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Abstract

The extended Krylov subspace method is known to be very efficient in many cases in which one wants to
approximate the action of a matrix function f(A) on a vector b, in particular when f belongs to the class of
Laplace—Stieltjes functions. We prove that the Euclidean norm of the error decreases monotonically in this
situation when A is Hermitian. Similar results are known for the (polynomial) Lanczos method for f(A)b,
and we demonstrate how the techniques of proof used in the polynomial Krylov case can be transferred to
the extended Krylov case.
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1. Introduction

The extended Krylov subspace method has proven to be a very efficient method for approximating
f(A)b—the action of a matrix function on a vector—in many situations, see, e.g., [1-3] and the references
therein. One situation in which extended Krylov subspace methods are particularly attractive and well-
analyzed is when f is a Cauchy—Stieltjes function, i.e.,

<1
z) = dp(t
1) = [ g au.
where p is a nonnegative, monotonically increasing function, see, e.g., [2]. In this paper, we are concerned
with the more general class of Laplace—Stieltjes functions [4, 5], which can be characterized as

f(z) = / " exp(t2) du(t). W

For examples of Cauchy—Stieltjes and Laplace—Stieltjes functions, see, e.g., [6-9] and the references therein.
One can show that every Cauchy—Stieltjes function is a Laplace—Stieltjes function, but not vice versa, see,
e.g, [6, 10]. The representation (1) allows us to base our results on an analysis of the extended Krylov
subspace method for the exponential function. The main result of this paper is a proof that the extended
Krylov subspace method for Hermitian positive definite A and f a Laplace—Stieltjes function always con-
verges monotonically (i.e., the Euclidean norm of the error decreases monotonically from one iteration to
the next). Results of this type are known for the (polynomial) Lanczos method, see [8, 11], and we will also
transfer some of the techniques of proof from these papers to our situation.
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Algorithm 1: Extended Lanczos method from [15]
Input: i,m € N, A € C"*" Hermitian positive definite, b € C"

Output: Orthonormal basis (k) g=—m, .. im+1 of K" FT1(A, b)
v_1 < 0O;
60 < ||b||2, Vg < b/éo,
for k=0,...,m—1do
u <+ Av_g;
H,,. .
O ik < VU, U <— U — Ok ik Vik;
O_f | < 'vflku; U U— O, —kV_k;
Sik1 = ||]2; Vikg1 < w/Sipy1s
if i > 2 then
u — Avigi1;
H,. .
Qik+1,ik < Vjp U, W < U — Qik+1,ik Vik;
H,. .
Qif41,—k < VU U < U — Qj41,—kV—k;

Qik+1,ik+1 < Uﬁﬂu; U <— U — Qik41,ik+1Vik+15

| Oikto = ||u]l2; Vikyo < ©/0ikyo;
for j=3,...,ido
U < Avipyj_1;
Qiktj—1,ik+j—2 vf;fﬂ_gw U U — Qik4j—1,ik+j—2Vik+5—2;
Qik+5—1,ik+j—1 < vf,fﬂ,lu; U <~ U — Wjktj—1,ik+j—1Vik+j—15
L Oiktj = llull2; viktj < w/dints;

w A_lvi(kﬂ);
Bitht1),—k < v w; w e w — i1y, —pv—i;
for j=0,...,i—1do

L ﬁi(kﬂ),i(kﬂ)—j A Ufkﬂ),jw; w < w— ﬁi(k+1),i(k:+1)fj'Ui(kJrl)fj?

0 (ky1) = H’U’||2§’U—(k+1) — 'w/5—(k+1)§

The remainder of this paper is organized as follows. In Section 2, we introduce extended Krylov subspaces
and review some basic facts about them on which our results are based. In Section 3 we prove our main
result by investigating structural properties of the projection of A onto the Krylov subspace. Concluding
remarks are given in Section 4.

2. Extended Krylov subspaces

Extended Krylov subspaces are a special case of rational Krylov subspaces [12, 13], in which only the
shifts 0 and oo are used, i.e., they are built with respect to powers of A and A~!. In the context of
approximating matrix functions, they were first considered in [1] and have since then enjoyed much attention
in the literature, see, e.g., [2, 3, 14-17].

The (p, ¢)th extended Krylov subspace with respect to A € C**™ and b € C" is defined by

K2,(4,b) = {6(A)b: 6 € L1},
where
LP =span{z™™, 2™ 27 12,27, 2P)

denotes the space of Laurent polynomials of denominator degree at most m and numerator degree at most
p. Particular attention is devoted to the situation that p = im + 1 for some i € N in the literature, see,
e.g. [15]. In this case, an orthonormal basis of P, (A, b) can efficiently be computed by a block-Lanczos-type
method when A is Hermitian positive definite, see [15], given as Algorithm 1.
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We collect the basis computed by Algorithm 1 in the matrix

— xm(i+1
Vin(is1) = [V0, V1, -+, Uiy Vo1, Vig1, - -, Vi(me1)s Y=ty Vi(m1)1s - - - » Vim) € C¥MTD)

and define
Hyp(is1) = Vs 1y AV (2)

Then, A, V,,(i41) and Hpy,(;41) fulfill the extended Lanczos relation
AVin(ir1) = Viniry) Hm(iv1) + zm(i-i—l)eg(i-&-l)a (3)

where z,(;11) is a linear combination of v_,, and vy, 11; see [15].
In [15], recursion formulas for the entries hjy of Hy,(;41) are derived. Of particular interest in our
situation are the formulas

h(i+1)k+j+1,(i+1)k+j = h(i+1)k+j,(i+1)k+j+1 = 5ik+j yJ=1,014, k=0,...,m—1
R0 k1, 64k = PGk, (i+1) k41 =a ik k=1,...,m—1 (4)
hiiviykre, ek = Pis1)k,(i+1)k+2 = Qigy1,k, k=1,...,m—1

for the nonzero off-diagonal entries of H,,(;41). These provide information on the signs of the entries of
H,(i41), which we need to prove our main result in Section 3.

Proposition 1. Let A € C"*" be Hermitian positive definite, b € C" and let Hy,(;41) be given by (2).
Then all entries of Hy,(i41) are real, all diagonal entries are nonnegative and the off-diagonal entries fulfill

Rty ktja1, it D)k+s = PG krg (it ki1 2 0,5 =1, 0,k =0,...,m — 1
his1)ks1,6+1)k = Rt 1)k, (i+1)k+1 <0k=1,....m—1 (5)
hiv1)k+2,641)k = Dt 1)k, (i+1)k+2 <0,k=1,....m—1

Proor. All diagonal entries of H,,(;;1) are of the form v Av;, which is nonnegative because A is Hermitian
positive definite.

The first inequality in (5) follows directly from the first inequality in (4) by noting that ¢, ; is defined
as the norm of a vector in Algorithm 1. To prove the second inequality in (5), we use the recursion relation

i—1
6_pv—ty = A g — Bk, —kV_(j—1) — ijo Bik,ik—j Vik—j
for the basis vectors in Algorithm 1. Left-multiplying by v 1A gives

1—1
H H ¢ H
Skl Av g = =Bk kvl Av_i1y = ) i Bik,ik—j Vig41 AVik—j- (6)

Inserting recursion relations from Algorithm 1 again for all terms of the form Awv, in (6) and using the
orthogonality of the basis vectors then gives

0—kGik+1
Qift1,ik = ——————.
Bik, ik

Again, 6y, > 0,8;41 > 0 is obvious, and B = v/f A~ vy, > 0 because A~ is positive definite, so that
ik+1,ik < 0. Similarly,

57ka7k
Ak = ——F—,
Bik, ik

and a_j _ = 'vfrkAv_k > 0 because A is positive definite. This concludes the proof of the proposition. [
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Figure 1: Sign structure of Hy,(;41) for m = 3,7 = 3.

The sign-structure of H,,(;41) given in Proposition 1 is illustrated in Figure 1 for m = 3,i = 3.
Given the quantities from the decomposition (3), one defines the extended Lanczos approximation for
f(A)b as
Fmgivry = [0l2VinGisr) f (Himgir1)) €1 (7)

When f is a Laplace—Stieltjes function of the form (1), we can rewrite this as

Fmti+1) = ||b||2Vm(i+1)/ exp(tHp,(i+1)) e du(t). (8)
0

In the next section, we prove that the approximation (8) converges monotonically to f(A)b for growing
m.
3. Monotone convergence of the extended Krylov subspace method

In this section, we prove that the extended Lanczos approximations (7) converge monotonically to f(A)b
when f is a Laplace—Stieltjes function and A is Hermitian positive definite, i.e., that

1f(A)b = fingisnllz < [1F (A1 = fn—1)it+1)ll2- )
We begin by investigating the matrix exponential function exp(A).

Theorem 2. Let A € C"*™ be Hermitian positive definite and let b € C™. Then the extended Lanczos
approzimations (7) converge monotonically to exp(A)b in the sense of (9).

PRrROOF. Define a new basis an(iﬂ) = Vin(i+1)Sm(i+1) of Kim+1(A, b) by right-multiplying the basis Vin(i+1)

by the signature matrix S, (;+1) = diag(s1, ..., Sm(i+1)), where

1 if “Jr;” is even,

~1if [&] s oad.
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Then

(Vo

m(i+1))HAVr:7L(i+1) = Sim(i+1) Hm(i+1)Sm(i+1) = H,

m(i+1)’
and
F(H 1)) = Sty f (Hm(i11))Smi+1)

for any matrix function f, as Sy, i41) = S;%Hl). Therefore, using Sy,(;+1)e1 = €1 and an(iH) = I, we
can also compute the extended Lanczos approximation (7) as
+ +
Jmiivr) = ”b||2v$(i+1)f(Hm(i+1))el = V(i1 Sm(it1)- (10)

By using Proposition 1 together with the definition of S,,(; 1), one easily checks that H, +

m(it1) is a nonnegative
matrix. Define the block diagonal matrix

+
HE = H(m—l)(z‘+1) ‘ O(m—1)(i+1)x (i+1)
mEn Oi41)x (m—1)(i+1) D1

Jh

where D, = diag(h and Ojxs € C**¢ denotes a matrix of all

zeros. We then have

+ + )
(m=1)(i+1)+1,(m=1)(Gi+1)+1> "2 "G+ 1)m,(i+1)m

7+ +
Om(i+1)xm(i+1) < Hm(i—i—l) < Hm(i+1)
and thus N
Om(i+1)><m(i+1) < (Hi(i.:,_l))k < (Hni@(i.:,_l))k for all k € N. (11)

Inserting (11) into the power series expansion of the exponential function, we find
~ 4 _ c© 1 ~4 k
eXp(Hm(iJ,-l)) - Zk:O E (Hm(i-l-l))

~ 1 + k +
< Zk:(}H(Hm(i"’l)) = oxp(HZE . ). (12)

By comparing the first columns of the matrices in (12) and noting that

IN

Om(it1)xm(i+1)

b € ﬁi . e = 5(7n_1)(i+1) :| ’
10]l2 exp(Hy 4)) €1 { O(ir1)x1

we find

s _ .

Om(it1)x1 < { (m=1)G+1) ] < Sm(it1)- (13)
(i+1)x1

Noting that by the finite termination property of the extended Krylov subspace method there exists some

index m* such that exp(A)b = V,f* S+, we can rewrite the error of f,,;11) as

Sm(i ]
exp(A)b — frniv1) = V. (sm* - { O(mx_:,(t‘j-)l))xl ) ' "

As the basis vectors in V*

m(i+1) are mutually orthogonal, the representation (14) directly implies

- |: Sm(i+1) :|
O(m —m(i+1))x1

lexp(A)b — fin(irn)ll2 =

(15)

From the monotonicity property (13), we get

Sy — [ Sm(i+1) }
O(m*—m(i—i—l))xl

which, together with (15), implies that the error norms in the extended Lanczos method are monotonically
decreasing. In addition, one can easily show in the same way that the norms of the iterates are monotonically
increasing. O

<

Sy — { S(m—1)(i+1) ]
2

O(m* —(m—1)(i+1))x1

)
2



Using the result of Theorem 2, we can easily prove monotone convergence for the whole class of Laplace—
Stieltjes functions.

Corollary 3. Let A € C"*™ be Hermitian positive definite, let b € C" and let f be a Laplace-Stieltjes
function (1). Then the extended Lanczos approzimations (7) converge monotonically to f(A)b in the sense

of (9).

Proor. Using (8) and (10), we can rewrite the extended Lanczos approximation to f(A)b as

.fm(i+1) = Vi(i+1)/0 Sm(i+1)(t) d:u’(t)7

where s,,(;41)(t) are the coefficients describing the Lanczos approximation to exp(tA)b in the basis an(i 1y

As tA is Hermitian positive definite for all ¢ > 0, the result of Theorem 2 holds for all these Lanczos
approximations. We therefore have, using (13) and the monotonicity of p,

Omtssiyes < / [ 1)+ (1) ] du(t) < / Smta ) (8) dpa(0),

O(iy1yx1

from which the assertion follows. O

We just briefly remark that all results also apply for “intermediate” iterates with an index which is not
a multiple of i + 1 and can be proven in the same way (with obvious modifications), but we refrain from
doing so here to avoid unnecessarily complicated notation.

4. Conclusions

We have proven that the error norm in the extended Krylov subspace method for approximating f(A)b
is monotonically decreasing when A is Hermitian positive definite and f is a Laplace—Stieltjes function,
thereby generalizing similar, known results for the polynomial Lanczos approximation. Similar to what was
observed in the polynomial case, the developed results depend crucially on the orthogonality of the extended
Krylov basis. Therefore the results do not hold any longer when the basis loses orthogonality. It is, however,
still true that the coefficients s,,(;41) describing the approximation in the Lanczos basis are monotonically
increasing from one step to the next, we just cannot conclude anything about the norm of the approximation
or the error any longer.
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