||g||H1/2

Multiplying this identity by we infer that

< %Re(Dg,g> < iRe(Dg,g) Thus from the sectoriality of D, i.e. from (35), it follows that
L AR R DR DR

[ReA|2  |ImA|? [ReA|2  [ImAJ? w?
Hence TmAP / [TmAP A

m m

1-k—— ) —k*<0.
e (e * )

The latter is a quadratic inequality for H{Ei{z If we note that 1 — k2 — #— = —2( > + i 1), we

H{“:\\"Q < k2, due to the deﬁnltlon of k2.

The inequalities for k, are not difficult to check: for the lower bound we note that k2
is strictly decreasing in p and lim, k? = k?; for the upper bound we use the 1nequahty

(& +E5) 0 < (B + )2

see that this inequality is satisfied if and only if

"

o [ReA|ImA | )2
Let 0 € (0, dp]. Multipl 47) by ———r— lude that
(iii) Le (0, dp]. Multiplying (47) by Re(Dy.g) , we conclude tha
Im(Dg, g) [(f9)m, |7
A2 (ImA + — =22 Re)| ) = 2———2_|ReA| ImA.
A <m +R6<Dg,g>’ ’ D Re(Dy, g) fre

From the sectoriality of D, i.e. from (35), the inequality |(f, 9)m, ,, 12 <

of o in (9), it follows that
2 2
AP (IImA| — k|Re)|) < 5—]Re)\\|lm)\\ < E\Re/\HIm/\\,
0

< HQHHI/Qa and the definition

which is satisfied if and only if [ImA| < hsii(|ReA|) by definition of Aj;.

The three upper bounds for hy; in (42) are not difficult to check: for the first bound in the
first inequality we use the estimate 2ty < t> 4+ y? on the right hand side of (41), while for the
second bound in the first inequality we use y? < (y? +t2) on the left hand side of (41); the very
last bound is obvious. O

Remark 6.4. By means of a different method, the spectral inclusion of Theorem 6.2 (i) was
also shown in [26, Theorem 4.2], while Theorem 6.2 (iii) improves the corresponding statement
of [26, Theorem 4.2].

Note that due to (11), po > 0 implies 5y > 0, and dy > 0 implies g > 0 and thus Gy > 0.
Therefore if, in Theorem 6.2, (ii) applies then so does (i) and if (iii) applies, then so do (i)
and (ii).

In the following Proposition 6.5 we work out the precise form of the corresponding intersec-
tions of the bounding sets in Theorem 6.1 and Theorem 6.2 (i), (ii), and (iii).

Figures 1-4 below illustrate how the spectral enclosures by means of the quadratic numer-
ical range (red for colour online/pdf version, dark grey for black and white print) compare to
those obtained by means of the numerical range (in light grey) and how the enclosures improve
successively for the cases 5 >0, u >0, 6 > 0, and 5§ > 4.
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Figure 1: Figure 2:
Theorem 6.2 (i) with k=0.2, =4, u=0, Theorem 6.2 (i), (ii) with k = 0.2, 8 = 4,
6=0. =21, 0=0; here \; ;; = 1.04.
T1 -1
=2
Figure 3: Figure 4:
Theorem 6.2 (i), (ii), (iii) without Theorem 6.1 Theorem 6.2 (i), (ii), (iii) and Theorem 6.1
with £ =0.2, =4, p=2.1, § = 1.05; here with £k =0.2, 8 =4, p=2.1, 6 = 1.05; here
Aiii & 1.04, A i &~ 3.10, see Remark 6.6. BE >4, k> % — 1, i & 1.04, i =~ 3.10,
Iy, ~ (1.12,2.87), Iy =~ (1.56,2.44), see Re-
mark 6.6.

Figures 1-4: Spectral enclosures obtained from W (A) (light grey) and
from W?2(A) (red for colour online/pdf version, dark grey for black and white print).
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Proposition 6.5. Suppose that condition (35) holds and define

k
Aiji 1= §<1 — k“) € [0, g], if po>0 (which implies Bo>0),
2 2
p k B p
o1 — €|z ) Ky > ka . . . .
Aii jii 1= 25( * k#) {2 ) > K if 80 >0 (which implies po>0 and [y >0)
00, k,=k=0,

where 3 € (0, Bo], i € (0, o], § € (0, 0], respectively, and 5 < u? if §o > 0. Then the spectrum
of A satisfies the following inclusions:

(a) if uo > 0 (and hence By > 0), then
1
27k:|Re)\\, 0<\Re)\|§)\i7ii
o(A) C{AEC| —y < Red <0, [Im)| < 1—5[ReA| ;
kMRe)\’, )\i7ﬁ<\Re)\|§’yo

(b) if 6o > 0 (and hence pg > 0, Bo > 0) and 36 < p?, then Aidi < i and

% E|ReA|, |ReA|€[0, A i)
1—3|Re|
o(A) CAAEC | —79<ReA<0, |[ReA|¢ o, [Tmr|<{  FulReAl [ReAle (i, Aiijiit) \ Lo,y
ho(|ReAl), |Re| € 1o, \ Lo,
hiii (|[ReA), IReA[ € [Aiiiiis Y0)

; 2 4
0 if k< g5 1

lo = B8 4 1 B 4 _1 o2 4
<2<1‘ g ) 3 (idi)) o K> A

The choice 8 = By, p = po and § = &g, respectively, gives the best enclosures; in this case,
the assumption Body < pd in (b) is automatically satisfied by (11).

Remark 6.6. If the interval Iy, is non-empty, then Theorem 6.1 gives an improvement of
Theorem 6.2. This improvement is most substantial if even I is non-empty.

In fact, Iy # 0 if and only if 3§ > 4, see (33); in this case Theorem 6.1 yields a spectral
free strip for |Re\| € Ip which is not provided by Theorem 6.2 (ii). Further, Iy, # 0 if and
only if k:i > % — 1; in this case Theorem 6.1 yields a better estimate than Theorem 6.2 (ii) for

Independently of p, there is always an improvement if 36 > 4 since then Iy # (). Similarly,
if 36 < 4 and k? > % — 1, then Iy, # 0 since k, > k due to Remark 6.3 (a); the same applies
if 86 =4 and k > 0. This is illustrated in Figure 4.

Depending on g, for 3, § fixed, the interval Iy, is decreasing for increasing p since k,
decreases, see Remark 6.3 (a). More precisely, since y? > (3§ by assumption, starting from
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Iy yas = ()\1 iy i iii) for u? = B4, the interval I . shrinks down to a (possibly empty) limiting
interval I o obtained from Iy, by replacing k, by its limit lim,_, k, = k. For k > 0, we have

Top 2 1ooo 2 1o if k2>
IO,,u 2 IO = wa e (07M0)7 IO,,U, = IO,OO = IO = ®7 une [MO?OO)a if k2 <

-1,
-1,

sk

where 1y € (0,00) is the threshold where k2 = % —1. For k = 0, we always have Iy, = Iy, and
this interval is non-empty if and only if 50 > 4; see also Theorem 7.2 (iii) and Figures 7, 8.

Proof of Proposition 6.5. A straightforward computation shows that, for ¢ € (0, g), we have
hi(t) < hii(t) if and only if ¢ < (1 — &) = A

To compare the functions h;; and hy; we consider the equation (41) defining hy;(t) with y
replaced by hii(t) = k,t, which leads to the equation

2
(k2 + 1) (ky — k)t = S (48)
By definition (39), &, satisfies
4 4 4
_ 1.2 2 2 2 4 2 212 2 2 _ 2 2 2 2
0=k (k: F1-K2 - M) B = I K = R — I = K = (R 1) (K — ) — 5k (49)

Therefore, if k, > k, we obtain a unique solution of (48),

2 Ky 2ky(ky+k) WPkt k  p? k></ﬁ
— 67

Aiijii = 5 == =5 1
: 5(k3+1)(ku—k) 5Lk 26 25(*1@

and thus, in this case, hn( ) =0 for all t € [O oo) and )\u,m = 00.
Since 36 < pu? by assumption or by (11), it is easy to see that Aiji < g < 55 < Aiiiii and
hence

hl(t) — ( ) S ( ) t € [07>\1 11]
hu(t) < mm{h ( ) hiis ( )}, te [)\1711, i iii]
hm(t) < hn( ) h;(t ( ) t e [)\ii7iii, OO)

Finally, if § > 0, we compare the enclosures of Theorem 6.2 with Theorem 6.1. It is not
difficult to see that, for t € [0, ),

ho(t) < hii(t) = kyt <= t e ly,.

Since k%ﬂ < 1, it is obvious that Iy C Iy, and Ip, = Ip if and only if k, = 0. By (49)
m
one obtains % =,/1— %kﬁlﬂ; since ,u > 36, it follows that Iy, = ()\1 iy i iii) if and only

if 42 = B6. Now the inclusion In, C ()\1 iy i iii) for ;2 > B0 follows if we recall that I 18
decreasing for increasing u, see Remark 6.6. O

7 Self-adjoint damping: estimates for QNR and spectrum

In this section we assume that the damping operator is not only sectorial but even self-adjoint,
1 1
ie. Ay2DA,? is self-adjoint. In this case, it is known, see [42, Proof of Lemma 4.5], that the
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operator A is J-self-adjoint, i.e. A* = JAJ with
I 0
j — H% in H 1 X H.
0 —Iy 2
Hence the spectrum o(.A) of A is symmetric with respect to the real line, see [33, Satz 1.2]. This

property is reflected by both the numerical range and the quadratic numerical range.

1
Lemma 7.1. Assume A,>DAy? is a bounded self-adjoint operator in H. Then W (A|m, x m,
and W2(A|m, «xm,) are symmetric with respect to the real line, and hence so are W(A) =
W (Al xm1,) and W2(A|g, <1, ). Moreover, o(A) C W2(A|p, xm, )-

Proof. We have A\ € W (A|p, xp,) if and only if there is (f,g) " € Hy x Hy with || f||3 +||g]|* = 1
so that (12) holds. Clearly, (f,—g)" € Hy x Hy and (12) shows that X is in W (A|q, xm, )-

The symmetry of W?2(A|y, «xp,) follows from the fact that, for self-adjoint D and (f,g)' €
Hy x Hy with || f||z, = |lg]| = 1, the polynomial det(Af, — ) = N+ XDg,g)+ |{f,9)u, |* has

1
. 2 . . . . ?
real coefficients and so its zeros are symmetric with respect to the real line.

For the next claim it remains to be noted that H; x Hj is a core (cf. Proposition 2.3) and
thus W(A) = W(A|u,xH,) by [28, Problem V.3.7].

Finally, let A\ € o(A). Then either A € 04,(A) and hence A € W2(A|g, x#, ) by Theorem 5.1,
or A € 0,(A). In the latter case we obtain A € 0,(A) C W2(A|p, xm,) by [5, Theorem VIL.6.1]
since A is J-selfadjoint. Hence A € W2(A|g, g, ) by the symmetry shown before. O

11
Theorem 7.2. Assume Ay > DA, > is a bounded self-adjoint operator in H.
(i) If Bo > 0 and B € (0, By], then

o(A) C {)\E(C\Re)\g—g}u [—g,o). (50)
(11) If 0< o < 2; then 60 > Hoao > 0 cmd, fOT’ all 6 S (Oaﬁ()L e (OHUJO]:
o(A) C {)\ € C|Re) < —g, T\ < V“/;“? |Re)\|} U [—g,o); (51)

if pwo > 2, then
o(A) C (—o0,0).

(iii) If dp > 0, then By > dpad > 0, o(A) \ R is bounded and confined to a part of a disk, and,
fOT all B € (0760]7 NS (0760]}
B

o(A) C (—oo,—%} U{)\EC|—§ SRe)\g—E,

if 86 > 4, then

The choice B = By, p = po and § = &g, respectively, yields the best enclosures. If, in any of the
above cases, in addition vy < oo, then also

o(A) [—%,—% u{xem—% gRe)\<O}_ (53)
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Figure 5:
Theorem 7.2 (i) with =4, p =0, § =0.

¢

Figure 7:

Theorem 7.2 (i), (i), (iii) with 8 = 4,
p=1568=04 here k) = § <5 =55 —1,
Iy = I, = 0, so no improvement by Theo-
rem 6.1, see Remark 6.6.

Figure 6:
Theorem 7.2 (i), (ii) with § =4, p = 1.5,
6=0.

/

Figure 8:

Theorem 7.2 (iii) with 8 =4, § = 3; here
spectral gap in —Iy = —1Ip, = (—3,—1) by
Theorem 6.1, see Remark 6.6.

Figures 5-8: Spectral enclosures obtained from W (A) (light grey) and
from W?2(A) (red for colour online/pdf version, dark grey for black and white print).



1 1

Proof. The self-adjointness of A, 2D A, ? implies that Im(Dg, g) = 0 for g € H; and hence (35)
holds with k£ = 0.

(i) The inclusion (50) follows from Theorem 6.2 (i) since k¥ = 0 implies hi(t) = 0 for all
tel0,9).

(ii) If we use By > poao, see (11), and formula (43) which describes k, in the case k = 0,
both inclusions follow from part (i) and Theorem 6.2 (ii).

(iii) By (11) we have By > dpad. Further, for k = 0, the equation (41) defining hy; reads
(y? + t%)y = 2ty. Thus, hi(t) = /3t —12 for t € [0, 2] and hy(t) = 0 for t > 2. Now both
assertions in (iii) follow from part (i), Theorem 6.2 (iii) and Theorem 6.1.

By Lemma 7.1 it suffices to prove the inclusion in (53) for W2(A| g, xm,) \ {0} in place of
o(A). Let A € W2(A|g, xm,) \ R. Then there exists (f,g)" € Hy x Hy with || f||g, = [lg]| =1

such that (34) and hence (44), (45) hold. Using ImA # 0 and Im(Dg, g) = 0 in (46)2 we find
1 0
Al==(D < —.
[ReA| = 5(Dg,9) < 5
Then, by Proposition 4.3, we conclude that

W2( Al xm) C [’yo, 72} {)\E(C\——<Re)\<0} O

Remark 7.3. We mention that, by means of a different method, the inclusions in (i), the second
inclusion in (ii), and the first inclusion in (iii) were shown in [25, Theorem 3.3], while (53) is an
improvement of a corresponding inclusion therein.

As in the previous section, due to (11), po > 0 implies By > 0, and dy9 > 0 implies pg > 0
and thus By > 0. Therefore if, in Theorem 7.2, (ii) applies then so does (i) and if (iii) applies,
then so do (i) and (ii). The precise form of the combination of all inclusions is given in the next
proposition.

Figures 5-8 illustrate how the spectral enclosures by means of the quadratic numerical range
(red for colour online/pdf version, dark grey for black and white print) compare to those obtained
by means of the numerical range (light grey) and how the enclosures improve successively for
the cases Sy > 0, 0 < pg < 2, dg > 0 and 56 > 4.

1

_1 1
Proposition 7.4. Let Ay > DA, * be a bounded self-adjoint operator in H.

(a) If 1o > 2, then
[=7,0) if y0 <00

if, in addition, 69 > 0 (and hence By > 0), then, for B € (0, 5], 6 € (0, with B6 > 4
and 7y € [y0,00) if Y0 < 00,

o(A) C Gmﬁ§@+VT7;>U § Vﬁkiao if 7o =00
[_%_§<1+\/%) U g m ,0)  if yo<oo.
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(b) If 0 < po <2 (and hence 50 > 0)7 th’en; fOT ﬁ € (OvﬁO]J IZ8S (O,,U(]] and 7€ [’70700) Zf

Yo < 00,
" {AGC\—oosReAs—g, yImA|gv4/;”|R Ay}u[—g,o) if o= o0
o C
[—7,—%]U{)\6C\—%§Re/\§—§, yImA|gv4u_“2|R A\}u[—g,o) if 70 < 00;

if, in addition to 0 < py < 2, also §g > 0, then, for g € (0, o], u € (0, pol, 6 € (0, 0] with
p* > Bé and v € [y0,00) if 0 < o0,

(oo, -5 u{acel - srers b v i|<3)
U{AGC\——gReAS—g, IIm\| < V4M_u2|Re)\|}U[—§,O) if 40=00
2
o(A)C - mm{é 2p)ufrec mm{d Sy sReAS—55, %‘S%}

N

fA— 2
U {)\EC\—%SR@\S—%, |Im)\|§4u'u|Re)\|}U [——, ) if 70 < 00, u*<d,

)

S4— 2
U {)\EC\—%SRe)\S—g, |Im)\|§4u'u|Re)\]}U [—g,()) if Yo <00, u%>~6.

\

The choice 8 = By, b = po and & = dg, respectively, gives the best enclosures; in this case, the
assumption Bodo < ud in the second part of (b) is automatically satisfied by (11).

Proof. (a) The first claim for g > 2 is immediate from Theorem 7.2 (ii) and (53); the second

claim follows if we additionally use Theorem 6.1 and observe that v > 79 > Sy > 8 by (11) and
hence v > g(l—i-,/l—%)

(b) The first claim for 0 < pg < 2 follows from Theorem 7.2 (i), (ii) and (53). It remains
to consider the case 0 < pg < 2 and d9 > 0. First we determine if, for ReA 6 ( g, —2] the

boundary of the sector in (51) intersects the circle (ReX + })? + (ImA)? = 52 in (52). The
imaginary part of boundary points of the sector equals :ti”i_uz\ReM and so points A\ of the

Re) Ly?
(Rex+3)
A simple calculation yields ReA = —g—;. Observe that —% < —% < - g since 1 < 2 and p? > B6
by assumption. Now Theorem 7.2 (i), (ii), and (iii) implies all the claims for 79 = oo. For
Yo < 00, we additionally use (53) and recall that v > v9 > o > 3 by (9); then —3 < —g, and
it remains to note that —min{ 55 2} < —&5 ® if and only if p? < ~4. O

intersection satisfy
4 — 1
1 (Red)? = .

8 Applications: wave equation with strong damping and small
transverse oscillations of an ideal incompressible fluid in a pipe

Example 8.1. We begin with an application of our first result, Theorem 6.1, for the case that the
damping D is uniformly accretive with respect to Ag, but no information on Im(Dz, 2)g | x1, ,
-2 2
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and hence on the numerical range of A, is available. To this end, we consider the wave equation
in a bounded domain 2 C R™ with C?-boundary with viscoelastic and frictional damping subject
to Dirichlet conditions on 052, see Example 2.1 with b = 0. Here

Ag=—A, ad=mino(-A) =\ (Q) >0,
where A1(Q) is the first eigenvalue of the Dirichlet Laplacian on €2 and
D=—-dA+V, d>0, VReins:=essinfReV >0,

where V =V; 4+ V5 and Vi, V5 satisfy the dimension dependent assumptions specified in Ex-
ample 2.1, e.g. V1 € L?(Q,C), Vo € L*®(,C) if n < 3. The constants By, dy in (9) can be
estimated by

d(—Az,z) + (ReVz,z)

/80 = inf 3 > dM\ (Q) + VRe,inf = B?
e H(Q,0)\{0} 1 2]]

5 — g d(—Az,z) + (ReVz, z) > d—:.
2€HL(Q,C)\{0} (—Az,z2)

Otherwise we do not impose any further conditions on V| in particular, V is not assumed to be
symmetric and we suppose that no explicit information on ImV is available.

In this case the only enclosure obtained from the numerical range of the corresponding
operator A is that W(A) is contained in the left half-plane, see Proposition 3.4, while the
quadratic numerical range provides not only a non-trivial, but interesting spectral enclosure in

the strip
S:={ze€C:Reze (— (d\(Q) + VRre,int),0] }

by means of Theorem 6.1. In terms of the viscoelastic damping constant d, the condition 5§ > 4,
which implies Sydg > 4, is equivalent to d > diy where

1 VRe inf 1 VRe inf | 2 4
derit == — = ; P 7 )
T TIN9) +\/(2 )\1(9)) W)

so the corresponding operator A has a spectral free strip centred at —g = —% (d)\l(Q)+VRe7inf)
if d > deit. More precisely, if d < dcyit, then o(A) N S is contained in the connected set

VRe,inf |Rez|
: I < A1(Q ’ - 2
{265’ Rez#0, |Im z| < \/( 1(2)+ y >(d)\1(Q)+VRe,inf_ReZ|) (Rez)? p,

and if d > dgi, then o(A) NS is contained in the set

VRe,inf | Re 2|
: < > _ 2
{zeS |Rez\¢fou{0},ylmz|_\/(A1(9)+ ; >(dA1(Q)+VRe,mf—|Rez|> (Rez)}

which consists of two disjoint sets separated by a spectral free strip —Iy + iR where Iy C R is
the interval

B B - o -= :
Iy = (2(1 —1g), 5(1 + zo)> y 0= \/1 - d(dM\1 () +VRenf)

Figures 9, 10 show the difference of the spectral enclosures by means of the numerical range (light
grey) and by means of the quadratic numerical range (red for colour online/pdf version, dark grey
for black and white print) for the case that € is the unit disk in R? and VRe,inf = essinf ReV = 0.
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10:2
—§d101~—2.6

Figure 9: Figure 10:

Example 8.1 with d =0.8, essinf ReV =0: Example 8.1 with d =0.9, essinf Re V' =0:

B=4.62, 6 =d; here B0 ~3.7< 4, Iy =0. B=5.2, § =d; here 56 ~ 4.68 > 4, Iy~
(—3.6,1.6).

Figures 9, 10: Spectral enclosures obtained from W (A) (light grey) and
from W?2(A) (red for colour online/pdf version, dark grey for black and white print)
for the wave equation with strong damping on the unit disk in R2.

Here A\ (Q2) = j§,1 where jo1 ~ 2.4048 is the first positive zero of the Bessel function Jy and
hence deit = ]O% ~ 0.83; the viscoelastic damping constants are d = 0.8 < d,j in Figure 9 and
d=0.9 > dgy in Figure 10.

Example 8.2. The small transverse oscillations of a horizontal pipe of length normalized to 1
carrying a steady-state flow of an ideal incompressible fluid are described by
0Pu 9 [ 0u d3u 0%u

CACHSUA ol .
oz T [Pom T 08r28t] T Sior

0, re(0,1),t>0, (54)

see e.g. [39]. Here u(r,t) denotes the transverse displacement at time ¢ and position r, and E,
C, K are positive physical constants. The last term on the left hand side of (54) is called the
gyroscopic term. If the pipe is pinned at both endpoints, the boundary conditions

0%u 0%u
— =0, ul _,.=0 —=
672 r=0 =1 87“2 r=1
have to be imposed at any time ¢ > 0.

The partial differential equation (54) with boundary conditions (55) is a second order problem
(1) in the Hilbert space H=L?(0,1). Here the operator A in H is given by

d4
i
where H*(0,1) is the fourth order Sobolev space associated with L2(0,1). Clearly, Ag satisfies
assumption (Al), Ay 1 is a compact operator, and

=0 (55)

u|7":0 =0,

Ay=E D(Ao) = {z € H*(0,1) | 2(0) = 2(1) = 2"(0) = 2"(1) = 0} ,

Ol

A :—\/Ed2 H%:D(Aé):{z€H2(0,1)12(0)22(1)20},

dr2’
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with inner product and norm on Hi given by
2

(0 = B, el 2 Batll, sve )y, (56)

l\J

i.e. ag = VEn?. The damping operator D defined as

¢4 C d
D=Cog 4 K= S A+ Ko Hy > H
Car TRy OF R T

is bounded and maps D(Ay) into H. Moreover, for z € H1,
2

N

C C

Re(Dz,2)n_y <y = C(",2") = E”ZH%{% 2 ﬁWQHleH%HZH > |21, (57)
Thus assumptions (A2) and (A3) hold as well. However, D is not self-adjoint due to the first
order derivative coming from the gyroscopic term in (54).

From (57) we obtain the following information on the constants in the spectral enclosures in
Theorem 6.2 which were defined at the beginning of Section 3.

Proposition 8.3. For the operator D, we have

C C
= COrt = 5o = — = — g2
60 T, Yo o0, 0 E, Ho \/Eﬂ- )
and one can choose
b — K
Cr3

Proof. From (57) we obtain By > C'?, 79 = 00, dp = & and pg > %WZ. Since in (57) equality
1

holds everywhere if we choose z = zo where zy(t) = sin(t), t € [0, 1], is the eigenfunction of A2
corresponding to its smallest eigenvalue 72v/E, the equalities By = C74, pg = %7’[‘2 follow.

To prove the last claim, we let z € H:1 and estimate
2

12117 = (=, ') = = (=", 2) < [|2"ll]=]-

Using this estimate, ||z|| < Z||2”| and (57), we conclude that
™

= LRe(Dz z)

1/2 32
(D2, 2y ey | = K[ 2)] < K210 < S5 = & gRe(Dz, 2y,

O

Theorem 8.4. The spectrum of the operator A given by (6) associated with the boundary value
problem (54), (55) satisfies the inclusion

a(A)C{AeC]Re)\<O,

/320 > (i) (1 _ 6;*50) Tm\| < h(IReM)},

where
( kt
1 2t7 O§t<)\i,iia
Ao
h(t) = ¢
( ) 50 - t2 )\1 ii S t < )\ii Jiiy
do Bo —t
\ hii (t) Aiiiii < t < 00,
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150 750

Figure 11: Figure 12:
Example 8.2 for physical parameters E =25, Example 8.2 for physical parameters E =25,
C =1, K =14, see Remark 8.5. C= %7 K =14, see Remark 8.5.

Figures 11, 12: Spectral enclosures obtained from W (.A) (light grey) and
from W?2(A) (red for colour online/pdf version, dark grey for black and white print)
for small oscillations of pipe flow.

with ky,, hiii as defined in Theorem 6.2, A = %(1 — ﬁ), Al i = % (1—1—%), and the constants
0 0
Bo, do, o, k as defined in Proposition 8.3; in particular, there is a spectral free strip if fody > 4,

Crt [ 4E Crt 4E , 2VE
Rea(A)ﬂ( 2<1+ 1—W>,—2<1— 1—027]_4))—@ Zf C> 7r2 .

Proof. All claims follow from Proposition 6.5 and Remark 6.6 if we note that here 36 = u?

|[ReA| ¢ Iy is obtained by inserting the constants from Proposition 8.3 into (33). O

Remark 8.5. For the physical constants

E=25 C=1, K=14
one can compute that
>\i,ii ~ 19.859, >\ii,iii ~ 77.550;

the corresponding spectral inclusion in Theorem 8.4 is displayed in Figure 11. Note that here
Theorem 8.4 does not yield a spectral gap since C' = 1 < 10/7% = 2v/E/72. If we increase C' to
the critical value 2v'E / 7T2, i.e. if we choose

E = 25, C:l—g, K = 14,
T

then
Aiii & 19.852, Aiiiii A 78.844;

Figure 12 shows the corresponding spectral inclusion in Theorem 8.4 right before the opening
of the spectral free strip.
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