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Abstract

Stability and stabilization of linear port-Hamiltonian systems on infinite-
dimensional spaces are investigated. This class is general enough to include
models of beams and waves as well as transport and Schrodinger equations
with boundary control and observation. The analysis is based on the frequency
domain method which gives new results for second order port-Hamiltonian
systems and hybrid systems. Stabilizing controllers with colocated input and
output are designed. The obtained results are applied to the Euler-Bernoulli
beam.
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1 Introduction

In recent years there has been a growing interest in the stability and stabilization
of wave and beam equations. For several of these equations results for structural
damping or boundary feedback have been detected using Lyapunov methods, a Riesz
basis approach or frequency domain methods. A large class of these equations may
be written in the form of port-Hamiltonian systems

k:
ZPkaa?,ix (£, 20, Ce(0,1) &

with suitable boundary conditions. This class covers in particular the wave equa-
tion, the transport equation, the Timoshenko beam equation (all N = 1), but also
the Schrédinger equation and the Euler-Bernoulli beam equation (both N = 2).
For distributed parameter systems as port-Hamiltonian systems see [19] and in par-
ticular the Ph.D thesis [21]. We follow this unified approach and employ the rich
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theory of one-parameter Cy-semigroups of linear operators (e.g. [7]) and, more
specifically, some of the stability theory ([1], [5], [8], [15], [16], [20]). Our inves-
tigation has the following two parts: stability (or stabilization by static feedback,
i.e. pure infinite-dimensional systems) and stabilization by dynamical feedback (i.e.
hybrid systems). We concentrate only on boundary feedback stabilization, although
most of our results naturally extend to situations with structural damping. For the
pure infinite-dimensional part already some results for port-Hamiltonian systems
have been known, especially for the case N =1 ([6], [11], [22]) whereas for the case
N = 2 most of the research has been focussed on particular examples of beam equa-
tions ([2], [3], [10]). On the other hand, for beam equations hybrid systems have
been investigated for some time now ([9], [13], [14]) and recently for SIP controllers
with colocated input- and output map a nice result for the case N = 1 has been
established ([17]). The latter turns out to be a special case of the results presented
here.

This article is organised as follows. Section 2 is devoted to pure infinite-dimen-
sional port-Hamiltonian systems, where in Subsection 2.1 we derive the contraction
semigroup generation theorem for the operator A associated to the evolution equa-
tion (1). However, our main objective is to investigate the asymptotic behaviour
of port-Hamiltonian systems. We focus on two types of stability concepts. Namely
let (T'(t))i>0 be any Cp-semigroup on X. We say that (T'(t))>0 is asymptotically
(strongly) stable if

t—o0

T(t)r —— 0, forallze X (2)

respectively (uniformly) exponentially stable if there exist M > 1 and w < 0 with
IT@#)| < Me*, t>0. (3)

Here (T'(t)):>0 is the Cy-semigroup generated by the port-Hamiltonian operator A.
Our approach is based on Stability Theorems 2.5 and 2.6. These results motivate
to introduce properties ASP, ATEP and ESP in Subsection 2.2. We then only has
to test whether a particular function f : D(Ap) — R4 has one of these properties
to obtain the corresponding stability result. The main advantage of using these
properties does not lie in the pure infinite-dimensional case (with static feedback),
but in the case of dynamical feedback via (finite-dimensional) controllers which we
consider later in Section 3. In the latter case we use the same properties ASP, AIEP
and ESP in order to deduce results for interconnected systems without having to
reprove the same auxiliary results once again. We start with asymptotic (strong)
stability and based on the Stability Theorem 2.5 by Arendt, Batty, Lyubich and
Phong give a general asymptotic stability result for port-Hamiltonian systems. Then
we continue with exponential stability for the case N = 1 in Subsection 2.4. This
class of systems has been extensively studied in the book [11]. Originally in [22] the
authors presented an exponential stability result based on some sideways energy
estimate (Lemma III.1 in [22]) which goes back to an idea of Cox and Zuazua
(Theorem 10.1 in [4]). We establish the same result using a frequency domain
method based on Gearthart’s Theorem 2.6. It turns out that by this technique
we do not only obtain a different proof for exponential stability of first order port-
Hamiltonian systems, but the method extends to a proof for second order systems
as well, whereas the idea in [22] seems to be restricted to the transport equation-like
situation for first order systems. We even present a general exponential stability
result for second order port-Hamiltonian systems in Subsection 2.5. Moreover we



give a sufficient condition for second order systems with some special structure
which applies in particular to Euler-Bernoulli beam equations.

Section 3 then constitutes a breach since we leave the pure infinite-dimensional
setup and consider hybrid systems which consist of both a infinite-dimensional sub-
system (governed by a port-Hamiltonian partial differential equation) and a finite-
dimensional subsystem which we think of as a controller (modelled by an ordinary
differential equation). In applications these situations are characterized by an en-
ergy functional which splits into a continuous part and a discrete part. We interpret
the total system as an interconnection of two subsystems which interact with each
other by means of boundary control and observation. We then depict how the
theory for the pure infinite-dimensional case naturally carries over to these hybrid
systems. After stating the generation result in Subsection 3.1 we obtain a stability
result for hybrid systems in Subsection 3.2 without additional structure conditions.
For the special class of strictly input passive (SIP) controllers with colocated input
and output we then obtain in Subsection 3.3 a stability result which is much more
suitable for applications. As a special case we rediscover the main result of [17]
(which has been proved using a Lyapunov method with the same sideways energy
estimate mentioned above).

Finally, in Section 4 we illustrate how our theoretical results can be used to reobtain
some stability results on the Euler-Bernoulli beam equation, namely the situations
considered in [3] and [9]. In the latter case we encounter a situation where the
finite-dimensional controller naturally appears in the modelling of the problem.

2 Infinite-dimensional Port-Hamiltonian Systems

Throughout this paper we use the following notations. For any Hilbert space X
we denote by (-,-) its inner product (which is linear in the second component).
Moreover B(X,Y) denotes the space of linear and bounded operators X — Y where
as usual B(X) := B(X,X). For any closed linear operator A : D(A) C X — X we
have the resolvent set p(A), the spectrum o(A) and write R(A, 4) := (A\] — A)~

for the resolvent operator and o,(A) for the point spectrum of A. We investigate
port-Hamiltonian systems of order NV € N, given by the partial differential equation

OF (Hx)
Zpk o (t,0), t>0, ¢e(0,1). (4)
Here P, € C**¢ |k =0,1,..., N, always denotes some complex matrices satisfying
the condition
P; = (-1)*1p,, k> 1. (5)

(Note that we do not require Py to be skew-adjoint.) Moreover we always assume
that Py is invertible. The Hamiltonian density matriz function H : (0,1) — C*4
is a measurable function such that there exist 0 < m < M such that for almost
every ¢ € (0,1) the matrix H(() is self-adjoint and

mlé)? < EHCE< M, ¢ec (6)



We then say that H is uniformly positive. In this paper we consider the energy state
space X = Ly(0,1;C?) with the inner product

(g0 = /0 FOHQOYQ)AC,  frg e X, (7)

Note that [|-[|;, is equivalent to the standard La-norm ||-|;. .
The operator Ag : D(Ag) C X — X corresponding to equation (4) is given by
N e
Agx = ;Pkd—&(m),
D(Ag) ={z € X : Hx € HN(0,1;CH}. (8)
Thanks to the invertibility of Py the operator Ag is closed.

Lemma 2.1. The operator Ag is a closed operator and its graph norm is equivalent
to the norm ||H-|| g -

Let

®: HY(0,1;C%) — C?N?, d(z) = (x(1),...,2N V1), 20)..., 2N "D(0)

be the boundary trace operator and introduce the boundary port variables (fa’”1>

f,ac _1 Q _Q
()= 7 oo

1) 'P iy, i4+j<N+1
Qij:{ (()7 ) o else.] (9)

defined via

Note that the boundary port variables do not depend on the matrix Fy. If Py = —Fj
is skew-adjoint, the boundary port variables determine Re (Agx, x).

Lemma 2.2. Assume Py = —P,y. Then the operator Ay satisfies

2Re (Aox, x)1n = Re (fo Ha, €8,z ) 2N, x € D(Ayp). (10)

2.1 Generation of Contraction Semigroups

Since we did not impose any boundary conditions in equation (8), we could not
expect Ay to generate a Cop-semigroup (in fact, o,(A4g) = C). However, for suitable
boundary conditions, defining a subspace D(A) C D(Ap) the restricted operator
A = Ag|p(a) has the generator property. For this purpose, let W € CN4*2Nd pe g
full rank matrix and define the operator A by

A= Ao|pcay,

D(A) = {z € D(Ag) : W ( gzzx ) — 0. (11)



Note that thanks to the invertibility of Py, the matrix (? _IQ) is invertible (see
Lemma 3.4 in [12]) and thus the condition W (fa,m) = 0 may be equivalently

€9, Ha
expressed as W/ ®(Hzx) = 0 for a suitable matrix W'.
Using the Lumer-Phillips Theorem II1.3.15 in [7] the generators of contraction semi-
groups have been characterized by a simple matrix condition or alternatively by
dissipativity of the operator. Note that usually the hard part of proving that an op-
erator A generates a contraction semigroup is the range condition ran (A\J — A) = X
for some A > 0.

Theorem 2.3. The following are equivalent.
1. A generates a contraction Cy-semigroup,
2. A is dissipative, i.e. Re (Az,z)y; <0, for allz € D(A),
3. WEW*>0 and Re Py <0

where & = (9 1) € C?**24_ In that case A has compact resolvent.

Note that this result is a combination of Theorem 7.2.4 in [11] where the authors
focus only on the case N = 1 and Theorem 4.1 in [12] where the general case of
N-th order Port-Hamiltonian systems is treated for the equivalence of parts 1. and
2. However in both cases the authors only treat the case Py = —F5. For the general
case where Py # —P, is not skew-adjoint we use a perturbation argument.

Proof. Let us first assume that Py = —F§ is skew-adjoint. The equivalence of
conditions 1. and 3. is due to Theorem 4.1 in [12]. The implication 1. = 2. results
from the Lumer-Phillips Theorem I11.3.15 in [7]. For the implication 2. = 1. one only
needs to show the range condition ran (I — A) = X (thanks to the Lumer-Phillips
result). This can be done similar as in the proof of Theorem 7.2.4 in [11] (with
obvious modifications). We leave the details to the interested reader.

Let us concentrate on the situation where Py # —Fy, i.e.
1 *
GO :—§<P0+P0>750

Of course, the implication 1. =- 2. follows by the Lumer-Phillips Theorem 11.3.15
in [7]. Next we show that 2. implies 1. Let us write A := A+ GoH. If we can show
that A generates a contractive Cy-semigroup, then also A generates a Cy-semigroup
by the Bounded Perturbation Theorem III.1.3 in [7] which then is contractive since
its generator is dissipative. Since A is a port-Hamiltonian operator with skew-
adjoint Py it suffices to prove dissipativity of A. Assume A were not dissipative.
Then by Lemma 2.4 below there exists a X-null sequence (zp),>1 in D(A) with
Re (A, 2,)% = 1 50

0 > Re (Azp, )5 = Re (Axy, 20) 1 — (GoHn, Tn)n — 1, (12)

which leads to a contradiction. Hence A generates a contraction semigroup and so
does A. Thus 1. and 2. are equivalent also in this case. Further we obtain that if
1. or 2. holds then A generates a Cop-semigroup, so WEXW* > 0. Moreover for any
Hx € C2(0,1;C%) C D(A) we obtain

Re (Az,x)1 = Re (PoHz,z)1 = Re (PoHz, Hx)r, <0 (13)



by 2. and hence choosing Hx = ¢ for ¢ € C°(0,1;C) and & € C? it follows
Re Py < 0, so 3. holds. Finally, from 3. it follows that A (as introduced above)

generates a contraction semigroup and hence does A = A — Go’H by Theorem
II1.2.7 in [7] and the dissipativity of —GoH. O

In the proof we used the following.

Lemma 2.4. Let Re Py = 0. If A is not dissipative, then there exists a sequence
(Tn)n>1 in D(A) with Re (Azy, xn)n = 1 and x,, converging to 0 in X.

Proof. Let * € D(A) with Re(Ax,z) = 1. Now for any n € N let y, €
H™N(0,1;C%) be such that [|yn||, < 2[Hz|,_ and

_ (H.’E)(C), CG (Ovﬁ)u(l_ﬁal)
(@)= { e L e (14
Then for z,, := H 'y, we obtain
ol < Q) d 2= 0 (19
(0,1/n)U(1-1/n,1)
and
€9, Hx,, — €0, Ha> fa,Hzn = fa,’Hz, n e Na (16)
so consequently Re (Ax,, z,)1 = Re (Az,2)3 = 1 for all n € N. O

2.2 Sufficient Conditions for Stability

Our main tools to deduce stability results are the following two theorems.

Theorem 2.5 (Asymptotic Stability). Let B generate a bounded Cy-semigroup
(S(t))t=0 on a Banach space Y and assume that o,.(B) NiR = 0. If o(B) NiR is
countable, then (S(t))i>0 is asymptotically stable.

Here 0,.(B) := {\ € C: ran (A] — B) not dense in Y} denotes the residual spectrum
of B which coincides with the point spectrum of the adjoint operator B’.

Proof. See Stability Theorem 2.4 in [1] (or the theorem in [15]). O

Note that in particular for generators B with compact resolvent we have asymptotic
stability if and only if 0,(B) C C5 := {A € C: Re A < 0}. The second result
requires Hilbert space structure.

Theorem 2.6 (Exponential Stability). Let B generate a bounded Cy-semigroup
(S(t))i>0 on a Hilbert space Y. Then (S(t))i>0 is exponentially stable if and only if

o(B) C Cy, Sléﬁ | R(iw, B)|| < +oo.

Proof. See Theorem 4 and Corollary 5 in [16]. O



Remark 2.7. The uniform boundedness of the resolvent on iR in Theorem 2.6 is
equivalent to the condition

(zn,Bn) C D(B) x R
Supyen |znll < 400, [Ba] = 0 p = z, — 0. (17)
Bx, —ifpxn, — 0

For the moment let Y be any Hilbert space. The following definition enables us to
lift stability results to hybrid systems which we investigate later on.

Definition 2.8. Let a linear operator B : D(B) C Y — Y be given. We say that
a function f: D(B) — Ry has the property

e ASP (for the operator B) if for all § € R and = € D(B)
ifr = Bx and f(z)=0 = 2=0, (18)
e AIEP (for the operator B) if for all sequences (z, 8n)n>1 C D(B) x R with

SUp,eN |zn]| < +o00 and |B,]| — +oo

ifnxy — Bz, — 0and f(z,) -0 = =z, —0, (19)

e ESP (for the operator B) if it has properties ASP and AIEP.

Note the following property which easily may be verified using the above definition.

Lemma 2.9. Let B C By be linear operators, i.e.
D(B) c D(Bo), Bolpm) =B

and f: D(B) — Ry and fo : D(Bo) — Ry with rfo|ps,) < f for some k> 0. If
fo has the property ASP or AIEP or ESP (for the operator By), then also f has
the property ASP or AIEP or ESP (for the operator B), respectively.

The abbreviations ASP, ATEP and ESP stand for asymptotic stability property,
asymptotic implies exponential stability property and exponential stability property,
where a typical choice of f are functions of the form

b 2
fl@)= ) aox ‘(Haf)(k) (0)( +apg ‘(Hw)(k)(l)
k=0

—

2
| (20)
for some non-negative constants a;; > 0. That the above terminology is indeed

appropriate is the statement of the following lemma.

Lemma 2.10. Let B have compact resolvent and generate a Co-semigroup (S(t))t>o0
on'Y and assume that for some function f : D(B) — Ry

Re (Bz,z) < —f(z), « € D(B). (21)
Then

1. If f has property ASP then (S(t))i>0 is asymptotically (strongly) stable.



2. If f has property AIEP and 0,(B) NiR = 0 then (S(t))i>0 is (uniformly)
exponentially stable.

3. If f has property ESP then (S(t))i>o0 is (uniformly) exponentially stable.

Proof. 1.) If f has property ASP and ifz = Bz for some z € D(B) and § € R
then
f(z) < —Re(Bz,z) = —Re(ifz,z) =0 (22)

and by the property ASP it follows = 0, so iR N o,(B) = () and asymptotic
stability follows from Stability Theorem 2.5.
2.) Since 0,(B) NiR = @ then o(B) = 0,(B) C C;. Further if (x,,0n)n>1 C
D(B) x R with ||z,|y < ¢ and |8,] — +o0 such that Bz, —if,z,, — 0 it follows
that

0 — Re (iBnxn — Brp,xn) > f(x,) >0, (23)
ie. f(z,) — 0 and by property AIEP this leads to x,, — 0 so exponential stability
follows from Stability Theorem 2.6.
3. is a direct consequence of 1. and 2. O

2.3 Asymptotic Stability of Port-Hamiltonian Systems

An example for a function f : D(Ap) — R4 which has property ASP is the square of
the Euclidean norm of Hz({) and its derivatives at position ¢ = 0. (Of course, the
choice ¢ =1 is possible as well.) The asymptotic stability result reads as follows.

Proposition 2.11. Assume that A satisfies

2

N—-1
Re (Az,z)p < —K Y )(Hx)<k>(0) ., zeD(A), (24)
k=0

for some positive k > 0. Then (T'(t))i>0 is an asymptotically stable and contractive
Cy-semigroup.
Proof. We prove that

N-1

f@) =Y |(Ha) ¥ (0)

k=0
has property ASP and use Lemma 2.9. Let § € R and = € D(A4) with
ifr = Apz and f(z) = 0.

’ , T E D(A()) (25)

which is a system of ordinary differential equations

N
iBr(¢) = Y Pu(Hx)M(¢), (€ (0,1) (26)
k=0

with boundary conditions
(Hz)®(0) =0, k=0,1,...,N—1. (27)

Since Py is invertible the unique solution of this initial value problem is xz = 0, so
f has property ASP and the result follows from Lemma 2.10. O



2.4 First Order Port-Hamiltonian Systems

The following exponential stability result can already be found as Theorem III.2 in
[22]. Here we present a different proof using a frequency domain method.

Proposition 2.12. Let N = 1 and H € WL (0,1;C¥*?). If the operator A satisfies
the assumption

Re (Az, 2)n < —k|(Hz)(0)]*, @€ D(A) (28)

for some k > 0, then A generates an exponentially stable and contractive Cop-
semigroup on the Hilbert space X .

We remark that in (28) we could alternatively choose — |(Hz)(1)|* for the right
hand side. For the proof we need the following lemma.

Lemma 2.13. Let Q € W1 (0,1;C%9) be a function of self-adjoint operators and
xr € HY(0,1;C%). Then

1 1

Re (s, Qu), = —3 (5, Q')1, + 5 (0" QU=(C)). (29)

Proof of Proposition 2.12. Theorem 2.3 implies that A generates a contraction Cy-
semigroup Let f : D(Ag) — Ry be given by f(z) = |(Hz)(0)|>. We show that f
has the ESP property. By Proposition 2.11 property ASP holds and thus we only
need to prove the property AIEP. Let ((n, 51))n>1 C D(Ao) X R be any sequence
with [z, < cand [8,| — oo such that

Ay —ifpty =250 f(xn) =—20. (30)
Then we obtain the definition of f that
(Hz,)(0) == 0. (31)

Moreover z* is bounded in the graph norm |[[-|| ,, and by Lemma 2.1 we get

!
H (Hen) <cg, for all n € N. (32)

B
Letting ¢ € C([0,1];R) with ¢(1) = 0 and having Lemma 2.13 in mind we find

Lo

1
O — — Re <A$n - lﬁnxn, Zq(HZCn)/>L2

Bn
B ﬂi Re <P1 (Hxn>/7 iQ(HIN)/>L2
+ ﬂi Re <P0(Hxn)7 iq(H-'L'n)/>L2 - Re <x7’“ q<H‘T”)/>L2
= 55 (M id Po(rz)e, = [(H2)(C) ia(C) P O

—Re <x’ﬂ7 qu;z>L2 - <$na qul‘n>L2

5 (s )20 1, — 5 [ (TR (C)ly = (s M) 1, + 0(1)
= L s (M~ Rz, + (1)



since (Hz,)(0) — 0, ¢(1) = 0 and |B,| — oo, using integration by parts and
P, = Pf. In particular we may choose g < 0 such that

Mg —mq >0, ¢ elo,1].
where H(¢) > mlI and £H'(¢) < A for a.e. ¢ € [0,1], so ¢H' — ¢"H is uniformly
positive. This implies

n—oo

leally, = l2ally, ., 2220 (33)

Hence property AIEP holds and exponential stability follows with Lemma 2.10. O

2.5 Second Order Port-Hamiltonian Systems

As we have seen in the preceding subsection for first order (N = 1) port-Hamiltonian
systems the sufficient criterion for asymptotic stability in Proposition 2.11 even
guarantees exponential stability (Proposition 2.12). We now consider second order
port-Hamiltonian systems, i.e.

A():E = PQ(HZU)” + Pl(Hl')/ + P()(HJC), T < D(AQ) = H71H2(O, 1; Cd)

and

A= AO|D(A0) for D(A) = {CC S D(A()) W ( fa,Hz ) = 0}
€9, Hx
Adding an additional term |(Hz)(1)|* (or, |(Hz)'(1)[*) in the dissipativity relation
(24) we again obtain exponential stability. By means of the example of the one-
dimensional Schrodinger equation we show that the sufficient criterion for asymp-
totic stability as in Proposition 2.11 is not sufficient for exponential stability in the
case N = 2.

Proposition 2.14. Let N =2 and H € W (0,1;C¥*?) and assume
2 [ P
Re (Az, x)y < —k ||(Hz)(0)|” + |(Hz)'(0)|" + or , x € D(A)
2
[(Hz)'(1)]
(34)
for some & > 0. Then (T(t))i>0 is an exponentially stable and contractive Cy-
semigroup.

Remark that again one may interchange 0 and 1 in equation (34). For the proof,
let us first state an auxiliary embedding-and-interpolation result.

Lemma 2.15. Let0 < k < N € Ng and 0 € (0,1) such that n := ON € (k+%,k+1).
Then there exist a constant cg > 0 such that for all f € HY(0,1;C%)

Ifller < collFI G - (35)

Further for o := % there exists a constant c, > 0 such that for all f € HV(0,1;C%)

£l e < o LA NG - (36)

10



Proof. Let p € (1,00) such that n— % >k+1 —% > k. Then by the Sobolev-Morrey
Embedding Theorem

C*([0,1);C%) — Wt (0,1;C) (37)

is continuously embedded. Further, using the notation of [18], we have by the
theorems of Subsections 3.3.1 and 3.3.6 in [18] that

W (0,1;C%) = Fy31(0,1;C%) — FJ,(0,1;C%)
= (F202(05 17 Cd)) F2N,2(07 17 (Cd))gg
- (LZ(Ov]-;(Cd),HN(Oa1;(Cd))972 (38)

and the first assertion follows by the interpolation inequality. The second assertion
is a special case of the Gagliardo-Nirenberg inequality. In the language and with
the theory of [18] it results from

H*(0,1;C%) = FJ,(0,1;C%) = (F3,(0,1;C%), F35(0,1;C%)
- (L2(07 1; Cd>7 HN(07 ]-; (Cd))

0,2

0,2

O

Proof of Proposition 2.14. Theorem 2.3 implies that A generates a contraction Cy-
semigroup. We show that

2 L[ 1ewP
f(x) = |(Hz)(0)|" + [(Hz) (0)|” + or 0.8 € D(Ay) (39)
|(Hz)' (1)]
has the property ESP. By Proposition 2.11 and Lemma 2.9 it remains to verify the

AIEP property. Let (2, 8,)n>1 C D(Ag) x R be a sequence with ||z, < c for
all n € N and |3,,| — +00 as n — +o0 such that

n—>00

1Bpxn — Agr,, — 0. (40)

By Lemma 2.1 the sequence (%) N C H?(0,1;C%) is bounded and by Lemma
n n>1

2.15 7?" converges to zero in C1([0, 1]; C%) (since |3,| — o0). Let ¢ € C2([0,1];R)
be some real function. Integrating by parts and employing the assumptions on the
matrices P; and P, and Lemma 2.13 we conclude

iq

0 «— Re (Ao, — ifptn, 3 (Hzn)' ),
= Re o (Pa(tto, ) sia(Ha ) )y + 5= Re Py (M) g ) i
—Re (2, q(Hzy)") 1, + 0(1)
— _2;n (Py(Hay)',iq' (Han) ) p, + %@cm (dH—qH)zn)L,
+ 350 [(Han)' (C)* Pyig(¢) (Han) (O] — % [20(C)*a(QH(C)zn ()] + 0(1)

(41)

11



and

/

iq

0 «— Re(Apz,, — iz, E(Hxn))Lz
= 5 Re (Palton)id (M) s = (5 Mooy +0(1)
= 5 (Pa(H) i/ (L) )1 = (s M)
o Re () (0)" P/ Q) (Ha)(Q) + o(1) (42)

Subtracting (42) from two times (41) this implies

L (M) () Big(¢) (M) (O]

0«— <xn7 (2qu - QH/)$n>L2 + ﬁi
+ ﬁin Re [(Hen)' ()" P3ig (O (Hz) (Oly — [ (O a(OH(Own(Qly . (43)

Choosing q € C?([0,1];R) such that ¢(1) = 0 and 2¢'H — ¢H’ is uniformly positive
this leads in the case that also f(z,) — 0 to

lnlly = l2nll g3 —2qi2 —— 0 (44)
and thus f also has property AIEP. O

Without proof we remark that using the same proof technique as for Proposition
2.14 one obtains the following generalization to port-Hamiltonian systems of even
order.

Proposition 2.16. Let N = 2K € 2N be even and H € W1 (0,1;C™4). If for
some k > 0 the dissipativity condition

N-1 )
Re{Az,z)y < —kf(z) := —k Z Z ack ’('Hw)(k)(C) , x € D(A)

¢=0,1 k=0

holds true where a¢ i, > 0 are constants such that for some (o € {0,1}

min(aCmU?aCo,K) >0,
max(aey k+1, 0o, N—k—1) > 0, fork=0,1,... , K —1,
max(ag¢ g, a¢,N—k—1) > 0, for(=0,1and k=0,1,..., K —1,

and (T(t))i>o0 is asymptotically stable, then A generates an exponentially stable
contraction Cy-semigroup on X.

Remark 2.17. One could hope to relax the dissipativity condition in Proposition
2.14 to
Re (Az, 2y < =k (I(H2)(0) + [(H2)'(0)) , = € D(A). (45)

However, the following example shows that even in the case d =1 and H = 1 one
generally only has asymptotic (strong) stability.
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Example 2.18 (Schrodinger Equation). Let us investigate the one-dimensional
Schrédinger equation on the unit interval

Ow 0%w
) — >
IS0+ SE O =0. 120, (e (0.) (46)
with boundary conditions
Ow .
aié_(t, 0) = _Zk(JJ(t, 0),
Ow
>
ac —(t,1) = aw(t, 1), t>0 (47)

for some constants & > 0 and o € R\ {0}. The energy functional is given as

1 1
=§/ wit, O d, >0 (48)
0
and the corresponding port-Hamiltonian operator is
Az =iz" D(A) = {z€ H*0,1): 2/(0) = —ikz(0),2'(1) = az(1)}. (49)
Integrating by parts and using the boundary conditions we deduce
Re (Az,z)r, = Im (2/(0)*z(0) — 2'(1)*z(1))

-5 (FeOF + {10 OF) . sep@). 60

We claim that the semigroup is not exponentially stable, though it is asymptotically
(strongly) stable. For this end we apply Stability Theorem 2.6 and prove

S%pIIR(-,A)II =00

Let 8 > 0 be arbitrary, hence i3 € p(A). For f € Ly(0,1) we solve (i3 — A)x = f
and obtain the solution

#(¢) = (R(B, A)£)(0)
ik i
= (cosh(y/B¢) — 2 sinh(y/BC) s 1 0) + / 5 sinh(v/B(C - ) /(e (51
with the value z(0) = 3 ;(0) given by

0 - Jy icosh(v/B(1L — €)) — 5 sinh(VB(L — €)))£(€)de
g, - .
! (i + VB) sinh(vB)

(52)
(a + ik) cosh(v/B) —

Now we choose f =1 € L3(0,1) and get

(R(iB3, A)1)(¢) = (cosh(y/B¢) — —= smh (VBC))
z(ﬁ sinh(V/B3) — 3 cosh(\/ﬁ) +3)
(o + ik) cosh(v/B) — (mk + f) 3) sinh(y/f3)

X

Ecosh(\/BC) ~ 5

13



Thus for all ¢ € (0,1)

2 (RUBAQ)
eVBS

_ Z-COSh(\/BC) Bsinh(v/B) — /B cosh(v/B) + VB VB
eVhe (a + ik) cosh(v/B) — (% + \/B) sinh(v/5)

N ksinh(\/ﬁg) V/Bsinh(y/B) — cosh(v/B) + 1 B
evie (a + ik) cosh(v/B) — (% + \/B) sinh(v/53) evhe
= k+o(l) + iicosfé\ﬁ/fo

. Bcosh(v/B) + B + (a + ik)y/B cosh(y/B) — iak sinh(y/)
(a +ik) cosh(v/B) — (% + \/B) sinh(v/f)

k+i(1— (o +ik)) = 2k +i(1 — o) # 0, (53)

B—o00

in particular

18, A1, ——— oo
Thus the resolvents cannot be uniformly bounded on the imaginary axis and hence
A does not generate an exponentially stable Cy-semigroup.

However, for a special class of port-Hamiltonian systems which have some anti-
diagonal structure we can weaken the assumptions on the boundary dissipation.

Proposition 2.19. Let d be even and 0 < Hy, Hy € WL (0,1;C4/2%4/2) and P; =
— P, € C¥2%4/2 jnyertible and skew-adjoint, Pj = Py self-adjoint, and Py € C4*4.
Assume that Ag has the form

Aoz = ( ]92 s )(Hx)"+ ( ]81 h )(Hm)'+Po(Hx), € D(Ay),

where H(() = diag (H1(¢), Hz2(C)). Assume there exists some k > 0 such that, for
all x = (z1,x2) € D(A)

, |(Haz1)'(0)” |(Haza) (1)
Re (Az,z)n < —k | |(Hz)(0)|" + or + or
|(Ha2)'(0)] |(Haz1) (1))

If (T(t))i>0 is asymptotically stable then it is exponentially stable.
Again one may interchange 0 and 1 in the dissipativity estimate.

Proof. The result may be proved in similar fashion as Proposition 2.14. O

3 Hybrid Systems

In this section we study stability of hybrid systems. The preconditions for the
infinite-dimensional part of the interconnected system stay the same, except for

14



input and output variables which we utilize for interconnection with the finite-
dimensional controller.

So, instead of a static boundary condition W (f‘”” ) = 0 we use (part of) W (f‘”"” )

€9, Hx €9, Hx
to define the input function for the interconnection with a finite-dimensional system

and on the other hand use the remaining information from ({g;;;) to define the

output map for the interconnection structure. So let W, W € CNdx2Nd he two full

rank matrices and such that the matrix (%) is invertible. Let 1 <m,m < Nd € N

and decompose W, W as

W1 T Wl
W = W =
< Wy )’ ( Wy )
where Wy € C™*2md and W, € C™*2Nd The infinite-dimensional subsystem may
then be written as

d N gk
x(t,¢) = Z%—Ck(%(cm(uc», t>0,¢e(0,1),
k=0

U (t) — Wl ( fa,Hac

€9, Ha

Jo
Ozug(t):VVg( gzx ) —: Boa(t),

)=

)

= Bll‘

yl(t) — Wl < fé),Hw

€9, Hx

yz(t) — WQ < fa,Hz

i =: Cou(t t>0.  (54)

(Further we use the notation B := (B1,B82) and C = (C1,C2).) Additionally we
consider the space = = C" with inner product

&ma. =&Qen,  nEEE, (55)

for some positive n x n-matrix Q. = Q% > 0. We assume that the finite-dimensional
controller has the form

O 61) = Ak (t) + Baelt),
Ye(t) = C&(t) + Deuc(t), t>0 (56)

for some matrices A., B, C., D, of suitable dimension. We are interested in situa-
tions without external input signal and interconnect the two subsystems by standard
feedback interconnection

Ue = y1, U = —Ye. (57)

Then we obtain an operator A on the product space X x = which we equip with
the canonical inner product

((#,8), W, M) .. = (T y)n +{EMae., (2,8, (y,n) € X x E. (58)

(D-( ()
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on the domain

T fa,'Hz
D(A) = ( ¢ ) €ED(A))xZ: Wy | eomz | =0 (60)
£
with the matrix W, given by
_( Wi+ DWWy C.
e (W40 €Y o

3.1 Semigroup Generation

Similar to the pure infinite-dimensional case we have the following generation result
which includes the case of strictly passive controllers as in Theorem 4 of [17].

Theorem 3.1. If the operator A is dissipative, i.e.
<A($>€)’ (x7€)>H,Qc <0, (J),f) € D(A)a (62)

then it generates a contractive Co-semigroup (7 (t))i>0 on X x E. Moreover, A has
compact resolvent.

Remark 3.2. Similar to the pure infinite-dimensional case one sees that the con-
dition

1
2
is necessary for A to generate a contraction Cy-semigroup.

RGP()Z: (P0+Pg)§0

For the proof we need the following results which follow from step 2 in the proof of
Theorem 4.2 in [12].

Lemma 3.3. Let d,N € N and W € CN4<2Nd paye full rank. Define ® :
HN(0,1;C%) — C2Nd = (CHN by @j(z) = 2U=V(1), 0,4 n(x) = 2U=D(0) for
j=1,...,N. Then there exists an operator B € B(CN%; HN(0,1;C%)) such that

(W o q))B = ICNd.

Corollary 3.4. Let W € CN®2Nd hape full rank and let

Bz =W ( Jora > .z € D(A). (63)
€9, Hx

Then there exists B € B(CNY; D(Ag)) with BB = Igna.

Proof of Theorem 3.1. The operator A is densely defined. Namely let (z,£) € X x=
be arbitrary. Observe that the matrix

o (M) (e (3))(B)

has full rank Nd since (7) is invertible and (7 (%¢)) has full rank. Identifying

W
E=Zx {0} ¢ CN?, Corollary 3.4 shows that there exists B € B(Z, D(Ap)) with
W (o) (5, ez (65)
€o,1Be 0
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Moreover since C2°(0,1;C%) is dense in X there exists a sequence (¢n),~,; C
C2°(0,1; C%) converging to z + BC.£. Note that then

n—oo

D(A) 3 (wn,&n) = (¢n — BCOE, €) == (,€) € X X E, (66)

so D(A) is densely defined. Thanks to the Lumer-Phillips Theorem II1.3.15 in [7]
and the dissipativity of A, it remains to check that ran (Al —.A) = X x Z for some
A > 0. To this end let A > max(0, s(A.)) where s(A4.) := sup{Re A : A € 0(4.)}
denotes the spectral bound of A.. Further let (y,n) € X x Z be given. We are
looking for some (z,&) € D(A) such that

)\(.’IJ, 5) - A($> 6) = (y> 77),
or equivalently

(/\IX — Ao)ﬂi =Y,
()\IE - Ac)€ - Bcclx =1, (67)
(B1+D.Cy)x+C =0,

W2< .fa,’Hac ) = 0.
€9, Ha
Solving (67) for ¢ and substitution lead to

()‘IX - Ao)il? =Y,

- — — -1 7
nl(5)-(CPRA ()
where ) B
oo (W1 (et €Oz = A BT ) (69)

Using the operator B e B(Z, D(Ap)) from Corollary 3.4 for W we set Tpew =
x — Bn and get the equivalent system

()\IX - AO)xnew =Y —- (AIX - AO)Bﬁv

I fa Hzx )
W, Hmew )= (). 70
! ( €0, Hmow ( )
Let us consider the operator Ay = A0|D(Ad) with domain
D(A,) = {x € D(Ap) : Wy ( Jor ) = o}. (71)
€9, Hx
For any x € D(Ay) we set £ = (A — A.)"'B.Ciz € Z and obtain
- fa,'Hw B Wl +DCW1 Cc fa,Hz
cl €9, Hx - WQ 0 €9, Hx
3 3
_ Wc < f@,'Ha: ) =0, (72)
€9, Hx



thus (z,€) € D(A) and we have

Re <ACZSL',£L'>X = Re <A((E,f), (:L’,f»XXg — Re <Bccliﬂ + AC£,§>E
—Re (Bcclx + AC(/\ — AC)’chclx, §>E
=—-Re A\ — A.)"'B.Lix, (A — A.) "' B.Lyw)= <0, (73)

IN

for all € D(Ay). Hence Ay generates a contractive Cp-semigroup on X by
Theorem 2.3. Consequently, (A — Ac)~" € B(X) exists and we then get a unique
solution e, of (70) which implies the existence of (z,¢) € D(A),

x:xnew+Bﬁ, 5: (AiAC)il(n+Bcclx)v (74)

such that (A —A)(z,€) = (y,n). It follows ran (A]—.A) = X and the Lumer-Phillips
Theorem I1.3.15 in [7] yields the result. O

3.2 Asymptotic Behaviour

For dissipative hybrid systems we obtain essentially the same stability results as in
the pure infinite-dimensional case.

Proposition 3.5. Assume that s(A;) < 0 and for a function f: D(Ap) — R4

Re (A(z,), (z,8))n.q. < —f(z), (2,£) € D(A). (75)
1. If f has property ASP then (T (t))i>0 is asymptotically (strongly) stable.

2. If f has property AIEP and o,(A) NiR = 0 then (7 (t))i>0 is (uniformly)
exponentially stable.

3. If f has property ESP then (T (t))i>0 is (uniformly) exponentially stable.

Proof. 1.) Asymptotic stability: By Theorem 3.1 A generates a contractive Cp-
semigroup and has compact resolvent, so o(A) = o,(A). We want to use Stability
Theorem 2.5 and thus prove that iR No,(A) = 0. Let § € R and (z,£) € D(A)
such that

SO

0=Re <Zﬂ(117, E)v (I7 £)>H7Qc
=Re (A(z,£), (z,8))n.q. < —f(z) (77)

and by property ASP x = 0. The finite-dimensional component reads
'LBE = Bccl-'lj + Acfv ie. E = (Zﬁ - Ac)_chclxv (78)

then also £ = (i3—A.) ' B.C1z = 0. As aresult, 0(A) = 0,(A) C Cy and (7 (t))i>0
is asymptotically stable due to Stability Theorem 2.5.
2.) Exponential stability: Let a sequence ((Zn,&n,8n)),>; C D(A) x R with

n—oo

s 60l x xz < € [8al “=2 400 such that

B (Tny&n) — A(Tn, n) ==0 (79)
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be given. Since |[(2n,&n)|| y = < ¢ it especially follows that

f(x) < —Re(A(xn,&n)s (Tn, &n))H,0.
= Re <Zﬂn(xn7£n) — A(xn,gn), (xnvfn»?-t,Qc nooo 0,

SO
fzn) =25 0. (80)
Since
Aoy — ifpty =250 (81)

and f has the property AIEP this implies
T, —2 0. (82)
Let us now consider (&), C 2. We have by assumption
10nén — BCrxy, — Ay 2750, in =,
and dividing by £, # 0 (for n sufficiently large) we get

Bc(/‘lxn . n—oo .
— &, —— 0, in =.
Bn

1

% is bounded and using Lemma 2.1 we have

Moreover ‘ ’

a2 -1 e - (83)

Hence % is a bounded sequence in H™V(0,1;C?) and thus by Lemma 2.15 it is

a null sequence in CN~1([0, 1]; C4). Since B.Cix, continuously depends on Hz,, €
CN=1([0,1];C%) this implies &, — 0, so

n—oo

(Xn,&n) — 0, in X x E.

From Stability Theorem 2.6 we deduce exponential stability.
3. is a direct consequence of 1. and 2. O

3.3 SIP Controllers with Colocated Input/Output

We make the following assumption on the infinite-dimensional part.

Assumption 3.6. Assume that the infinite-dimensional port-Hamiltonian system
is passive, i.e. for all z € D(Ap) it satisfies the balance equation

Re (Agz, z)1 < Re (Bz,Cx)cna. (84)
(In particular the corresponding operator on X for Bx = 0 generates a contrac-

tion Cp-semigroup.) Further we concentrate on finite-dimensional controllers with
colocated input and output which are strictly input passive.
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Definition 3.7. Let a linear control system
&= Az + Bu
y=Cx+ Du (85)

with state space X and input and output space (Z = §~/~(al~1 Hilbert spaces) be
given where A generates a Cp-semigroup on X and B € B(U, X), C € B(X,U) and
D € B(U) are linear (and continuous) operators.

1. We say that input and output are colocated if C e B(X,U) is the adjoint
operator of B € B(U, X).

2. The system is called strictly input passive (SIP) if for some o > 0 and any
solution x one has the estimate

Re (d,2) 5 < (u,9)g — o |[ulf . (86)

In our case we assume m = m and the controller has the form

5 = (Jc - RC)QCf + Bcuc
Ye = B:Qc£ + D.u (87)

where £ € E = C" with inner product (£,7)g, = {*Q.n for the n x n-matrix
Q:=Q:>0and J.=—-J}, R. =R} >0, B., D, matrices of suitable dimension.
For the system to be SIP we demand D, = D} > ol > 0. We then have the
following generation result for the operator.

Theorem 3.8. The operator A generates a contractive Co-semigroup on X X =
and has compact resolvent.

Proof. This is a special case of Theorem 3.1 since

Re <'A('Ta f)’ ('Ta €)>H7Qc < Re <ua y>CNd + Re <uc, yC>Cm =0. (88)

Theorem 3.9. Let 0(A.) C C, and assume that the condition
uf* + |y |* = [Ba|* + |C1z]* > f(z), = € D(Ap) (89)
holds where f : D(Ag) — Ry. Then

1. If f has property ASP then (T (t))i>0 is asymptotically (strongly) stable.

2. If [ has property AIEP and o,(A) NiR = () then (T(t))i>0 s (uniformly)
exponentially stable.

3. If f has property ESP then (T (t))i>0 is (uniformly) exponentially stable.
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Proof. We already know that A generates a (contraction) Cp-semigroup and has
compact resolvent. Remark that for any (z,&) € D(A) we get
Re <.A(.13, 5)7 (.13, §)>'H,Qc = Re <A()33, .23>H + Re <BCC1$ + (Jc - Rc)cha §>Qc

< Re(u,y)cm + Re (ue, BiQcE)cm — (ReQe&, Qcl)em
<Re <’LL, y>Cm + Re <UC, yc><Cm - <uc7 Dcuc>(Cm

< —oluel?.

1.) Assume that f has property ASP. We prove that A has no eigenvalues on the
imaginary axis. Let 8 € R and («,&) € D(A) with

A(z,§) = iB(z,§)

be arbitrary. Then
0=Re (iB(z,£), (z,))r.0. = Re (A(z,€). (2. 8))mq. < —0 |uc|”,
so C1x = y1 = u. = 0. From the equation
B.Cix+ AL = i€

and from o(A.;) C C; we then deduce £ = 0 and this also implies y. = 0. So

2 2 2 2
f(@) < ful”+ |y " = fuel” + [ye[~ =0

and hence f(z) = 0 and Apz = ifz. From property ASP we also conclude z = 0
and hence A has no eigenvalues on the imaginary axis. The result follows from
Theorem 2.5.

2.) Let us assume (7 (¢)):>0 is asymptotically stable and f has property AIEP. Let
((n,&n), Bn)n>1 C D(A) x Z be any sequence with ||z, || < ¢, |8n] — oo and

n—oo

A, &) = iBp(wn,€n) — 0 in X x E. (90)
We then especially have

0« <(~A - 'Lﬂn)(zm €n)7 (xmfn»?-(,Qc < -0 |Uc,n|2 )

thus y1., = C12,, = Uc, — 0. Also

n—00

Bcuc,n + Acgn —i3p&n =: My — 0
and since sup;g || R(-, Ac)|| < +o0 we obtain
gn = R@ﬂna Ac)(Bcuc,n - nn) m 0 (91)

and then also
—Uln = Yen = B:chn + Dcuc,n m) 0.
It follows
0 < fwn) < [Baal* + [Cran|* “==50 (92)
and since Agx, — i8,r, — 0 we obtain x, — 0 from the AIEP property, i.e.
(zn,&,) — 0 and the assertion follows from Theorem 2.6.

3. is a direct consequence of 1. and 2. O
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As a result, Theorem 14 of [17] follows directly from Proposition 2.12 and Theorem
3.9.

Corollary 3.10. Let N =1, o(A.) C Cy and assume that for some k> 0
lul* + 31 * = |Ba|* + [Cral* > k| (H2)(0)]*, = € D(Ao). (93)

Then the controller exponentially stabilizes the port-Hamiltonian system, i.e. the
semigroup (7 (t))i>0 is exponentially stable.

For the case N = 2 the following follows directly from the results of Subsection 2.5.
Corollary 3.11. Let N =2, o(A.;) CCy.

1. If for some k > 0 and all x € D(Ap)
Baf> + Caz > e ({2 (O) + (1) O)) (91)

then the semigroup (T (t))i>0 is asymptotically stable.
2. If for some k > 0 and all x € D(Ap)

o 2 [ 10
|Bz|” + [Crz|” > & | |(H2)(0)|]” + |(Hz)"(0)|" + or . (95)
|(Ha) (1)

then (7 (t))i>0 is exponentially stable.

3. If Ay has the structure as in Proposition 2.19 and (7 (t))i>0 is asymptotically
stable and for some k >0 and all x € D(Ap)

o (1P ) [ 1Gaa))
|Bz|"+|Ciz|” > & | [(Hz)(0)|]” + or ) + or , ,
|[(Haw2)"(0)] [(Haz1)(1)]
(96)

then (7 (t))i>0 is exponentially stable.

4 Example: Stabilization of the Euler-Bernoulli
beam

We illustrate our theoretical results by means of the Euler-Bernoulli beam equation

2

p(Qwre(t, C) + %(EI(C)W«(@C)) =0, ¢€(0,1), t=0. (97)

The distributed parameters p, EI are assumed to be of class WL (0, 1;R) and strictly
positive. The energy of any sufficient smooth solution is given by

1

B = 5 [ 00t OF + EIQ e (1. O . (98)
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For the standard port-Hamiltonian formulation we thus set
T 1= PWy, To 1= We¢

and denote by H = diag (H1,Hz) = diag (%,EI) the Hamiltonian density matrix
function. The Euler-Bernoulli beam equation may then be written as

0 (0 -1 "
e0=( 1 ) oo, (99)
For the related operator Ay we obtain the balance equation

Re (Aoz, 2)3 = Re [(H1a1)'(¢)* (Haw2)(Q) — (Ha@1)(Q)* (Haz2)'(C)]g-  (100)

Example 4.1 (Clamped Left End). In [2] the authors consider clamped left end
boundary conditions and static feedback at the right end.

w(t,0) = we(t,0) =0 (clamped left end)
0
8—C(Efwgg)(t7 1) = aqwy(t, 1)
(Blwee)(t,1) = —aowie(t, 1) (static feedback) (101)

for feedback constants o, as > 0. The corresponding operator Aq, o, on X is then
given by

Aal,agx = A0|D(Aal,a2)
D(Aayaz) = {z € D(Ag) : (H121)(0) = (H171)'(0) =0,
(Haxa)' (1) = ar(Haz1)(1), (Haza)(1) = —aa(Hiz1) (1)}

Clearly if ay = a9 = 0 then Re (Ag oz, x)3 = 0 and Ag,o generates an unitary Co-
group. Next, let a1,z > 0. Then we obtain from equation (100) for x € D(Aq,.a,)
that

Re (Aay 03 @) < = (|(H) (1) + [(Ha) (D + [(Haw) (O + [(Haa1)'(0)°)

Asymptotic and then exponential stability follow by Propositions 2.11 and 2.19.
Last we investigate the case vy > 0 and as = 0. From the boundary conditions we
obtain

Re (Any 00T, T) 3
< = (IH2) (O + 10 O)F + (Y O + [(Hewa) (1)) (102)

for all € D(Aq,,a,) and some x > 0. By ODE techniques one finds 0,(Aa,,a,) N
1R = () after which exponential stability again follows from Proposition 2.19, a result
first proved in [2].

Remark 4.2. Unfortunately our theoretical results do not cover the case a; = 0
and as > 0. Although we may prove asymptotic stability in a similar way as before,
for the corresponding operator Ag , we only have the estimate

Re (Ao, 2, @)3 < —#(|H1z1(0)]* + [(Hiz1)'(0)) + [(Haz2) (1)) + [(Haz1)' (1))

The uniform energy decay for this case has been proved in [3].
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The second example shows how interconnection structures naturally appear in the
modelling of beams with a mass at one end.

Example 4.3 (Both Ends Free). Assume that both ends are free and there is a
mass at the tip (as in [9]).

2

0 0 0
BIQ) gz tller = =3¢ (BT et ) ) lea =0

& 9 &
EI (C)a<2 w(t, C)‘C O—kla—gw(t O>+k28t8§ w(t,0)
9 o 9
- 37 (PrOgaet.0)| = howtt0) + ket

for feedback constants k; > 0. The system’s total energy is

E(t):;/()l(EI ‘8@ tC)

2
)
2
1 <k1

i.e. it decomposes into a continuous and a discrete part. To interpret this as a
hybrid system we choose £ = (w¢(0),w(0)) and the input- and output functions

+010)| gyt

9]
8—<w(t ,0)

+ ks |w(t,0)|2> ,

_ [ (Haxo)(t,1)
0= U2(t) - < (Hg.’L‘g)/(t, 1)
—(Haw2)'(t,0)
t) = . 103
y(t) < (How2)(t, 0) ( )
The infinite-dimensional part is passive due to equation (100). By feedback inter-
connection u; = —y. and u, = y with the finite-dimensional system

so-(§ 2)(4 &) (§ L)wo

wr=( % D) (00 Yew+ (L ). o

ka

L0
setting Q. = D, = (kol ,?3) and R, = B, = ( k2 1) we see that this is indeed a

0 &
port-Hamiltonian system interconnected in a energy preserving way with an expo-
nentially stable SIP controller with colocated input and output. Since

B + [Cral = [(Ha)(O)] + [(Ha) (0)] + |(Howz) (1) + |(Haw2)' (1)

uniform exponential energy decay for the hybrid system follows from Corollary 3.11.
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