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Abstract

In this paper we introduce a joint model for the electricity spot and the emission market
in Germany. The model is used to simulate the effects of changing market parame-
ters and policy implications. We propose a structural approach to connect fundamental
factors, such as demand, capacity, fuel prices and emission allowances to the price of
electricity. Based on empirical bid behaviour of electricity producers in day-ahead auc-
tions we develop a novel CO2 emission rate model. In order to introduce a feedback of
CO2 allowances to the actual emission of greenhouse gases a forward-backward stochastic
differential equation is used to deduce a partial differential equation to price emission
allowances. The resulting equation will be solved by an alternating direction implicit
finite difference scheme.
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✶ ■♥tr♦❞✉❝t✐♦♥

❖✈❡r t❤❡ ❝♦✉rs❡ ♦❢ t❤❡ ❧❛st t✇♦ ❞❡❝❛❞❡s t❤❡ ❧✐❜❡r❛❧✐③❛t✐♦♥ ♦❢ ❡♥❡r❣② ♠❛r❦❡ts ❤❛s ❛❝❝❡❧❡r❛t❡❞ ✐♥
●❡r♠❛♥②✳ ❲❤✐❧❡ ✐♥ t❤❡ ♣❛st ❡♥❡r❣② ❝♦♠♣❛♥✐❡s ❝♦✉❧❞ ❛❝t ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ❝♦♠♣❡t✐t✐♦♥ ✇✐t❤
✜①❡❞ ♣r✐❝❡s✱ t❤❡② ♥♦✇ ❤❛✈❡ t♦ ❢❛❝❡ ✈❛r✐❛❜❧❡ ♣r✐❝❡s✳ ❲✐t❤ t❤❡ ❢♦✉♥❞❛t✐♦♥ ♦❢ t❤❡ ❋❡❞❡r❛❧ ◆❡t✇♦r❦
❆❣❡♥❝②✱ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s ❣r✐❞ ❛❝❝❡ss ✉♥❞❡r ❢❛✐r ❝♦♥❞✐t✐♦♥s✱ t❤❡ ✈❛r✐❡t② ❛♥❞ q✉❛♥t✐t② ♦❢ ♠❛r❦❡t
♣❛rt✐❝✐♣❛♥ts ✐♥❝r❡❛s❡❞✳ ❚❤✐s ❞❡✈❡❧♦♣♠❡♥t ❧❡❞ t♦ ♠♦r❡ ✐♥t❡♥s❡ ❝♦♠♣❡t✐t✐♦♥✱ ❛❧s♦ ❛✛❡❝t✐♥❣ ❢✉❡❧
♠❛r❦❡ts ❛♥❞ t❤❡ ✈♦❧❛t✐❧✐t② ♦❢ ✐♥♣✉t ❝♦sts✳ ❙✐♥❝❡ t❤❡ ✐♥st❛❧❧❛t✐♦♥ ♦❢ t❤❡ ❊✉r♦♣❡❛♥ ❯♥✐♦♥ ❊♠✐ss✐♦♥

❚r❛❞✐♥❣ ❙②st❡♠ ✭❊❯ ❊❚❙✮ ❛♥♦t❤❡r ✐♠♣❛❝t ❢❛❝t♦r ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞✳ ❆s ❛ ♣♦✇❡r ♣❧❛♥t ♠❛♥❛❣❡r
❤❛s t♦ s✉rr❡♥❞❡r ❡♥♦✉❣❤ ❊✉r♦♣❡❛♥ ❊♠✐ss✐♦♥ ❆❧❧♦✇❛♥❝❡s ✭❊❯❆s✮ t♦ ❝♦✈❡r t❤❡ ❡♠✐tt❡❞ ❣r❡❡♥❤♦✉s❡
❣❛s✱ t❤❡② ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ♣❛rt ♦❢ ♣r♦❞✉❝t✐♦♥ ❝♦sts✱ t❤✉s ✐♥✢✉❡♥❝✐♥❣ t❤❡ ♠❛r❣✐♥ ♦❢ ❛ ♣♦✇❡r
♣❧❛♥t✳ ❆❢t❡r t❤❡ ❞✐s❛st❡r ✐♥ ❋✉❦✉s❤✐♠❛ t❤❡ ●❡r♠❛♥ ❢❡❞❡r❛❧ ❣♦✈❡r♥♠❡♥t ❛❣r❡❡❞ ♦♥ t❤❡ ❛❜♦❧✐s❤♠❡♥t
♦❢ ❡✐❣❤t ♥✉❝❧❡❛r ♣♦✇❡r ♣❧❛♥ts ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥ t♦ r❡♥❡✇❛❜❧❡ ❡♥❡r❣②✳ ❲❡ s❡❡✱ t❤❛t ✐♥ ♦♣♣♦s✐t✐♦♥
t♦ t❤❡ ♣❛st✱ ♠❛r❦❡t ♣❛rt✐❝✐♣❛♥ts ♥♦✇ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r ❛ ♠♦r❡ ❝♦♠♣❧❡① ♠❛r❦❡t s✐t✉❛t✐♦♥ ❛♥❞
✉♥❝❡rt❛✐♥t② ❛❜♦✉t ❢✉t✉r❡ ♣r✐❝❡ ❞❡✈❡❧♦♣♠❡♥ts✳

■♥ t❤✐s ♣❛♣❡r ✇❡ ✇❛♥t t♦ ❛♥❛❧②s❡ t❤❡ ❡✛❡❝ts ♦❢ t❤❡s❡ ❞❡✈❡❧♦♣♠❡♥ts ✐♥ t❤❡ ●❡r♠❛♥ ❡❧❡❝tr✐❝✐t②
♠❛r❦❡t✳ ❲❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ ❤♦✇ ❝❤❛♥❣❡s ♦❢ t❤❡ ♠❛✐♥ ✐♠♣❛❝t ❢❛❝t♦rs ✐♥✢✉❡♥❝❡ t❤❡ s♣♦t ♣r✐❝❡ ❢♦r
❡❧❡❝tr✐❝✐t②✱ t❤❡ ❡♠✐ss✐♦♥ ❛❧❧♦✇❛♥❝❡s ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ ❝♦♥✈❡♥t✐♦♥❛❧ ♣♦✇❡r ♣❧❛♥ts✳ ❇❡s✐❞❡ r❡♥❡✇❛❜❧❡
❡♥❡r❣②✱ ❝♦❛❧ ❛♥❞ ❣❛s ✜r❡❞ ♣♦✇❡r ♣❧❛♥ts ❢♦r♠ ❛ ♠❛❥♦r ♣❛rt ♦❢ t❤❡ ●❡r♠❛♥ ❡♥❡r❣② ♠✐①✳ ❚❤❡
♣r♦✜t❛❜✐❧✐t② ♦❢ ❛ ❝❡rt❛✐♥ ♣❧❛♥t ✇✐❧❧ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s♣r❡❛❞ ❜❡t✇❡❡♥ t❤❡ ♣r✐❝❡ ♦❢ ♦♥❡ ✉♥✐t ♦❢
❡❧❡❝tr✐❝✐t② ❛♥❞ ✐ts ♣r♦❞✉❝t✐♦♥ ❝♦sts✳ ■❢ ✇❡ ♥❡❣❧❡❝t ♦♣❡r❛t✐♦♥❛❧ ❝♦♥str❛✐♥ts✱ s✉❝❤ ❛s st❛rt✐♥❣ ❛♥❞
♠✐♥✐♠✉♠ ♦♣❡r❛t✐♥❣ t✐♠❡s✱ ❛ ♣❧❛♥t ✇✐❧❧ ❜❡ ♦♥❧✐♥❡ ✇❤❡♥❡✈❡r ✐ts s♣r❡❛❞ ✐s ♣♦s✐t✐✈❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡
✈❛❧✉❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❛ r❡❛❧ ♦♣t✐♦♥ ❛♣♣r♦❛❝❤✱ t❤❡ s♦✲❝❛❧❧❡❞ s♣r❡❛❞ ♦♣t✐♦♥s✳

❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤✐s ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷ ❝❧❡❛♥ s♣r❡❛❞ ♦♣t✐♦♥s ❛r❡ ❞❡✜♥❡❞✱ ✇❤✐❝❤
❛r❡ ✉s❡❞ t♦ q✉❛♥t✐❢② t❤❡ ✈❛❧✉❡ ♦❢ ♣♦✇❡r ♣❧❛♥ts✳ ❙❡❝t✐♦♥ ✸ ❞❡❛❧s ✇✐t❤ t❤❡ ●❡r♠❛♥ ❡❧❡❝tr✐❝✐t②
s♣♦t ♠❛r❦❡t ❛♥❞ ✐ts ✉♥❞❡r❧②✐♥❣ ✐♠♣❛❝t ❢❛❝t♦rs✳ ■♥ t❤❡ ✹t❤ ❙❡❝t✐♦♥ t❤❡ ♠♦❞❡❧❧✐♥❣ ❢r❛♠❡✇♦r❦ t♦
❝♦♠♣✉t❡ t❤❡ ♠❛r❦❡t ❈❖2 ❡♠✐ss✐♦♥ r❛t❡ ❛♥❞ t♦ ♣r✐❝❡ ❈❖2 ❛❧❧♦✇❛♥❝❡s ✐s ✐♥tr♦❞✉❝❡❞✳ ■♥ ❙❡❝t✐♦♥
✺ ✇❡ s✐♠✉❧❛t❡ s❡✈❡r❛❧ s❝❡♥❛r✐♦s ✇✐t❤ ♦✉r ♠♦❞❡❧ ❛♥❞ ❞✐s❝✉ss t❤❡ ❡✛❡❝ts ♦❢ ❝❤❛♥❣❡s ✐♥ t❤❡ ❦❡②
♣❛r❛♠❡t❡rs✳

✷ ❈❧❡❛♥ ❙♣r❡❛❞ ❖♣t✐♦♥s

❚❤❡ ✈❛❧✉❡ ♦❢ ❛ ❝♦❛❧ ♦r ❣❛s ✜r❡❞ ♣♦✇❡r ♣❧❛♥t ❝❛♥ ❜❡ q✉❛♥t✐✜❡❞ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❝❧❡❛♥ ❞❛r❦
s♣r❡❛❞ ♦♣t✐♦♥s ✭❝♦❛❧✮ ♦r ❝❧❡❛♥ s♣❛r❦ s♣r❡❛❞ ♦♣t✐♦♥s ✭❣❛s✮✳ ❚❤❡ s♣r❡❛❞ ❞❡t❡r♠✐♥❡s t❤❡ ❝♦sts ♦❢
tr❛♥s❢♦r♠✐♥❣ ❢✉❡❧ ✐♥t♦ ❡❧❡❝tr✐❝✐t② ❛t ❛ ❣✐✈❡♥ ♣♦✇❡r ♣❧❛♥t ❡✣❝✐❡♥❝②✳ ❈❧❡❛♥ ♦♣t✐♦♥s ❛❧s♦ t❛❦❡ ✐♥t♦
❛❝❝♦✉♥t t❤❡ ❝♦sts ♦❢ ❊❯❆s t♦ ♦✛s❡t t❤❡ ♣♦❧❧✉t✐♦♥ ♦❢ ❣r❡❡♥❤♦✉s❡ ❣❛s✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❞❡✜♥❡ t❤❡ s♣r❡❛❞s ❢♦r t❤❡ ●❡r♠❛♥ ♠❛r❦❡t✳ ❚❤❡ ❝❧❡❛♥ ❞❛r❦ s♣r❡❛❞ ✐s ❞❡✜♥❡❞
❛s✿

CDS = S − 1
eff1

(K + e1A) ,

✇❤❡r❡ S ❞❡♥♦t❡s t❤❡ ♣r✐❝❡ ♦❢ ❡❧❡❝tr✐❝✐t② ✐♥ e✴▼❲❤✱ K t❤❡ ♣r✐❝❡ ♦❢ ❝♦❛❧ ✐♥ e✴▼❲❤ ❛♥❞ A t❤❡
♣r✐❝❡ ♦❢ ❛♥ ❊❯❆ ✐♥ e✴t❈❖2✳ ❚❤❡ ✈❛r✐❛❜❧❡ e1 ❞❡t❡r♠✐♥❡s ❤♦✇ ♠✉❝❤ ❣r❡❡♥❤♦✉s❡ ❣❛s ✐s ❡♠✐tt❡❞
✐❢ ♦♥❡ ▼❲❤ ♦❢ ❡♥❡r❣② ✐s ♣r♦❞✉❝❡❞ ❛t ✶✵✵✪ ❡✣❝✐❡♥❝②✳ ❈♦rr❡s♣♦♥❞✐♥❣ t♦ ❆❜❛❞✐❡ ❛♥❞ ❈❤❛♠♦rr♦
✭✷✵✵✽✮✱ ■P❈❈ ✭✷✵✵✻✮ ✇❡ s❡t e1 = 0.34056 t❈❖2 ✴ ▼❲❤✳ ❚❤❡ ♣♦✇❡r ♣❧❛♥t✬s ❡✣❝✐❡♥❝② ✐s ❞❡♥♦t❡❞
❜② eff1 ✳ ■t ✐s t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ♣r♦❞✉❝❡❞ ♦✉t♣✉t ♦❢ ❡♥❡r❣② ❛♥❞ t❤❡ ♥❡❡❞❡❞ ✐♥♣✉t✳

❚❤❡ ❝❧❡❛♥ s♣❛r❦ s♣r❡❛❞ ✐s ❣✐✈❡♥ ❜②✿

CSS = S − 1
eff2

(G+ e2A) ,

✶



✇❤❡r❡ G ✐s t❤❡ ♣r✐❝❡ ♦❢ ❣❛s ✐♥ e✴▼❲❤ ❛♥❞ e2 t❤❡ ❡♠✐ss✐♦♥ ❢❛❝t♦r✳ ❆❝❝♦r❞✐♥❣ t♦ ❆❜❛❞✐❡ ❛♥❞
❈❤❛♠♦rr♦ ✭✷✵✵✽✮✱ ■P❈❈ ✭✷✵✵✻✮ t❤❡ ❡♠✐ss✐♦♥ ♦❢ ♥❛t✉r❛❧ ❣❛s ✐s e2 = 0.20196 t❈❖2 ✴ ▼❲❤✳ ❚❤❡
❡✣❝✐❡♥❝② ♦❢ ❛ ❣❛s ✜r❡❞ ♣♦✇❡r ♣❧❛♥t ✐s ❞❡♥♦t❡❞ ❜② eff2 ✳

❚❤❡ s♣r❡❛❞ ❞❡t❡r♠✐♥❡s t❤❡ ❡❝♦♥♦♠✐❝ ✈❛❧✉❡ ♦❢ ❛ ♣♦✇❡r ♣❧❛♥t✳ ■♥ ❛♥ ✐❞❡❛❧ ✇♦r❧❞✱ ✇✐t❤ s✐♠♣❧✐❢②✐♥❣
♠♦❞❡❧ ❛ss✉♠♣t✐♦♥s✱ t❤❛t t❤❡r❡ ❛r❡ ♥❡✐t❤❡r ❞❡❧✐✈❡r② ❝♦♠♠✐t♠❡♥ts ♥♦r r❡str✐❝t✐♦♥s ♦♥ st❛rt✐♥❣ ❛♥❞
♠✐♥✐♠✉♠ ♦♣❡r❛t✐♥❣ t✐♠❡s ♦❢ ❛ ♣♦✇❡r ♣❧❛♥t✱ ✐t ✇✐❧❧ ❜❡ ♦♥❧✐♥❡ ✇❤❡♥❡✈❡r t❤❡ s♣r❡❛❞ ✐s ♣♦s✐t✐✈❡✳
❍❡♥❝❡ ✇❡ ❝❛♥ ♠♦❞❡❧ ✐ts ✈❛❧✉❡ ❜② ❛ ❝❛❧❧ ♦♣t✐♦♥ ♦♥ t❤❡ s♣r❡❛❞ ✇✐t❤ ♠❛t✉r✐t② T ✿

VCDS = e−rT
E

(

ST − 1
eff1

(KT + e1AT )
)+

,VCSS = e−rT
E

(

ST − 1
eff2

(GT + e2AT )
)+

.

■❢ ✇❡ ❝♦♥s✐❞❡r ❛ s♣r❡❛❞ ♦r ❡①❝❤❛♥❣❡ ♦♣t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❛ss❡ts✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r✐❝❡ t❤❡ ♦♣t✐♦♥
✇✐t❤ ❛ ❢♦r♠✉❧❛ ♦❢ ❇❧❛❝❦ ❛♥❞ ❙❝❤♦❧❡s t②♣❡✳ ▼❛r❣r❛❜❡ ✭✶✾✼✽✮ ✇❛s t❤❡ ✜rst ♦♥❡✱ ✇❤♦ ❞❡r✐✈❡❞ t❤✐s
❦✐♥❞ ♦❢ ❢♦r♠✉❧❛✳ ❙✐♥❝❡ ✇❡ ✇❛♥t t♦ ✐♥❝❧✉❞❡ ❢✉♥❞❛♠❡♥t❛❧ ❢❛❝t♦rs✱ s✉❝❤ ❛s ❞❡♠❛♥❞ ❛♥❞ s✉♣♣❧②✱ ✇❡
❢❛✈♦✉r ❛ str✉❝t✉r❛❧ ♠♦❞❡❧ ♦✈❡r ❛ r❡❞✉❝❡❞ ❢♦r♠ ❛♣♣r♦❛❝❤✳

❋✐❣✉r❡ ✷✳✶ s❤♦✇s t❤❡ ♣❡❛❦ ❤♦✉rs ✭tr❛❞✐♥❣ ❤♦✉rs ✾ t♦ ✷✵✮ s♣r❡❛❞s ✐♥ t❤❡ ●❡r♠❛♥ ❡❧❡❝tr✐❝✐t② ♠❛r❦❡t
❞✉r✐♥❣ t❤❡ ②❡❛r ✷✵✶✷✳ ❆❧❧ ❞❛t❛ ✇❡r❡ t❛❦❡♥ ❢r♦♠ t❤❡ ❊✉r♦♣❡❛♥ ❊♥❡r❣② ❊①❝❤❛♥❣❡ ✭❊❊❳✮✳ ❙✐♥❝❡ t❤❡
❝♦❛❧ ♣r✐❝❡ ✐s q✉♦t❡❞ ✐♥ ❯❙❉ ✴ t✱ ✇❡ tr❛♥s❢♦r♠ ✐t ❢r♦♠ t t♦ ▼❲❤ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❤❛r❞
❝♦❛❧ ❜✉r♥s ❛t ❛ r❛t❡ ♦❢ ✼✳✵✵✶✷✻ ▼❲❤ ✴ t ❛s r❡♣♦rt❡❞ ❜② ❍❡✐③✉♥❣✲❉✐r❡❦t ✭✷✵✶✸✮✳ ❲✐t❤ t❤❡ ❤❡❧♣
♦❢ t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ ❢r♦♠ ❯❙❉ t♦ e✱ ✇❡ r❡❝❡✐✈❡ t❤❡ ❞❡s✐r❡❞ q✉♦t❛t✐♦♥✳ ❚❤❡ ❣❛s ♣r✐❝❡ ✐s ❛❧r❡❛❞②
q✉♦t❡❞ ✐♥ e✴ ▼❲❤ ❛♥❞ ♥♦ ❢✉rt❤❡r tr❛♥s❢♦r♠❛t✐♦♥ ✐s ♥❡❝❡ss❛r②✳ ❈♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ st✉❞② ❜②
t❤❡ ❱❉■ ✭✷✵✵✼✮ ✇❡ ❝❤♦♦s❡ t❤❡ t②♣✐❝❛❧ ❡✣❝✐❡♥❝② ♦❢ ❛ ❝♦❛❧ ✜r❡❞ ♣❧❛♥t ❛s eff1 = 41.425✪ ❛♥❞ ♦❢
❛ ❣❛s ✜r❡❞ ♦♥❡ ❛s eff2 = 50.625✪✳ ❚❤❡ ❝❧❡❛♥ ❞❛r❦ s♣r❡❛❞ ✇❛s ❛❧✇❛②s ❤✐❣❤❡r t❤❛♥ t❤❡ ❝❧❡❛♥
s♣❛r❦ s♣r❡❛❞✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❛✈❡r❛❣❡ ❝♦❛❧ ✜r❡❞ ♣♦✇❡r ♣❧❛♥t ✇❛s ♠♦r❡ ♣r♦✜t❛❜❧❡ t❤❛♥
t❤❡ ❛✈❡r❛❣❡ ❣❛s ✜r❡❞ ♣♦✇❡r ♣❧❛♥t ✐♥ ✷✵✶✷✳ ■♥ ❢❛❝t✱ t❤❡ ❝❧❡❛♥ s♣❛r❦ s♣r❡❛❞ ✇❛s ♥❡❣❛t✐✈❡ ♠♦st ♦❢
t❤❡ t✐♠❡ ❛♥❞ t❤❡r❡❢♦r❡✱ ✐t ✇❛s ♥♦t ♣r♦✜t❛❜❧❡ t♦ ♣r♦❞✉❝❡ ❡♥❡r❣② ✇✐t❤ ❛ ❣❛s ✜r❡❞ ♣❧❛♥t✳ ❚❤❡ ♣❧♦t
r❡✈❡❛❧s t❤❛t t❤❡r❡ ✐s ❛ str♦♥❣ ♣♦s✐t✐✈❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s♣r❡❛❞ ♦❢ ❝♦❛❧✴❣❛s ♣♦✇❡r ♣❧❛♥ts
❛♥❞ t❤❡ ♣r✐❝❡ ♦❢ ❡❧❡❝tr✐❝✐t②✳
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(A) Spreads
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(B) Phelix Peak Prices
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✸ ❚❤❡ ❊❧❡❝tr✐❝✐t② ❙♣♦t Pr✐❝❡

❙✐♥❝❡ t❤❡ ❧✐❜❡r❛❧✐③❛t✐♦♥ ♦❢ ❡♥❡r❣② ♠❛r❦❡ts ❣❛t❤❡r❡❞ ♣❛❝❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❞❡❧❧✐♥❣ ❛♣♣r♦❛❝❤❡s ❤❛s
❣r♦✇♥ r❛♣✐❞❧②✳ ❚❤❡② r❛♥❣❡ ❢r♦♠ ❢✉❧❧ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧s t♦ r❡❞✉❝❡❞ ❢♦r♠ ♠♦❞❡❧s✳ ❊q✉✐❧✐❜r✐✉♠
♠♦❞❡❧s tr② t♦ ✐❞❡♥t✐❢② ❛❧❧ ♥❡❝❡ss❛r② ♣❛r❛♠❡t❡rs ❛♥❞ ❡❝♦♥♦♠✐❝ ❢✉♥❞❛♠❡♥t❛❧s✱ ✇❤✐❝❤ ✐♥✢✉❡♥❝❡ t❤❡
♣r✐❝❡ ♦❢ ❡♥❡r❣②✳ ❚❤❡r❡❢♦r❡ ❛ ❤✉❣❡ ❛♠♦✉♥t ♦❢ ❞❛t❛ ❛♥❞ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t ❛❧❧ ❣❡♥❡r❛t✐♥❣ ✉♥✐ts✱
♠❛✐♥t❛✐♥✐♥❣ s❝❤❡❞✉❧❡s✱ tr❛♥s♠✐ss✐♦♥ ❝♦♥str❛✐♥ts ❡t❝✳ ✐s ❡ss❡♥t✐❛❧✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡s❡ ♠♦❞❡❧s
♣r♦✈✐❞❡ ❞❡❡♣ ✐♥s✐❣❤ts ✐♥t♦ ♠❛r❦❡t ♠❡❝❤❛♥✐s♠s✱ ❜✉t ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ tr❡♠❡♥❞♦✉s ❛♠♦✉♥t
♦❢ r❡q✉✐r❡❞ ❞❛t❛ ❛♥❞ ✐ts ❝♦♠♣❧❡①✐t② ♠❛❦❡ t❤❡♠ ✉♥s✉✐t❛❜❧❡ ❢♦r ❞❡r✐✈❛t✐✈❡s ♣r✐❝✐♥❣✳ ❋♦r ♠♦r❡
❞❡t❛✐❧s ♦♥ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧s ✇❡ r❡❢❡r t♦ ❊②❞❡❧❛♥❞ ❛♥❞ ❲♦❧②♥✐❡❝ ✭✷✵✵✷✮✱ ❇❡ss❡♠❜✐♥❞❡r ❛♥❞
▲❡♠♠♦♥ ✭✷✵✵✷✮✳ ❘❡❞✉❝❡❞ ❢♦r♠ ♠♦❞❡❧s ❛♣♣r♦①✐♠❛t❡ t❤❡ ❡♥❡r❣② ♣r✐❝❡ ❞✐r❡❝t❧② t❤r♦✉❣❤ st♦❝❤❛st✐❝
♣r♦❝❡ss❡s✳ ❚❤❡② ❛r❡ ❡❛s② t♦ ✉s❡ ❢♦r str❛✐❣❤t❢♦r✇❛r❞ ❞❡r✐✈❛t✐✈❡s ♣r✐❝✐♥❣✱ ❜✉t ❞♦ ♥♦t ✐♥❝♦r♣♦r❛t❡
❛♥② ❢✉♥❞❛♠❡♥t❛❧ ❢❛❝t♦rs✳ ❚❤❡ ♠♦st ❛❞✈❛♥❝❡❞ ♠♦❞❡❧s ♦❢ t❤✐s ❣r♦✉♣ ✐♥❝❧✉❞❡ r❡❣✐♠❡ s✇✐t❝❤✐♥❣ ❛♥❞
❥✉♠♣s✱ ✐♥ ❈✉❧♦t ❡t ❛❧✳ ✭✷✵✶✸✮ ❛♥❞ ❉❡❏♦♥❣ ✭✷✵✵✻✮✳ ❙tr✉❝t✉r❛❧ ♠♦❞❡❧s tr② t♦ ❝♦♠❜✐♥❡ t❤❡ ❛❞✈❛♥t❛❣❡s
♦❢ t❤❡ t✇♦ ♦t❤❡r ❛♣♣r♦❛❝❤❡s ✇❤✐❧❡ ❛✈♦✐❞✐♥❣ t❤❡✐r ❞✐s❛❞✈❛♥t❛❣❡s✳ ❚❤❡② ❢♦❝✉s ♦♥ ✐❞❡♥t✐❢②✐♥❣ ❛♥❞
♠♦❞❡❧❧✐♥❣ t❤❡ ♠❛✐♥ ♣r✐❝❡ ❞r✐✈❡rs ✭❡✳❣✳ ❞❡♠❛♥❞✱ s✉♣♣❧②✱ ♣r✐❝❡ ♦❢ r❡s♦✉r❝❡s✮ ❛♥❞ ❞❡r✐✈❡ t❤❡ ❡♥❡r❣②
♣r✐❝❡ ❢r♦♠ t❤❡♠✳ ❲✐t❤✐♥ t❤✐s ♣❛♣❡r ✇❡ ✇❛♥t t♦ ♣r♦♣♦s❡ ❛ ❤②❜r✐❞ ❛♣♣r♦❛❝❤✱ ✇❤✐❝❤ ✐s ❧❡ss ❝♦♠♣❧❡①
t❤❛♥ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧s✱ ❜✉t st✐❧❧ ❛❧❧♦✇s ❢♦r ❢✉♥❞❛♠❡♥t❛❧ ❞r✐✈❡rs ❛♥❞ t❤❡✐r ❧✐♥❦ t♦ t❤❡ ♣r✐❝❡ ❢♦r
❡❧❡❝tr✐❝✐t②✳

❍♦✇✐s♦♥ ❛♥❞ ❈♦✉❧♦♥ ✭✷✵✵✾✮ ✉s❡❞ ❛ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ t♦ ❡①tr❛❝t ❜✐❞ ❝✉r✈❡s ❜② ❣❡♥❡r❛t♦r
t②♣❡ ✭❝♦❛❧✱ ❣❛s✮ ❢r♦♠ ❤✐st♦r✐❝❛❧ ❜✐❞ ❞❛t❛✳ ❚❤❡② ✇❡r❡ ❛❜❧❡ t♦ s❤♦✇ ❛ ♠❛♣♣✐♥❣ ❜❡t✇❡❡♥ ❞❡♥s✐t✐❡s✬
♣❛r❛♠❡t❡rs ❛♥❞ ❢✉♥❞❛♠❡♥t❛❧ ❞r✐✈❡rs✱ s✉❝❤ ❛s ❢✉❡❧ ♣r✐❝❡s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❜r✐❡✢②
r❡✈✐❡✇ t❤❡✐r ❛♣♣r♦❛❝❤✳

✸✳✶ ❙t♦❝❤❛st✐❝ ❇✐❞ ❈✉r✈❡s ❛♥❞ t❤❡ Pr✐❝❡ ❢♦r ❊❧❡❝tr✐❝✐t②

❲❡ ❝♦♥s✐❞❡r ❛ ♠❛r❦❡t ❛t t✐♠❡ t ✇✐t❤ ❛ ❞❡♠❛♥❞ Dt ❢♦r ❡♥❡r❣② ❛♥❞ ❛ ❝❛♣❛❝✐t② Ct ✐♥ ▼❲❤✳
❉✉r✐♥❣ ❞❛② ❛❤❡❛❞ ❛✉❝t✐♦♥s ❡♥❡r❣② ❝♦♠♣❛♥✐❡s ♣❧❛❝❡ m ❜✐❞s✱ ❝♦♥s✐st✐♥❣ ♦❢ q✉❛♥t✐t② qj ❛♥❞ ♣r✐❝❡
pj ❢♦r j = 1, · · · ,m✳ ❚❤❡s❡ ❜✐❞s ❛r❡ ❛rr❛♥❣❡❞ ✐♥ ♠❡r✐t ♦r❞❡r ❛♥❞ t❤❡ ♠❛r❦❡t ♦♣❡r❛t♦r ❝❛❧❧s ✉♣♦♥
❣❡♥❡r❛t♦rs ✉♥t✐❧ t❤❡ ❝✉rr❡♥t ❞❡♠❛♥❞ ✐s ♠❡t✳ ▲❡t t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ Fi(St) ❞❡♥♦t❡ t❤❡
♣r♦♣♦rt✐♦♥ ♦❢ ❜✐❞s ❜❡❧♦✇ St e✴▼❲❤ ❢♦r ❣❡♥❡r❛t♦rs ♦❢ ❢✉❡❧ t②♣❡ i = 1, · · · , n✱ t❤❡♥ t❤❡ s♣♦t ♣r✐❝❡
St s♦❧✈❡s t❤❡ ❡q✉❛t✐♦♥

F (St) =
n∑

i=1

wiFi(St) =
Dt

Ct
✱ ✇❤❡r❡

n∑

i=1

wi = 1.

❍❡♥❝❡ t❤❡ ❡❧❡❝tr✐❝✐t② s♣♦t ♣r✐❝❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜②

St = B(Dt

Ct
) := F (.)−1(Dt

Ct
),

✇❤❡r❡ B : [0, 1] → R✳ ❍♦✇✐s♦♥ ❛♥❞ ❈♦✉❧♦♥ ✭✷✵✵✾✮ s✉❣❣❡st t♦ ✉s❡ ❧♦❣✐st✐❝ ❞✐str✐❜✉t✐♦♥s✳ ❚♦
✐♠♣r♦✈❡ t❤❡ ❣♦♦❞♥❡ss ♦❢ ✜t t❤❡② ✉s❡ ❛ tr✉♥❝❛t❡❞ ❞♦♠❛✐♥ ✇✐t❤ ✜①❡❞ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s bL✱
bU ✱ ✇❤❡r❡ bL < Dt

Ct
< bU ♠✉st ❤♦❧❞✳ ❚❤❡ ❞❡♠❛♥❞ ❛♥❞ ❝❛♣❛❝✐t② ❝❛♥ t❤❡♥ ❜❡ r❡s❝❛❧❡❞ ❜②

D̂t := Dt − bLCt, Ĉt := (bU − bL)Ct.

❍❡♥❝❡ t❤❡ s♣♦t ♣r✐❝❡ ❢✉❧✜❧❧s

F (St) =

n∑

i=1

wiFi(St) =
D̂t

Ĉt
. ✭✸✳✶✮

✸



✸✳✷ ❚❤❡ ●❡r♠❛♥ ❙♣♦t ▼❛r❦❡t

❚❤❡ ●❡r♠❛♥ ❡❧❡❝tr✐❝✐t② ♠❛r❦❡t ✐s r❡❧❛t✐✈❡❧② ✉♥✐q✉❡ ✐♥ t❤❡ ✇♦r❧❞✳ ■♥ t❤❡ ②❡❛r ✷✵✵✵ t❤❡ ❢❡❞❡r❛❧
❣♦✈❡r♥♠❡♥t ♣❛ss❡❞ t❤❡ ❘❡♥❡✇❛❜❧❡ ❊♥❡r❣② ▲❛✇ ✭❊r♥❡✉❡r❜❛r❡ ❊♥❡r❣✐❡♥❣❡s❡t③✱ ❊❊●✮✱ ✇❤✐❝❤ ❣✉❛r✲
❛♥t❡❡s ✜①❡❞ ♣r✐❝❡s ❢♦r ❣r❡❡♥ ♣♦✇❡r ❛♥❞ t❤❡✐r ♣r❡❢❡rr❡❞ ❢❡❡❞✲✐♥✳ ❚❤✐s ❤❛s ❧❡❞ t♦ ❛ st❡❛❞② ✐♥❝r❡❛s❡
♦❢ ✐♥st❛❧❧❡❞ ❝❛♣❛❝✐t✐❡s ♦❢ ❣r❡❡♥ ❡♥❡r❣②✳ ❚❤❡ ❋❡❞❡r❛❧ ▼✐♥✐str② ❢♦r t❤❡ ❊♥✈✐r♦♥♠❡♥t✱ ◆❛t✉r❡ ❈♦♥✲
s❡r✈❛t✐♦♥ ❛♥❞ ◆✉❝❧❡❛r ❙❛❢❡t② ❇▼❯ ✭✷✵✵✹✮ ❡st✐♠❛t❡s t❤❛t r❡♥❡✇❛❜❧❡ ❡♥❡r❣② ✇✐❧❧ r❡♣r❡s❡♥t ✺✺% ♦❢
t❤❡ ✐♥st❛❧❧❡❞ ❝❛♣❛❝✐t② ✐♥ ✷✵✺✵✳ ❚♦❞❛②✱ s♦❧❛r ❛♥❞ ✇✐♥❞ ♣♦✇❡r ❛r❡ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❝♦♥tr✐❜✉t♦rs
t♦ ❣r❡❡♥ ❡♥❡r❣②✳ ❍♦✇❡✈❡r t❤❡✐r ♣r♦❞✉❝t✐♦♥ ✐s s✐❣♥✐✜❝❛♥t❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❛❝t✉❛❧ ✇❡❛t❤❡r
❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❣r❡❛t s❤❛r❡ ♦❢ ❣r❡❡♥ ♣♦✇❡r ✐♥ t❤❡ ●❡r♠❛♥ ❡♥❡r❣② ♠✐① ❛♥❞
✈♦❧❛t✐❧❡ ♣r♦❞✉❝t✐♦♥ ❝❛♣❛❝✐t✐❡s ♠❛❦❡s t❤❡ ●❡r♠❛♥ ♠❛r❦❡t r❛t❤❡r ❝♦♠♣❧✐❝❛t❡❞✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇❛♥t t♦ ❛♥❛❧②s❡ t❤❡ ❞❡♠❛♥❞ ❛♥❞ s✉♣♣❧② s✐t✉❛t✐♦♥ ✐♥ t❤❡ ●❡r♠❛♥ ♠❛r❦❡t✳ ❲❡
✇✐❧❧ ✉s❡ P❤❡❧✐① ♣r✐❝❡ ❞❛t❛ ❢r♦♠ t❤❡ t✇♦ ❧❛st ②❡❛rs✳✶ ■t ✐s tr❛❞❡❞ ❛t t❤❡ ❊P❊❳ ❙♣♦t ❛♥❞ ♣✉❜❧✐s❤❡❞
❛s P❤❡❧✐① ❇❛s❡ ❛♥❞ P❤❡❧✐① P❡❛❦✳ ❲❡ ❝✐t❡ ❢r♦♠ ❊P❊❳❙♣♦t ✭✷✵✶✷✮ t❤❡ t✇♦ ❞❡✜♥✐t✐♦♥s✿

• P❤❡❧✐① ❉❛② ❇❛s❡ ✐s t❤❡ ❛✈❡r❛❣❡ ♣r✐❝❡ ♦❢ t❤❡ ❤♦✉rs ✶ t♦ ✷✹ ❢♦r ❡❧❡❝tr✐❝✐t② tr❛❞❡❞ ♦♥ t❤❡
s♣♦t ♠❛r❦❡t✳ ■t ✐s ❝❛❧❝✉❧❛t❡❞ ❢♦r ❛❧❧ ❝❛❧❡♥❞❛r ❞❛②s ♦❢ t❤❡ ②❡❛r ❛s t❤❡ s✐♠♣❧❡ ❛✈❡r❛❣❡ ♦❢
t❤❡ ❛✉❝t✐♦♥ ♣r✐❝❡s ❢♦r t❤❡ ❤♦✉rs ✶ t♦ ✷✹ ✐♥ t❤❡ ♠❛r❦❡t ❛r❡❛ ●❡r♠❛♥② ❞✐sr❡❣❛r❞✐♥❣ ♣♦✇❡r
tr❛♥s♠✐ss✐♦♥ ❜♦tt❧❡♥❡❝❦s✳

• P❤❡❧✐① ❉❛② P❡❛❦ ✐s t❤❡ ❛✈❡r❛❣❡ ♣r✐❝❡ ♦❢ t❤❡ ❤♦✉rs ✾ t♦ ✷✵ ❢♦r ❡❧❡❝tr✐❝✐t② tr❛❞❡❞ ♦♥ t❤❡
s♣♦t ♠❛r❦❡t✳ ■t ✐s ❝❛❧❝✉❧❛t❡❞ ❢♦r ❛❧❧ ❝❛❧❡♥❞❛r ❞❛②s ♦❢ t❤❡ ②❡❛r ❛s t❤❡ s✐♠♣❧❡ ❛✈❡r❛❣❡ ♦❢
t❤❡ ❛✉❝t✐♦♥ ♣r✐❝❡s ❢♦r t❤❡ ❤♦✉rs ✾ t♦ ✷✵ ✐♥ t❤❡ ♠❛r❦❡t ❛r❡❛ ●❡r♠❛♥② ❞✐sr❡❣❛r❞✐♥❣ ♣♦✇❡r
tr❛♥s♠✐ss✐♦♥ ❜♦tt❧❡♥❡❝❦s✳

❉✉r✐♥❣ ❞❛✐❧② ❞❛② ❛❤❡❛❞ ❛✉❝t✐♦♥s ❜✐❞s r❛♥❣✐♥❣ ❢r♦♠ ✲✸✵✵✵e t♦ ✸✵✵✵e ❢♦r ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❤♦✉r
❝❛♥ ❜❡ ♠❛❞❡✳ ❆❧❧ ❜✐❞s ❛r❡ s♦rt❡❞ ❜② ♣r✐❝❡ ❛♥❞ ❛❣❣r❡❣❛t❡ ❜✐❞s ❢♦r♠ t❤❡ ❜✐❞ ❝✉r✈❡✳ ❇❛s❡❞ ♦♥ t❤❡s❡
r❡s✉❧ts t❤❡ ❡♥❡r❣② ♣r✐❝❡ ✐s ❝❛❧❝✉❧❛t❡❞ ❛s t❤❡ ♠❛t❝❤ ♦❢ t❤❡ ❜✐❞ ❛♥❞ ❞❡♠❛♥❞ ❝✉r✈❡✳ ■♥ ❋✐❣✉r❡ ✸✳✶
✇❡ s❡❡ ❛❣❣r❡❣❛t❡❞ ❜✐❞ ❝✉r✈❡s ✐♥ t❤❡ P❤❡❧✐① ❊♥❡r❣② ♠❛r❦❡t✳ ■♥ t❤❡ ●❡r♠❛♥ ♠❛r❦❡t ❤✉❣❡ ❜✐❞s
❛t t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ ✲✸✵✵✵e ❝❛♥ ❜❡ ♦❜s❡r✈❡❞✳ ❚❤❡s❡ ❜✐❞s r❡♣r❡s❡♥t r❡♥❡✇❛❜❧❡ ❡♥❡r❣✐❡s✳ ❙✐♥❝❡
t❤❡ ❊❊● ❢♦r❝❡s t♦ ♣r❡❢❡r r❡♥❡✇❛❜❧❡ t♦ ❝♦♥✈❡♥t✐♦♥❛❧ ❡♥❡r❣②✱ t❤❡✐r ❜✐❞s ❝❛♥ ❜❡ ❢♦✉♥❞ ❛t t❤❡ ❧♦✇❡r
❜♦✉♥❞ ♦❢ t❤❡ ♣r✐❝❡ r❛♥❣❡✳ ■♥ ❋✐❣✉r❡ ✸✳✷ ✇❡ ❝♦♠♣❛r❡ t❤❡ q✉❛♥t✐t② ♦❢ ❜✐❞s ❜❡❧♦✇ ✲✶✵✵✵e t♦ ✇✐♥❞✱
s♦❧❛r ♣r♦❞✉❝t✐♦♥ ❢♦r❡❝❛sts ❛♥❞ t♦ ❝❛♣❛❝✐t✐❡s ❢r♦♠ ♥✉❝❧❡❛r ♣♦✇❡r ♣❧❛♥ts✳ P❧❡❛s❡ ♥♦t❡ t❤❛t t❤❡
❝❛♣❛❝✐t✐❡s ❢r♦♠ ♥✉❝❧❡❛r ♣♦✇❡r ♣❧❛♥ts ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❛❞❞❡❞✳ ❙✐♥❝❡ t❤❡② ❝❛♥♥♦t ❜❡ s✇✐t❝❤❡❞ ♦♥
♦r ♦✛ ❡❛s✐❧② ❛♥❞ t❤❡✐r r✉♥♥✐♥❣ ❝♦sts r❡♠❛✐♥ r❛t❤❡r st❛❜❧❡✱ r❡❣❛r❞❧❡ss ✇❤❡t❤❡r t❤❡② ❛r❡ ♦♥❧✐♥❡ ♦r
♥♦t✱ ✇❡ ❛ss✉♠❡ t❤❡✐r ❛✈❛✐❧❛❜❧❡ ❝❛♣❛❝✐t② ♦♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♣r✐❝❡ r❛♥❣❡✳❚❤❡ ♣❧♦ts ❝♦♥✜r♠
t❤❛t t❤❡s❡ ❜✐❞s ❝❛♥ r❡❛s♦♥❛❜❧❡ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② ❜✐❞s ♦❢ ✇✐♥❞✱ s♦❧❛r ❛♥❞ ♥✉❝❧❡❛r ♣♦✇❡r ❣❡♥❡r❛t♦rs✳

❖♥ t❤❡ ❝♦♥tr❛r② t♦ t❤❡ ♦r✐❣✐♥❛❧ st♦❝❤❛st✐❝ ❛♣♣r♦❛❝❤ ❜② ❍♦✇✐s♦♥ ❛♥❞ ❈♦✉❧♦♥ ✭✷✵✵✾✮✱ ✇❡ ✉s❡
✈❛r✐❛❜❧❡ ❜♦✉♥❞s t♦ ❛❝❝♦✉♥t ❢♦r ❝❤❛♥❣✐♥❣ ❜✐❞ ✈♦❧✉♠❡s ♦❢ ❝❧❡❛♥ ❣❡♥❡r❛t♦rs✿

bL =

m∑

i=1
qi1{pi<−1000}

m∑

i=1
qi

, bU = 1−

m∑

i=1
qi1{pi>1000}

m∑

i=1
qi

.

❇❡s✐❞❡ r❡♥❡✇❛❜❧❡ ❛♥❞ ♥✉❝❧❡❛r ❡♥❡r❣②✱ t❤❡ ●❡r♠❛♥ ❡♥❡r❣② ♠✐① ✐s ❞♦♠✐♥❛t❡❞ ❜② ❝♦❛❧ ✭❤❛r❞ ❝♦❛❧✱
❧✐❣♥✐t❡✮ ❛♥❞ ❣❛s ✭❣❛s✱ ♦✐❧✮✳ ❆❢t❡r t❤❡ ❜✐❞s ♦❢ ❝❧❡❛♥ ❣❡♥❡r❛t♦rs ❤❛✈❡ ❜❡❡♥ r❡♠♦✈❡❞✱ t❤❡ r❡♠❛✐♥✐♥❣
♦♥❡s ❜❡❧♦♥❣ t♦ ❝♦♥✈❡♥t✐♦♥❛❧ ❣❡♥❡r❛t♦rs✳ ❆❝❝♦r❞✐♥❣ t♦ ❛ st✉❞② ❜② t❤❡ ❇❉❊❲ ✭✷✵✶✶✮ ✇❡ s❡t
w1 = 0.6984 ✭♠❛r❦❡t ❝❛♣❛❝✐t② ❝♦❛❧✮ ❛♥❞ w2 = 0.3016 ✭♠❛r❦❡t ❝❛♣❛❝✐t② ❣❛s✮✳ ■♥ ❋✐❣✉r❡ ✸✳✸ ✇❡
❝♦♠♣❛r❡ t❤❡ ❞❡♥s✐t② ♣❛r❛♠❡t❡rs {µ1, σ1} ♦❢ ❝♦❛❧ ❛♥❞ {µ2, σ2} ♦❢ ❣❛s ❣❡♥❡r❛t♦rs t♦ ❤✐st♦r✐❝❛❧ ❝♦❛❧
❛♥❞ ❣❛s ♣r✐❝❡s✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❤❛✈❡ ❜❡❡♥ ❡st✐♠❛t❡❞ ✇✐t❤ ▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ❊st✐♠❛t✐♦♥ ✉s✐♥❣

✶P❤❡❧✐① ❞❡♥♦t❡s t❤❡ P❤②s✐❝❛❧ ❊❧❡❝tr✐❝✐t② ■♥❞❡① ✐♥ t❤❡ ●❡r♠❛♥✴❆✉str✐❛♥ ♠❛r❦❡t✳

✹
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❋✐❣✉r❡ ✸✳✶✿ P❤❡❧✐① ♣✉r❝❤❛s❡ ❛♥❞ s❛❧❡ ❝✉r✈❡ ♦♥ ✶✵t❤ ❛♥❞ ✶✹t❤ ◆♦✈❡♠❜❡r ✷✵✶✷
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Quantity Bids < −1000 EUR

Wind + Solar + Nuclear

Wind 

Solar

❋✐❣✉r❡ ✸✳✷✿ ◗✉❛♥t✐t② ♦❢ ❜✐❞s ❜❡❧♦✇ ✲✶✵✵✵e ❛♥❞ ♣r♦❞✉❝t✐♦♥ ❢♦r❡❝❛sts

❧♦❣✐st✐❝ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s ✇✐t❤ ❡①♣❡❝t❛t✐♦♥ µi ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ σi ❢♦r i = 1, 2✳ ❚❤❡ ❝♦❛❧
t✐♠❡ s❡r✐❡s ❝♦♥s✐sts ♦❢ ❢✉t✉r❡ ❝♦♥tr❛❝ts ✇✐t❤ t❤❡ ♥❡❛r❡st ❡①♣✐r②✳ ❚❤❡ ❣❛s ♣r✐❝❡ s❡r✐❡s ✐s ❣✐✈❡♥
❜② ●❆❙P❖❖▲ s♣♦t ♣r✐❝❡ ❞❛t❛✳ ❚❤❡ ✜tt❡❞ ♣❛r❛♠❡t❡rs ❛r❡ ❝♦rr❡❧❛t❡❞ t♦ ❝♦❛❧ ❛♥❞ ❣❛s ♣r✐❝❡s✳
●❡♥❡r❛t♦rs ♠♦✈❡ t❤❡✐r ❜✐❞s ✐♥ ❛❝❝♦r❞❛♥❝❡ t♦ ❝❤❛♥❣✐♥❣ ♣r♦❞✉❝t✐♦♥ ❝♦sts✳ ■♥ ♦r❞❡r t♦ ❛❝❝♦✉♥t ❢♦r
❣❡♥❡r❛t♦rs✱ ✇❤✐❝❤ t❛❦❡ t❤❡ ❢✉❡❧ ♣r✐❝❡s ❛♥❞ t❤❡ ❛ss✉♠❡❞ ❜✐❞ ❧❡✈❡❧s ♦❢ t❤❡ ❝♦♠♣❡t✐♥❣ t❡❝❤♥♦❧♦❣②
✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥✱ ✇❡ ♠♦❞❡❧ t❤❡ ♣❛r❛♠❡t❡rs ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❛ ♠✉❧t✐♣❧❡ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♠♦❞❡❧✿

µ1 = α0 + α1K + α2G, σ1 = β0 + β1K + β2G,

µ2 = γ0 + γ1K + γ2G, σ2 = δ0 + δ1K + δ2G,

✇❤❡r❡ K r❡♣r❡s❡♥ts t❤❡ ♣r✐❝❡ ♦❢ ❝♦❛❧✱ ✇❤✐❧❡ G ✐s t❤❡ ❣❛s ♣r✐❝❡✳ ❚❛❜❧❡ ✸✳✶ s❤♦✇s t❤❡ ♣❛r❛♠❡t❡rs✱
✇❤✐❝❤ ✇❡r❡ ❡st✐♠❛t❡❞ ✈✐❛ ❝♦♥❞✐t✐♦♥❛❧ ✭♥♦♥✲♥❡❣❛t✐✈❡ s❧♦♣❡s✮ ❧❡❛st sq✉❛r❡ r❡❣r❡ss✐♦♥✳ ❚❤❡ ❞❡♥s✐t✐❡s✬
♣❛r❛♠❡t❡rs ♦❢ ❝♦❛❧ ❣❡♥❡r❛t♦rs ❤❛✈❡ ❛ ♣♦s✐t✐✈❡ s❡♥s✐t✐✈✐t② r❡❣❛r❞✐♥❣ t❤❡ ♣r✐❝❡ ❢♦r ❣❛s✳ ❆s t❤❡②
♣r❡❝❡❞❡ ❣❛s ❣❡♥❡r❛t♦rs ✐♥ t❤❡ s✉♣♣❧② st❛❝❦ ✭✐♥ ♦✉r t✐♠❡ s❡r✐❡s✮✱ t❤❡② ❝❛♥ ♠♦✈❡ t❤❡✐r ❜✐❞ ❧❡✈❡❧s
✉♣✇❛r❞s t♦ ❣❛✐♥ ❛♥ ❡①tr❛ ♣r♦✜t ✐❢ t❤❡ ♣r♦❞✉❝t✐♦♥ ❝♦sts ♦❢ ❣❛s ❣❡♥❡r❛t♦rs r✐s❡✳

❚❤❡ R2 ✈❛❧✉❡s ❢♦r ♦✉r ❧✐♥❡❛r ♠♦❞❡❧ s❤♦✇ t❤❛t t❤❡r❡ ✐s ❛ ❧✐♥❡❛r r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❢✉❡❧ ♣r✐❝❡s ❛♥❞
t❤❡ ❞❡♥s✐t✐❡s✬ ♣❛r❛♠❡t❡rs✳ ❆❧t❤♦✉❣❤ t❤❡ ✈❛❧✉❡s ❝❛♥ ♦♥❧② ❡①♣❧❛✐♥ ✉♣ t♦ ✷✷✳✾✸✪ ♦❢ t❤❡ ✈❛r✐❛❜✐❧✐t②✱

✺
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(A) Coal density parameters
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(B) ARA Coal Nearest Month Future
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(C) Gas density parameters
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❋✐❣✉r❡ ✸✳✸✿ ❋✐tt❡❞ ♣❛r❛♠❡t❡rs ❛♥❞ ❝♦♠♠♦❞✐t② ♣r✐❝❡s

t❤❡ ♣✲✈❛❧✉❡ ♦❢ t❤❡ ❋✲t❡st ✭❝♦♥st❛♥t ✈s✳ r❡❣r❡ss✐♦♥ ♠♦❞❡❧✮ ✐♥❞✐❝❛t❡s ❛ s✐❣♥✐✜❝❛♥t ❧✐♥❡❛r r❡❧❛t✐♦♥s❤✐♣✳

❚❤❡ s♣♦t ♣r✐❝❡ ❢♦r ❡♥❡r❣② St✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❧♦❣✐st✐❝ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s✱ ❝❛♥ ♥♦✇ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❜②
s♦❧✈✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✶✮

B−1(.)(St) = w1
1

1 + e
−
St−(α0+α1 K+α2 G)

β0+β1 K+β2 G

+ w2
1

1 + e
−
St−(γ0+γ1 K+γ2 G)

δ0+δ1 K+δ2 G

=
D̂t

Ĉt

. ✭✸✳✷✮

❚❤❡ ❡q✉❛t✐♦♥ ♣♦ss❡ss❡s ♥♦ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ❛♥❞ ❤❡♥❝❡ ♠✉st ❜❡ s♦❧✈❡❞ ♥✉♠❡r✐❝❛❧❧②✳

■♥t❡r❝❡♣t ❙❧♦♣❡ ❈♦❛❧ ❙❧♦♣❡ ●❛s R2 ♣✲❱❛❧✉❡ ✭❋✲t❡st✮

µ1 ✲✷✼✳✻✾ ✵✳✸✺✾✵ ✶✳✾✷✽✺ ✵✳✷✷✾✸ ✷✳✽✽✵✵❡✲✷✽

σ1 ✲✸✾✳✹✽✻✹ ✵✳✶✹✶✾ ✶✳✺✷✾✽ ✵✳✷✶✸✻ ✸✳✾✷✺✼❡✲✷✻

µ2 ✲✺✷✳✺✻✹✾ ✵ ✼✳✼✹✾✻ ✵✳✵✽✻✵ ✸✳✺✻✷✵❡✲✶✶

σ2 ✲✺✾✳✶✶✵✷ ✵ ✻✳✽✹✼✷ ✵✳✶✾✺✺ ✼✳✷✽✽✽❡✲✷✺

❚❛❜❧❡ ✸✳✶✿ ❘❡s✉❧ts ❜② ❝♦♥❞✐t✐♦♥❛❧ r❡❣r❡ss✐♦♥

✸✳✸ ❉❡♠❛♥❞ ❛♥❞ ❈❛♣❛❝✐t②

❚❤❡ ❞❡♠❛♥❞ ♣r♦❝❡ss Dt ✐s ♥♦t ❞✐r❡❝t❧② ♦❜s❡r✈❛❜❧❡ ✐♥ ❛✉❝t✐♦♥ ❞❛t❛✳ ❚♦ ❜❡ ❛❜❧❡ t♦ ✉s❡ t❤❡ ❢r❛♠❡✲
✇♦r❦ ♣r❡s❡♥t❡❞ ❜❡❢♦r❡✱ ✇❡ s❡t Dt t♦ t❤❡ ♣♦✐♥t ♦❢ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ s❛❧❡ ❛♥❞ ❜✐❞ ❝✉r✈❡ ❢♦r ❡✈❡r②
❤♦✉r✳ ❚❤❡ r❡s✐❞✉❛❧ ❞❡♠❛♥❞ ♣r♦❝❡ss D̂t ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✈✐❛ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ D̂t = Dt−bL,tCt✳
■t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❞❡♠❛♥❞✱ ✇❤✐❝❤ ❤❛s t♦ ❜❡ ❢✉❧✜❧❧❡❞ ❜② ❝♦♥✈❡♥t✐♦♥❛❧ ❣❡♥❡r❛t♦rs✳ ❚❤❡
♣r♦❝❡ss Ĉt ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ Ct ❜② Ĉt = (bU,t − bL,t)Ct ❛♥❞ ✉♥❞❡rst♦♦❞ ❛s t❤❡ ❝❛♣❛❝✐t② ♦❢

❝♦♥✈❡♥t✐♦♥❛❧ ❣❡♥❡r❛t♦rs✳ ❋✐❣✉r❡ ✸✳✹ s❤♦✇s t❤❛t ♠♦st ✐♥tr❛✲❞❛② ❡✛❡❝ts ♦❢ D̂t✱ Ĉt ❛r❡ ❝♦♠♣❡♥s❛t❡❞
❜② t❤❡ ♣❛tt❡r♥s ♦❢ Dt✱ Ct ❛♥❞ bL,t✳ ■♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ♠♦❞❡❧ t❤❡ ✐♥tr❛✲❞❛② ❛♥❞ ❛♥♥✉❛❧ ♣❛tt❡r♥

✻



✇❡ ♠♦❞❡❧ D̂t ❛s t❤❡ s✉♠ ♦❢ ❛♥ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ ♣r♦❝❡ss Xt ❛♥❞ ❛ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t s1

log(D̂t) = Xt + s1(t)

dXt = θ1(µ1 −Xt)dt+ σ1dWt

s1(t) = α0 + α1 cos

(
2π

365 ∗ 24
(t+ φ1)

)

+ α2 cos

(
2π

12
(t+ φ2)

)

.

✭✸✳✸✮

❚♦ ❡♥s✉r❡ t❤❛t 0 < D̂t < Ĉt ❛❧✇❛②s ❤♦❧❞s✱ ✇❡ ❞♦ ♥♦t s✐♠✉❧❛t❡ t❤❡ ❝❛♣❛❝✐t② ❞✐r❡❝t❧②✱ ❜✉t t❤❡
♠❛r❣✐♥ Mt ❛♥❞ r❡❝❡✐✈❡ Ĉt ✈✐❛ Ĉt = D̂t + Mt✳ Mt ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ✧✉♥✉s❡❞ ❝❛♣❛❝✐t②✧
✐♥ t❤❡ ♠❛r❦❡t✳ ❚❤❡r❡❢♦r❡ ♠♦❞❡❧❧✐♥❣ Ĉt r❡❞✉❝❡s t♦ ♠♦❞❡❧❧✐♥❣ ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ♣r♦❝❡ss Mt✳ ❚❤❡
♣r♦❝❡ss log(Mt) ✐s

log(Mt) = Zt + s2(t)

dZt = θ2(µ2 − Zt)dt+ σ2dW̃t

s2(t) = β0 + β1 cos

(
2π

365 ∗ 24
(t+ ω1)

)

+ β2 cos

(
2π

24
(t+ ω2)

)

.

✭✸✳✹✮

❋✐❣✉r❡ ✸✳✹ s❤♦✇s t❤❡ ❛✈❡r❛❣❡❞ ❞❡♠❛♥❞✱ ❝❛♣❛❝✐t② ❛♥❞ ♠❛r❣✐♥ t✐♠❡ s❡r✐❡s✳ ❚❤❡ ✉♥s❝❛❧❡❞ ❞❡♠❛♥❞
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(C) Hourly Capacity
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(B) Averaged Demand
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(D) Averaged Capacity
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(E) Hourly Margin

 

 

July 2011 January 2012 July 2012
0

5000

10000

15000

(F) Averaged Margin
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❋✐❣✉r❡ ✸✳✹✿ ❍♦✉r❧② ❛♥❞ ❞❛✐❧② ❞❡♠❛♥❞✱ ❝❛♣❛❝✐t② ❛♥❞ ♠❛r❣✐♥

♣r♦❝❡ss r❡❛❝❤❡s ✐ts ❞❛✐❧② ♣❡❛❦ ❞✉r✐♥❣ ♠✐❞❞❛②✱ ✇❤✐❧❡ t❤❡ r❡s✐❞✉❛❧ ❞❡♠❛♥❞ ♣r♦❝❡ss ❡①❤✐❜✐ts ♦♥❡
♣❡❛❦ ❛r♦✉♥❞ ✽ ❛♠ ❛♥❞ ❛♥♦t❤❡r ♦♥❡ ❛r♦✉♥❞ ✼ ♣♠✳ ❲❡ t❤❡r❡❢♦r❡ ✉s❡ 2π / 12 ❛s t❤❡ ♣❡r✐♦❞ t♦ ♠♦❞❡❧
t❤❡ ✐♥tr❛✲❞❛② ♣❛tt❡r♥✳ P❡❛❦s ✐♥ t❤❡ ♠♦r♥✐♥❣ ❛♥❞ t❤❡ ❡❛r❧② ❡✈❡♥✐♥❣ ❝❛♥ ❛❧s♦ ♦❢t❡♥ ❜❡ ♦❜s❡r✈❡❞
✐♥ ✐♥tr❛✲❞❛② P❤❡❧✐① s♣♦t ❞❛t❛✳ ❚❤❡ ❝❛♣❛❝✐t② s❤♦✇s t❤❡ s❛♠❡ ♣❛tt❡r♥ ❛s t❤❡ ❞❡♠❛♥❞ ♣r♦❝❡ss✳
❚❤✐s ♠❛② ❜❡ ❡①♣❧❛✐♥❡❞ ❜② ♣♦✇❡r ♣❧❛♥t ♠❛✐♥t❛✐♥✐♥❣ s❝❤❡❞✉❧❡s✱ ✇❤✐❝❤ ❛r❡ ❞❡s✐❣♥❡❞ t♦ ♠❡❡t ❧♦✇
❞❡♠❛♥❞ t✐♠❡s✱ s♦ t❤❛t ♠♦st ❝❛♣❛❝✐t② ✐s ❛✈❛✐❧❛❜❧❡ ✇❤❡♥ ❞❡♠❛♥❞ ✐s ❛t ❛ ❤✐❣❤ ❧❡✈❡❧✳ ❚❤❡ s❝❛❧❡❞
❝❛♣❛❝✐t② ♣r♦❝❡ss ✐s ❤✐❣❤❡st ✐♥ t❤❡ ♥✐❣❤t ❛♥❞ r❡❛❝❤❡s ✐ts ❧♦✇ ❛t ♠✐❞❞❛②✳ ❚❤❡ ♠❛r❣✐♥ ♣r♦❝❡ss ✐s
❤✐❣❤❡st ❞✉r✐♥❣ t❤❡ ♥✐❣❤t ❤♦✉rs✱ ✇❤❡♥ ❞❡♠❛♥❞ r❡❛❝❤❡s ✐ts ❧♦✇s✳ ❚❤r♦✉❣❤♦✉t t❤❡ ②❡❛r ❛ ♠♦❞❡r❛t❡
❛♥♥✉❛❧ ♣❛tt❡r♥ ❝❛♥ ❜❡ s❡❡♥✳ ❉❡♠❛♥❞✱ ❝❛♣❛❝✐t② ❛♥❞ ♠❛r❣✐♥ ❛r❡ ❤✐❣❤❡st ❞✉r✐♥❣ ❛✉t✉♠♥✴✇✐♥t❡r
❛♥❞ ❧♦✇❡st ✐♥ s♣r✐♥❣ ❛♥❞ s✉♠♠❡r✳

❚❤❡ ♣❛r❛♠❡t❡rs ✐♥ ❚❛❜❧❡ ✸✳✷ ❤❛✈❡ ❜❡❡♥ ❡st✐♠❛t❡❞ ✈✐❛ ❧❡❛st sq✉❛r❡s r❡❣r❡ss✐♦♥ ❛♥❞ t❤❡ ♦♥❡s ✐♥
❚❛❜❧❡ ✸✳✸ ✇✐t❤ ▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ❊st✐♠❛t✐♦♥✳

✼



α0 α1 α2 φ1 φ2

✼✳✾✺✹✹ ✵✳✵✶✹✼ ✲✵✳✷✷✵✹ ✵✳✻✺✷✵ ✲✶✳✻✶✹✸

β0 β1 β2 ω1 ω2

✽✳✻✻✽✺ ✵✳✵✹✽✽ ✵✳✸✶✾✸ ✶✳✽✵✾✺ ✲✶✳✺✺✵✶

❚❛❜❧❡ ✸✳✷✿ ❙❡❛s♦♥❛❧ ♣❛r❛♠❡t❡rs log(D̂t)✱ log(Mt)✱ ❝❢✳ ✭✸✳✸✮✱✭✸✳✹✮

i θi µi σi

✶ ✵✳✶✸✵✹ ✲✵✳✵✵✶✼ ✵✳✷✼✷✾

✷ ✵✳✶✻✹✶ ✲✵✳✵✵✵✼ ✵✳✷✵✻✺

❚❛❜❧❡ ✸✳✸✿ P❛r❛♠❡t❡rs Xt✱ Zt✱ ❝❢✳ ✭✸✳✸✮✱✭✸✳✹✮

✸✳✹ ●❛s ❛♥❞ ❈♦❛❧

❚❤❡ ❢✉❡❧ ♣r♦❝❡ss❡s Kt✱ Gt ❛r❡ ♠♦❞❡❧❧❡❞ ✇✐t❤ t✇♦ ❝♦rr❡❧❛t❡❞ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ ♣r♦❝❡ss❡s✳ ■♥
♦✉r ❞❛t❛ s❡t ♥♦ ❝❧❡❛r s❡❛s♦♥❛❧ ♣❛tt❡r♥ ❝❛♥ ❜❡ ♦❜s❡r✈❡❞✳ ❙♦ ✇❡ ❞r♦♣ ❛ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t✳

log(Kt) = Q1,t,

dQ1,t = θQ1
(µQ2

−Q1,t)dt+ σQ1
dW1,t, Q1,0 = q1,0 ∈ R+,

log(Gt) = Q2,t,

dQ2,t = θQ2
(µQ2

−Q2,t)dt+ σQ2
dW2,t, Q2,0 = q2,0 ∈ R+,

✭✸✳✺✮

✇❤❡r❡ dW1,tdW2,t = ρdt✳ ■♥ ❋✐❣✉r❡ ✭✸✳✺✮ ✇❡ ❝♦♠♣✉t❡❞ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♦❢ ❧♦❣✲r❡t✉r♥s ❞✉r✐♥❣ ✷✵✵✽
t♦ ✷✵✶✷✳ ❚❤❡ ♣❧♦t ♠❛❦❡s ❝❧❡❛r t❤❛t ❝♦rr❡❧❛t✐♦♥ ❝❤❛♥❣❡s ♦✈❡r t✐♠❡ ❛♥❞ ✐s ♥♦t st❛❜❧❡✳ ❚❤✐s ❤❛s
❛❧s♦ ❜❡❡♥ ❛❞❞r❡ss❡❞ ✐♥ ❧✐t❡r❛t✉r❡✱ ❡✳❣✳ ❜② ❚❡♥❣ ❡t ❛❧✳ ✭✷✵✶✸✮✱ ✇❤♦ ♣r♦♣♦s❡ t♦ ✉s❡ ❛ st♦❝❤❛st✐❝
❝♦rr❡❧❛t✐♦♥ ♠♦❞❡❧✳ ❍♦✇❡✈❡r✱ ❢♦r tr❛❝t❛❜✐❧✐t② r❡❛s♦♥s ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛ st❛❜❧❡ ❝♦rr❡❧❛t✐♦♥ ✐♥ ♦✉r
s✐♠✉❧❛t✐♦♥s✳ ❲❡ ✉s❡ t❤❡ ♦❜s❡r✈❡❞ ❝♦rr❡❧❛t✐♦♥ ρ = 0.0872 ♦❢ t❤❡ ②❡❛rs ✷✵✶✶ ❛♥❞ ✷✵✶✷✳ ❚❛❜❧❡ ✸✳✹
s❤♦✇s t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❢✉❡❧ t✐♠❡ s❡r✐❡s✳

i θQi
µQi

σQi

✶ ✵✳✵✵✵✵✹ ✹✳✽✺✾✽ ✵✳✵✵✷✶

✷ ✵✳✵✵✷✻ ✸✳✷✶✾ ✵✳✵✵✼

❚❛❜❧❡ ✸✳✹✿ P❛r❛♠❡t❡rs Q1,t✱ Q2,t✱ ❝❢✳ ✭✸✳✺✮

✸✳✺ ❘❡♥❡✇❛❜❧❡ P♦✇❡r

❘❡♥❡✇❛❜❧❡ ❡♥❡r❣✐❡s✱ s✉❝❤ ❛s s♦❧❛r ❛♥❞ ✇✐♥❞ ♣♦✇❡r✱ ❛r❡ ❞✐r❡❝t❧② ❢❡❡❞✲✐♥ ❛♥❞ t❤❡r❡❢♦r❡ ❤❛✈❡ ❛ str♦♥❣
✐♠♣❛❝t ♦♥ t❤❡ ♣r✐❝❡ ♦❢ ❡❧❡❝tr✐❝✐t②✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇❛♥t t♦ ♠♦❞❡❧ t❤❡ ❝❛♣❛❝✐t✐❡s ♣r♦✈✐❞❡❞ ❜②
s♦❧❛r ❛♥❞ ✇✐♥❞ ♣♦✇❡r✳ ❚❤❡ ❡♠♣❧♦②❡❞ ❞❛t❛ ❝♦♥s✐sts ♦❢ ❤✐st♦r✐❝ ❢❡❡❞✲✐♥s ♦❢ t❤❡ ②❡❛rs ✷✵✶✶ ❛♥❞ ✷✵✶✷✱
❛✈❛✐❧❛❜❧❡ ❛t ✇✇✇✳tr❛♥s♣❛r❡♥❝②✳❡❡①✳❝♦♠✳ ❋✐❣✉r❡ ✸✳✻ s❤♦✇s t❤❡ ②❡❛r❧② ❛♥❞ ✐♥tr❛✲❞❛② ♣❛tt❡r♥ ♦❢
s♦❧❛r ❡♥❡r❣②✳ ■t ❢♦❧❧♦✇s t❤❡ ❝②❝❧❡ ♦❢ t❤❡ s✉♥ ❛♥❞ ❧❛sts ❢r♦♠ s✉♥r✐s❡ t♦ s✉♥s❡t ❛♥❞ r❡❛❝❤❡s ✐ts ♣❡❛❦
❞✉r✐♥❣ ♠✐❞❞❛②✳ ■♥ t❤❡ ♥✐❣❤t ✐t ❞r♦♣s t♦ ❛ ✈❛❧✉❡ ♦❢ ③❡r♦✳ ■♥ t❤❡ s✉♠♠❡r t❤❡ ❢❡❡❞✲✐♥ ✐s str♦♥❣❡r
t❤❛♥ ✐♥ ✇✐♥t❡r s✐♥❝❡ t❤❡r❡ ❛ ♠♦r❡ s✉♥s❤✐♥❡ ❤♦✉rs ❛♥❞ t❤❡ s✉♥ ✐s ♠♦r❡ ♣♦✇❡r❢✉❧✳ ❚♦ ❛❝❝♦✉♥t ❢♦r
t❤✐s ❝♦♠♣❧❡① ♣❛tt❡r♥✱ ✇❡ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✿ ❲❡ ♠♦❞❡❧ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t♦t❛❧ ❞❛✐❧② ❝❛♣❛❝✐t②
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ARA Coal Front−Month Future

GASPOOL Spot

❋✐❣✉r❡ ✸✳✺✿ ✷✵ ❞❛②s r♦❧❧✐♥❣ ✇✐♥❞♦✇ ❝♦rr❡❧❛t✐♦♥

I
solar
td

❛t ❞❛② td ❛s t❤❡ s✉♠ ♦❢ ❛ st♦❝❤❛st✐❝ ❛♥❞ ❛ ❞❡t❡r♠✐♥✐st✐❝✱ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t

log(I
solar
td

) = Esolar
td

+ s3(td)

dEsolar
td

= θ1(µ1 − Esolar
td

)dtd + σ1dWtd

s3(td) = α0 + α1 cos

(
2π

365
(td + φ1)

)

.

✭✸✳✻✮

❚❤❡ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t ❝❛♣t✉r❡s t❤❡ ❛♥♥✉❛❧ ❝②❝❧❡✳ ■♥ ♦r❞❡r t♦ r❡❝❡✐✈❡ ❤♦✉r❧② ❞❛t❛✱ ✇❡ ♣r♦♣♦s❡
t♦ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥ ❢✉♥❝t✐♦♥✱ νtd : {td = 1, ..., 365} × R

+
0 → R

+
0

νtd(i, x) = x
24∑

j=1

ctdj 1{i}(j)

✇✐t❤
∑24

j=1 c
td
j = 1 ❢♦r ❤♦✉rs i = 1, ..., 24 ♦❢ ❞❛② td✳ ❚❤❡ ♣❛r❛♠❡t❡rs cj ❛r❡ ❝❛❧✐❜r❛t❡❞ t♦ ❡❛❝❤

❞❛② ♦❢ t❤❡ ②❡❛r ❛♥❞ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② ❞✐✈✐❞✐♥❣ t❤❡ ❤♦✉r❧② ❢❡❡❞✲✐♥ ❜② t❤❡ t♦t❛❧ ❞❛✐❧② ❢❡❡❞✲✐♥✳
❙✐♥❝❡ ♦✉r t✐♠❡ s❡r✐❡s ❝♦♥s✐sts ♦❢ t✇♦ ②❡❛rs✱ ✇❡ t❛❦❡ t❤❡ ❛✈❡r❛❣❡ ♦❢ ❜♦t❤ ②❡❛rs✳ ❚❤❡ ❢✉♥❝t✐♦♥ νtd
❞✐str✐❜✉t❡s t❤❡ t♦t❛❧ ❢❡❡❞✲✐♥ t♦ t❤❡ s✐♥❣❧❡ ❤♦✉rs ♦❢ t❤❡ ❞❛②✳ ❍❡♥❝❡ t❤❡ ❢❡❡❞✲✐♥ ❛t ❞❛② td ❛♥❞ ❤♦✉r
i ✐s ❣✐✈❡♥ ❜②

Isolartd,i
= νtd(i, exp[E

solar
td

+ s3(td)]). ✭✸✳✼✮

■♥ ❋✐❣✉r❡ ✸✳✼ t❤❡ ✇✐♥❞ ❢❡❡❞✲✐♥ ♦❢ t❤❡ ②❡❛r ✷✵✶✷ ✐s ♣❧♦tt❡❞✳ ❚❤❡ ✐♥tr❛✲❞❛② ♣❛tt❡r♥ ❡①❤✐❜✐ts ❛ ♣❡❛❦
✐♥ t❤❡ ❛❢t❡r♥♦♦♥ ❛♥❞ ❞❡❝❧✐♥❡s ✉♥t✐❧ s✉♥r✐s❡✳ ❚❤✐s ❝②❝❧❡ ✐s ❝❛✉s❡❞ ❜② t❤❡ s✉♥✱ ✇❤✐❝❤ ❤❡❛ts ✉♣ t❤❡
❛✐r ❛♥❞ ❧❡❛❞s t♦ ❛✐r ♠♦✈❡♠❡♥t ❜❡t✇❡❡♥ ✇❛r♠ ❛♥❞ ❝♦❧❞ ❧❛②❡rs ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✳ ❲❡ s♣❧✐t t❤❡
t✐♠❡ s❡r✐❡s ✐♥t♦ t✇♦ ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ st♦❝❤❛st✐❝ ♣❛rt ♠♦❞❡❧s t❤❡ r❛♥❞♦♠ ♠♦✈❡♠❡♥t✱ ✇❤✐❧❡ t❤❡

✾
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✶✵



s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t ✐s ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ ❝❛♣t✉r❡s t❤❡ ❛♥♥✉❛❧ ❛♥❞ ✐♥tr❛✲❞❛② s❡❛s♦♥❛❧✐t②

log(Iwind
t ) = Ewind

t + s4(t)

Ewind
t = θ2(µ2 − Ewind

t )dt+ σ2dW̃t

s4(t) = β0 + β1 cos

(
2π

365 ∗ 24
(t+ ω1)

)

+ β2 cos

(
2π

24
(t+ ω2)

)

+ β3 cos

(
2π

12
(t+ ω3)

)

.

✭✸✳✽✮

❚❛❜❧❡s ✸✳✺ ❛♥❞ ✸✳✻ s❤♦✇ t❤❡ ✜tt❡❞ ♣❛r❛♠❡t❡rs✳

θi µi σi

Esolar ✵✳✸✾✼✾ ✵✳✵✶✷✵ ✵✳✶✾✶✾

Ewind ✵✳✵✵✺✽ ✵✳✵✵✺✺ ✵✳✵✽✹✽

❚❛❜❧❡ ✸✳✺✿ P❛r❛♠❡t❡rs Esolar✱ Ewind✱ ❝❢✳ ✭✸✳✻✮✱ ✭✸✳✽✮

α0 α1 φ1

✶✵✳✼✼✾✷ ✲✶✳✵✷✻ ✹✳✼✻✼✺

β0 β1 β2 β3 ω1 ω2 ω3

✽✳✷✽✾✻ ✵✳✸✹✼✸ ✵✳✵✸✼✾ ✲✵✳✵✷✸✹ ✲✶✳✺✾✷✺ ✹✳✾✸✹✽ ✸✳✷✻✽✷

❚❛❜❧❡ ✸✳✻✿ ❙❡❛s♦♥❛❧ ♣❛r❛♠❡t❡rs log(I
solar

td
)✱ log(Iwind

t )✱ ❝❢✳ ✭✸✳✻✮✱ ✭✸✳✽✮

✸✳✻ ❚r❛♥s❢♦r♠❛t✐♦♥

❲❡ ✉s❡❞ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ ♣r✐❝❡s ✐♥ ✭✸✳✸✮ ✲ ✭✸✳✺✮✳ ❆s ✇❡ ✇❛♥t t♦ ♣r✐❝❡ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ t❤❡♠✱ ✇❡
❤❛✈❡ t♦ tr❛♥s❢♦r♠ t❤❡♠ t♦ ■tô ♣r♦❝❡ss❡s✳ ❲❡ ✇✐❧❧ ❞♦ t❤✐s ❢♦r t❤❡ ❞❡♠❛♥❞ ❛♥❞ ❝♦❛❧ ♣r♦❝❡ss✳ ❚❤❡
❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ♦t❤❡r ♦♥❡s ✐s str❛✐❣❤t ❢♦r✇❛r❞✳ ❯s✐♥❣ ✭✸✳✸✮ ❛♥❞ t❤❡ ❛♥s❛t③ D̂t := f(t,Xt) =
eXt+s1(t) ✇❡ ❛♣♣❧② Itô′s Lemma ❛♥❞ ♦❜t❛✐♥

dD̂t =

(

eXt+s1(t)θ(µ1 −Xt) + s′1(t)e
Xt+s1(t) +

1

2
eXt+s1(t)σ2

1

)

dt+ eXt+s1(t)σ1 dWt

=

(

θ
[

µ1 − log(D̂t) + s1(t)
]

+ s′1(t) +
1

2
σ2
1

)

D̂t dt+ D̂tσ1dWt.

✭✸✳✾✮

❋♦r ✭✸✳✺✮ ✇❡ ✉s❡ Kt := f(t, Qt) = eQt ❛♥❞ Itô′s Lemma ②✐❡❧❞s

dKt =

(

eQ1,tθQ1
[µQ1

−Qt] +
1

2
eQ1,tσ2

Q1

)

dt+ eQ1,tσQ dWt

=

(

θQ1
[µQ1

− log(Kt)] +
1

2
σ2
Q1

)

Kt dt+KtσQ1
dWt.

✭✸✳✶✵✮

✹ ❊✉r♦♣❡❛♥ ❊♠✐ss✐♦♥ ❚r❛❞✐♥❣ ❙②st❡♠

❚❤❡ ❊✉r♦♣❡❛♥ ❯♥✐♦♥ ❊♠✐ss✐♦♥ ❚r❛❞✐♥❣ ❙②st❡♠ ✭❊❯ ❊❚❙✮ ✇❛s ❧❛✉♥❝❤❡❞ ✐♥ ✷✵✵✺ t♦ r❡❞✉❝❡ t❤❡
❡♠✐ss✐♦♥ ♦❢ ❣r❡❡♥❤♦✉s❡ ❣❛s✳ ❚❤❡ ✸✶ ♣❛rt✐❝✐♣❛♥ts ✭✷✼ ❊❯ ♠❡♠❜❡r st❛t❡s ❛♥❞ ❈r♦❛t✐❛✱ ■❝❡❧❛♥❞✱
◆♦r✇❛②✱ ▲✐❡❝❤t❡♥st❡✐♥✮ ❛❣r❡❡❞ ♦♥ ❛ r❡❞✉❝t✐♦♥ ♦❢ ✷✶✪ ♦❢ ❈❖2 ❡♠✐ss✐♦♥s ✉♥t✐❧ ✷✵✷✵ ❝♦♠♣❛r❡❞ t♦
✷✵✵✺✳ ❚❤❡ s②st❡♠ ❝♦✈❡rs ♦✈❡r ✶✶✱✵✵✵ ✐♥st❛❧❧❛t✐♦♥s ✐♥ t❤❡ ❡♥❡r❣② s❡❝t♦r ❛♥❞ ❡❧❡❝tr✐❝✐t② ✐♥t❡♥s❡
✐♥❞✉str✐❡s✱ s✉❝❤ ❛s st❡❡❧✱ ♣❛♣❡r✱ ❝❡♠❡♥t ✐♥❞✉str✐❡s ❡t❝✳ ■♥ t♦t❛❧✱ ❛❜♦✉t ✹✺✪ ♦❢ ❛❧❧ ❊❯ ❡♠✐ss✐♦♥s
❛r❡ ❧✐♠✐t❡❞ ❜② t❤❡ ❊❯ ❊❚❙ ✭❊❯ ❈♦♠♠✐ss✐♦♥ ✭❏❛♥✉❛r② ✷✵✶✸✮✮✳

✶✶



❚❤❡ ❊❯ ❊❚❙ ✐s ❜❛s❡❞ ♦♥ t❤❡ s♦✲❝❛❧❧❡❞ ❝❛♣ ❛♥❞ tr❛❞❡ ♣r✐♥❝✐♣❧❡✳ ❚❤❡ ❝❛♣ ❞❡t❡r♠✐♥❡s t❤❡ t♦t❛❧
❛♠♦✉♥t ♦❢ ❣r❡❡♥❤♦✉s❡ ❣❛s t❤❛t ❝❛♥ ❜❡ ❡♠✐tt❡❞ ❜② ❛❧❧ ✐♥st❛❧❧❛t✐♦♥s✳ ❆❢t❡r ❡❛❝❤ ②❡❛r ❛ ❝♦♠♣❛♥②
❤❛s t♦ s✉rr❡♥❞❡r ❡♥♦✉❣❤ ❊✉r♦♣❡❛♥ ❯♥✐♦♥ ❊♠✐ss✐♦♥ ❆❧❧♦✇❛♥❝❡s ✭❊❯❆✮ t♦ ❝♦✈❡r t❤❡✐r ❡♠✐ss✐♦♥s✳
■❢ ♠♦r❡ ❛❧❧♦✇❛♥❝❡s ❛r❡ ♥❡❡❞❡❞ ♦r ✐❢ s♦♠❡ r❡♠❛✐♥ ✉♥✉s❡❞✱ t❤❡② ❝❛♥ ❜❡ ❢r❡❡❧② tr❛❞❡❞ ❛♠♦♥❣ ♠❛r❦❡t
♣❛rt✐❝✐♣❛♥ts✳ ❍❡♥❝❡✱ t❤❡ ❡♠✐ss✐♦♥ r❡❞✉❝t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ✇❤❡r❡ ✐t ✐s ❡❝♦♥♦♠✐❝❛❧❧② ♠♦st s❡♥s❡❢✉❧ ❛t
❧♦✇❡st ♣♦ss✐❜❧❡ ❝♦sts✳ ■❢ ❛ ❝♦♠♣❛♥② ❞♦❡s ♥♦t ❤❛✈❡ ❡♥♦✉❣❤ ❊❯❆s t♦ ♦✛s❡t ✐ts ♣♦❧❧✉t✐♦♥✱ ❛ ♣❡♥❛❧t②
♦❢ ✶✵✵e ✐s ❝❤❛r❣❡❞✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❛❧❧♦✇❛♥❝❡ ❤❛s t♦ ❜❡ ❤❛♥❞❡❞ ✐♥ ❧❛t❡r✱ ❡✳❣✳ ❜② r❡❞✉❝✐♥❣
❡♠✐ss✐♦♥s ✐♥ t❤❡ ♥❡①t ②❡❛r ♦r ❜② ❜✉②✐♥❣ ✐t✳

❉✉❡ t♦ t❤❡ r❛♣✐❞❧② ❡✈♦❧✈✐♥❣ ❡♠✐ss✐♦♥ ♠❛r❦❡ts✱ t❤❡ ❛♠♦✉♥t ♦❢ ♠♦❞❡❧❧✐♥❣ ❛♣♣r♦❛❝❤❡s ✐s st❡❛❞✐❧②
❣r♦✇✐♥❣✳ ❇❡♥③ ❛♥❞ ❚rü❝❦ ✭✷✵✵✾✮ ❛♥❞ ❉❛s❦❛❧❛❦✐s ❡t ❛❧✳ ✭✷✵✵✾✮ ❞✐s❝✉ss ❛ ✇✐❞❡ ❝❧❛ss ♦❢ r❡❞✉❝❡❞
❢♦r♠ ♠♦❞❡❧s✱ s✉❝❤ ❛s r❡❣✐♠❡ s✇✐t❝❤✐♥❣ ❛♥❞ ♠♦❞❡❧s ✐♥❝❧✉❞✐♥❣ ❥✉♠♣s✱ ✇❤✐❝❤ ❛r❡ ❝♦♠♠♦♥ ✐♥ ❝♦♠✲
♣✉t❛t✐♦♥❛❧ ✜♥❛♥❝❡✱ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❈❖2 ♣r✐❝❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❊❯ ❊❚❙✳ ❆s ✇❡ ✇❛♥t t♦ ❧✐♥❦
❢✉♥❞❛♠❡♥t❛❧ ❢❛❝t♦rs✱ s✉❝❤ ❛s ❢✉❡❧ ♣r✐❝❡s✱ t♦ t❤❡ ♣r✐❝❡ ♦❢ ❝❛r❜♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ str✉❝t✉r❛❧ ❛♣✲
♣r♦❛❝❤✳ ■t ✐s ❝❧♦s❡❧② ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ♦♥❡ ❜② ❈❛r♠♦♥❛ ❡t ❛❧✳ ✭✷✵✶✷✮✱ ❜✉t ✇❡ ✇✐❧❧ ❞❡✈✐❛t❡ ❢r♦♠
t❤❡✐r ❛♣♣r♦❛❝❤ ❜② ♠♦❞❡❧❧✐♥❣ t❤❡ ❈❖2 ❡♠✐ss✐♦♥ r❛t❡ ♦❢ t❤❡ ●❡r♠❛♥ ♠❛r❦❡t ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡
❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✳

✹✳✶ ❚❤❡ ❈❖2 ❊♠✐ss✐♦♥ ❘❛t❡

❚❤❡ ♠❛r❦❡t ❡♠✐ss✐♦♥ r❛t❡ µe ✐s ❛ ♣♦s✐t✐✈❡ ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ s❤❛❧❧ ❜❡ ✐♥✢✉❡♥❝❡❞ ❜②
t❤❡ ❛❝t✉❛❧ ❞❡♠❛♥❞ ❢♦r ❡♥❡r❣②✱ t❤❡ ❛✈❛✐❧❛❜❧❡ ❝❛♣❛❝✐t② ❛♥❞ ❝♦❛❧ ❛♥❞ ❣❛s ♣r✐❝❡s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡
❡♠✐ss✐♦♥ r❛t❡ s❤❛❧❧ r❡❛❝t ♦♥ ❝❤❛♥❣❡s ✐♥ ❈❖2 ❛❧❧♦✇❛♥❝❡ ♣r✐❝❡s✱ ✇❤✐❝❤ ✐s ❜❛s✐❝❛❧❧② t❤❡ ❛✐♠ ♦❢ t❤❡
❊❯ ❊❚❙✳ ■❢ ❝❛r❜♦♥ ♣r✐❝❡s ✢✉❝t✉❛t❡✱ ✇❡ ❡①♣❡❝t ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ♠❡r✐t ♦r❞❡r ❛♥❞ ❤❡♥❝❡ ❛ ✈❛r②✐♥❣
❡♠✐ss✐♦♥ ♦❢ ❣r❡❡♥❤♦✉s❡ ❣❛s✳ ❚♦ r❡❝❡✐✈❡ ❛ ❢❡❡❞❜❛❝❦ ♦❢ ❊❯❆ ♣r✐❝❡s✱ ✇❡ ❛ss✉♠❡ t❤❡ ❡❧❡❝tr✐❝✐t② s♣♦t
♣r✐❝❡ t♦ r❡❛❝t t♦✇❛r❞s ❝❤❛♥❣✐♥❣ ♣r✐❝❡s✳ ❉✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❣❡♥❡r❛t♦rs ❤❛✈❡ t♦ ❜✉② ❝❡rt✐✜❝❛t❡s
t♦ ♦✛s❡t t❤❡✐r ♣♦❧❧✉t✐♦♥ ❛♥❞ t❤❛t t❤❡② ❛t ❧❡❛st ♣r♦❝❡❡❞ ❛♥② ❝❤❛♥❣❡s ✐♥ ♣r♦❞✉❝t✐♦♥ ❝♦sts ♣❛rt✐❛❧❧②
t♦ t❤❡ ♠❛r❦❡t✱ t❤✐s ❛ss✉♠♣t✐♦♥ s❡❡♠s t♦ ❜❡ r❛t❤❡r r❡❧❡✈❛♥t✳ ◆❡✈❡rt❤❡❧❡ss ✇❡ ❝♦✉❧❞ ♥♦t ✜♥❞ ❛♥②
❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ❢♦r ❛ ❧✐♥❡❛r r❡❧❛t✐♦♥s❤✐♣ ♦❢ ❛❧❧♦✇❛♥❝❡ ♣r✐❝❡s t♦✇❛r❞s t❤❡ ❞❡♥s✐t② ♣❛r❛♠❡t❡rs
✇✐t❤✐♥ ♦✉r ❞❛t❛ s❡t✳ ❚❤✐s ♠❛② ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❧♦✇ ♣r✐❝❡s ♦❢ ❈❖2 ❛❧❧♦✇❛♥❝❡s ❞✉r✐♥❣ t❤❡ ②❡❛rs
✷✵✶✶ ❛♥❞ ✷✵✶✷✳ ■♥ t❤❡ s❡q✉❡❧ ✇❡ ❛ss✉♠❡ ❛ ❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡ ❢♦r♠ ❜❡❧♦✇ t♦ ❡①✐st ❢♦r t❤❡
●❡r♠❛♥ ♠❛r❦❡t ✇✐t❤ t❤❡ ❢✉❡❧s ❝♦❛❧ ❛♥❞ ❣❛s✿

µ1 = α0 + α1K + α2G+ α3A, σ1 = β0 + β1K + β2G+ β3A,

µ2 = γ0 + γ1K + γ2G+ γ3A, σ2 = δ0 + δ1K + δ2G+ δ3A.

❋✉rt❤❡r♠♦r❡✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❡♠✐ss✐♦♥ ❝♦sts ❛r❡ ❝♦♠♣❧❡t❡❧② ♣❛ss❡❞ t♦ t❤❡ ♠❛r❦❡t✳ ❲❡
t❤❡r❡❢♦r❡ ❝❤♦♦s❡ t❤❡ s❡♥s✐t✐✈✐t✐❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❆❜❛❞✐❡ ❛♥❞ ❈❤❛♠♦rr♦ ✭✷✵✵✽✮✱ ■P❈❈ ✭✷✵✵✻✮✱
❱❉■ ✭✷✵✵✼✮✿

α3 =
e1
eff1

=
0.34056

0.41425

tCO2

MWh
, γ3 =

e2
eff2

=
0.20196

0.50625

tCO2

MWh
.

❚❤❡ ♣❛r❛♠❡t❡r ❝❤♦✐❝❡ ❢♦r β3 =
α3

10 ❛♥❞ δ3 =
δ3
10 ✐s ❛r❜✐tr❛r②✳ ❙✐♥❝❡ t❤❡ ✐♥t❡r❝❡♣t ❤❛s ❜❡❡♥ ❝❛❧✐❜r❛t❡❞

✇✐t❤♦✉t ❛♥② ✐♥✢✉❡♥❝❡ ♦❢ ❝❛r❜♦♥✱ ✇❡ r❡❞✉❝❡ ✐t ❜② t❤❡ ❛❧❧♦✇❛♥❝❡ s❡♥s✐t✐✈✐t② ♠✉❧t✐♣❧✐❡❞ ✇✐t❤ t❤❡
♦❜s❡r✈❡❞ ♠❡❛♥ ♦❢ ❊❯❆s ♦❢ ✶✵✳✸✷✻✽e ✴ t❈❖2✳ ❚♦ ❜❡ ❛❜❧❡ t♦ r❡❝❡✐✈❡ t❤❡ ❝✉rr❡♥t ❡♠✐ss✐♦♥ r❛t❡ ❢♦r
t❤❡ ●❡r♠❛♥ ♠❛r❦❡t✱ ✇❡ ❤❛✈❡ t♦ ❝❛❧❝✉❧❛t❡ ❤♦✇ ♠✉❝❤ ❡♥❡r❣② ✐s s✉♣♣❧✐❡❞ ❜② ❞✐rt② ❣❡♥❡r❛t♦rs✳ ❚❤❡
♣❡r❝❡♥t❛❣❡ ♦❢ ❝❧❡❛♥ ❡♥❡r❣② ✐s ❣✐✈❡♥ ❜② bL✳ ❆❢t❡r t❤❡s❡ ❜✐❞s ❤❛✈❡ ❜❡❡♥ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ❞❛t❛ s❡t✱
D̂t ✐s t❤❡ r❡♠❛✐♥✐♥❣ ❞❡♠❛♥❞ ✇❤✐❝❤ ❤❛s t♦ ❜❡ ❢✉❧✜❧❧❡❞ ❜② ❝♦♥✈❡♥t✐♦♥❛❧ ❣❡♥❡r❛t♦rs✳ ❲✐t❤ t❤❡ ❤❡❧♣
♦❢ ♠♦❞❡❧ ✭✸✳✶✮ ❛♥❞ ✭✸✳✷✮ r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ❞❡♠❛♥❞✱

✇❤✐❝❤ ✐s s❛t✐s✜❡❞ ❜② ❣❡♥❡r❛t♦rs ♦❢ ❢✉❡❧ i = 1, 2 ✈✐❛ wiFi(St) ✇✐t❤ St = B( D̂t

Ĉt
)✳ ❚❤❡✐r ❝♦♥tr✐❜✉t✐♦♥

t♦✇❛r❞s ❞❡♠❛♥❞ D̂t ✐s t❤❡♥ ❣✐✈❡♥ ❜② wiFi(St)Ĉt ❢♦r i = 1, 2✳ ■❢ ✇❡ ❛ss✉♠❡ t❤❛t ❡❛❝❤ t②♣❡ ♦❢

✶✷



❣❡♥❡r❛t♦r ❤❛s ✐ts s♣❡❝✐✜❝ ❡♠✐ss✐♦♥ r❛t❡ êi ✭t❈❖2 ✴ ▼❲❤✮✱ t❤❡ ♦✈❡r❛❧❧ ❡♠✐ss✐♦♥ r❛t❡ ✐s t❤❡♥

µe(D̂t, At,Mt,Kt, Gt) = ê1w1F1(St) (D̂t +Mt)
︸ ︷︷ ︸

Ĉt

+ê2w2F2(St) (D̂t +Mt)
︸ ︷︷ ︸

Ĉt

.

■♥ t❤❡ s❡q✉❡❧ ✇❡ ✇✐❧❧ s❡t ê1 =
0.34056
0.41425

tCO2

MWh
✱ ê2 =

0.20196
0.50625

tCO2

MWh
✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ♦✉r ❡♠✐ss✐♦♥ r❛t❡

❝❛♥ ❜❡ r❡❞✉❝❡❞✱ ✐❢ t❤❡ ♠❛r❣✐♥ ♣r♦❝❡ss Mt ✐s ❝❤♦s❡♥ t♦ ❜❡ ❞❡t❡r♠✐♥✐st✐❝✳ ❚❤✉s ✇❡ r❡♣❧❛❝❡ ✐t ❜② ✐ts
s❡❛s♦♥❛❧✱ ❞❡t❡r♠✐♥✐st✐❝ ❝♦♠♣♦♥❡♥t es(t) ❛♥❞ ✇r✐t❡ µe(D̂t, At,Kt, Gt) := µe(D̂t, At, e

s(t),Kt, Gt)✳

✹✳✷ ❊♠✐ss✐♦♥ ❆❧❧♦✇❛♥❝❡s

■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ✇❛♥t t♦ ♣r✐❝❡ ❡♠✐ss✐♦♥ ❛❧❧♦✇❛♥❝❡s ❛s ❛ ❞❡r✐✈❛t✐✈❡ ♦♥ t❤❡ ❝♦♠✉❧❛t✐✈❡ ❡♠✐ss✐♦♥✳
❚❤❡ ❝✉♠✉❧❛t✐✈❡ ❡♠✐ss✐♦♥ ❝❛♥ ❜❡ ❣❛✐♥❡❞ ❜② ✐♥t❡❣r❛t✐♥❣ t❤❡ ❡♠✐ss✐♦♥ r❛t❡ ♦✈❡r t✐♠❡

Et =

∫ t

0
µe(D̂s, As,Ks, Gs)ds.

❚❤✉s ✇❡ ❤❛✈❡
dEt = µe(D̂t, At,Kt, Gt)dt.

■♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ t❤❡ ✉♥❞❡r❧②✐♥❣ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✱ ✇❡ r❡❝❡✐✈❡ ❛ ❢♦✉r ❞✐♠❡♥s✐♦♥❛❧ s②st❡♠
♦❢ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭❙❉❊✮✿







dD̂t = µ
D̂
(D̂t)dt+ σ

D̂
(D̂t)dWt, D̂0 = d̂0 ∈ R+,

dKt = µK(Kt)dt+ σK(Kt)dŴ1,t, K0 = k0 ∈ R+,

dGt = µG(Gt)dt+ σG(Gt)dŴ2,t, G0 = g0 ∈ R+,

dEt = µe(D̂t, At,Kt, Gt)dt, E0 = 0.

❘❡❣❛r❞✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ ❛♥ ❊❯❆ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢A(t, D̂t, Et,Kt, Gt)✱ ✇❡ ❝❛♥ ❛♣♣❧② ❢♦r✇❛r❞✴❜❛❝❦✇❛r❞
❙❉❊ ✭❋❇❙❉❊✮ t❤❡♦r② t♦ ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭P❉❊✮

∂A

∂t
+ µ

D̂
(D̂)

∂A

∂D̂
+ µe(D̂, A,K,G)

∂A

∂E
+ µK(K)

∂A

∂K
+ µG(G)

∂A

∂G

+
1

2
σ
D̂
(D̂)2

∂2A

∂D̂2
+

1

2
σK(K)2

∂2A

∂K2
+

1

2
σG(G)2

∂2A

∂G2

+ρσK(K)σG(G)
∂2A

∂K∂G
− rA = 0,

✭✹✳✶✮

✇❤❡r❡ r ✐s t❤❡ r✐s❦ ❢r❡❡ ✐♥t❡r❡st r❛t❡✳ ❋♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❋❇❙❉❊ ❛♥❞ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡
P❉❊ ✇❡ r❡❢❡r t♦ ❙❝❤✇❛r③ ✭✷✵✶✷✮ ❛♥❞ ❈❛r♠♦♥❛ ❡t ❛❧✳ ✭✷✵✶✷✮✳ ❆t ♠❛t✉r✐t② T ♦♥❡ ❡✐t❤❡r ❤❛s t♦
♣❛② t❤❡ ♣❡♥❛❧t② π ✐❢ ❝✉♠✉❧❛t✐✈❡ ❡♠✐ss✐♦♥s E ❡①❝❡❡❞ t❤❡ ❡♠✐ss✐♦♥ ❝❛♣ Ecap ♦r ♥♦t❤✐♥❣ ✐❢ ❡♠✐ss✐♦♥s
❤❛✈❡ ♥♦t r❡❛❝❤❡❞ t❤❡ ❝❛♣✳ ❙♦ t❤❡ ❛❧❧♦✇❛♥❝❡✬s ♣❛②♦✛ ✐s ❣✐✈❡♥ ❜②

A(T,D,E,K,G) = π1[Ecap,∞)(E). ✭✹✳✷✮

❆ ❞✐s❝✉ss✐♦♥ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ♥❡❡❞❡❞ t♦ s♣❡❝✐❢② t❤❡ s♦❧✉t✐♦♥✱ ❤❛s ❜❡❡♥ ♠♦✈❡❞ t♦ ❙❡❝t✐♦♥
✻✳ P❧❡❛s❡ ♥♦t❡ t❤❛t ✇❡ ♣r✐❝❡ t❤❡ ❡♠✐ss✐♦♥ ♣❡r♠✐ts ✉♥❞❡r t❤❡ ❤✐st♦r✐❝❛❧ ♠❡❛s✉r❡ P ❛♥❞ ♥❡❣❧❡❝t
❛♥② ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♠❛r❦❡t ♣r✐❝❡ ♦❢ r✐s❦✳

✶✸



✺ ❈❛s❡ ❙t✉❞✐❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✉s❡ ♦✉r ♠♦❞❡❧ t♦ s✐♠✉❧❛t❡ s❡✈❡r❛❧ s❝❡♥❛r✐♦s t♦ ❛♥❛❧②s❡ t❤❡ ❡✛❡❝ts ♦❢ ❝❤❛♥❣❡s
✐♥ t❤❡ ♠❛r❦❡t ❡♥✈✐r♦♥♠❡♥t✳ ❚♦ ❜❡ ♣r❡❝✐s❡✱ ✇❡ ✇❛♥t t♦ ✐♥✈❡st✐❣❛t❡ ❤♦✇ ❝❤❛♥❣❡s ✐♥ ❡①♦❣❡♥♦✉s
❢❛❝t♦rs✱ s✉❝❤ ❛s t❤❡ ❡♠✐ss✐♦♥ ❝❛♣✱ ❞❡♠❛♥❞✱ ❝❛♣❛❝✐t② ❛♥❞ ❢✉❡❧ ♣r✐❝❡s ✐♥✢✉❡♥❝❡ t❤❡ ❡❧❡❝tr✐❝✐t②
♠❛r❦❡t✱ ❡♠✐ss✐♦♥ ❛❧❧♦✇❛♥❝❡s ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ ❝♦♥✈❡♥t✐♦♥❛❧ ♣♦✇❡r ♣❧❛♥ts✳ ❚❤❡ s❝❡♥❛r✐♦s ✇✐❧❧ ❜❡
❝♦♠♣❛r❡❞ t♦ ❛ ❜❛s❡ s❝❡♥❛r✐♦✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ❜✉s✐♥❡ss ❛s ✉s✉❛❧ ♠❛r❦❡t✳ ■♥ t❤✐s
s❝❡♥❛r✐♦ ❛♥ ❡♠✐ss✐♦♥ ❝❛♣ ♦❢ ✷✵ ♠✐❧❧✐♦♥ t✴❈❖2 ✐s ❛ss✉♠❡❞✳ ■❢ t❤❡ ❝❛♣ ✐s ❡①❝❡❡❞❡❞ ❞✉r✐♥❣ t❤❡ tr❛❞✐♥❣
♣❡r✐♦❞ ❛ ♣❡♥❛❧t② ♦❢ ✶✵✵e ✐s ❞✉❡✳ ❚❤❡ st❛rt✐♥❣ ♣r✐❝❡s ♦❢ ❝♦❛❧ ❛♥❞ ❣❛s ❛r❡ ❣✐✈❡♥ ❜② ✶✵✵ ❯❙❉✴t
✭❝♦❛❧✮ ❛♥❞ ✷✺ e✴▼❲❤ ✭❣❛s✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② ✇❡ ❛ss✉♠❡ ❛ ✜①❡❞ ❡①❝❤❛♥❣❡
r❛t❡ ♦❢ ✶✳✸✵ ❯❙❉ = ✶e t♦ ❝♦♥✈❡rt t❤❡ ❝♦❛❧ ♣r✐❝❡ t♦ ❡✉r♦✳ ❚❤❡ r❡s✐❞✉❛❧ ❞❡♠❛♥❞ ♣r♦❝❡ss st❛rts
❛t ✷✸✵✵ ▼❲❤✳ ❚❛❜❧❡s ✺✳✶✱ ✺✳✷ s✉♠♠❛r✐③❡ t❤❡ ✉s❡❞ ♣❛r❛♠❡t❡rs ❛♥❞ ✐♥✐t✐❛❧ ✈❛❧✉❡s✳ ❚❤❡ s♣r❡❛❞
♦♣t✐♦♥s ❛r❡ ❝♦♠♣✉t❡❞ ❢♦r ♠❛t✉r✐t✐❡s t = 1, ..., 8760✳ ❚♦ ✈✐s✉❛❧✐s❡ ♦✉r r❡s✉❧ts ❛♥❞ ❣❛✐♥ ✐♥s✐❣❤ts
✐♥t♦ t❤❡ ✐♥tr❛✲❞❛② ♣r♦✜t❛❜✐❧✐t② ♦❢ ❛ ♣♦✇❡r ♣❧❛♥t✱ ✇❡ ❛✈❡r❛❣❡ ♦♣t✐♦♥ ♣r✐❝❡s ❢♦r ❛❧❧ ✷✹ tr❛❞✐♥❣ ❤♦✉rs
♦❢ ❛ ❞❛②✳ ❙✐♥❝❡ t❤❡r❡ ✐s ♥♦ str♦♥❣ ❛♥♥✉❛❧ ♣❛tt❡r♥ ✐♥ t❤❡ ●❡r♠❛♥ ❡❧❡❝tr✐❝✐t② ♠❛r❦❡t✱ ✇❡ ♦♠✐t ✐t ✐♥
♦✉r ❛♥❛❧②s✐s✳

D̂0 K0 G0

✷✸✵✵ ✶✵✵ ✷✺

❚❛❜❧❡ ✺✳✶✿ P❛r❛♠❡t❡rs ❜❛s❡ s❝❡♥❛r✐♦

T π Ecap r

✽✼✻✵ ✶✵✵ 20 ∗ 106 ✵✳✵✷

❚❛❜❧❡ ✺✳✷✿ P❛r❛♠❡t❡rs ❊❯ ❊❚❙

✺✳✶ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ❊♠✐ss✐♦♥ ❈❛♣

■♥ t❤❡ ②❡❛r ✷✵✵✺ t❤❡ ❊❯ st❛rt❡❞ t❤❡ ❊❯ ❊❚❙ t♦ ✜❣❤t t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ❣❧♦❜❛❧ ❝❧✐♠❛t❡ ❝❤❛♥❣❡✳
❙✐♥❝❡ t❤❡♥ t❤❡ ♣r✐❝❡ ♦❢ ❊❯❆s ❤❛s st❡❛❞✐❧② ❞❡❝❧✐♥❡❞✳ ❈r✐t✐❝s ❛r❣✉❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❡♠✐ss✐♦♥
♣❡r♠✐ts ❤❛s t♦ ❜❡ ❞❡❝r❡❛s❡❞ t♦ r❡❦✐♥❞❧❡ t❤❡ ❝❛r❜♦♥ tr❛❞✐♥❣ s②st❡♠✳ ❲✐t❤✐♥ t❤✐s s❝❡♥❛r✐♦ ✇❡ ✇❛♥t
t♦ ❛♥❛❧②s❡ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❡♠✐ss✐♦♥ ❝❛♣ ♦♥ ❊❯❆s ❛♥❞ ✐♥ t✉r♥ t❤❡✐r ✐♥✢✉❡♥❝❡ ♦♥ s♣r❡❛❞ ♦♣t✐♦♥s
❢♦r ❝♦❛❧ ❛♥❞ ❣❛s ✜r❡❞ ♣♦✇❡r ♣❧❛♥ts✳

■♥ ❋✐❣✉r❡ ✺✳✶ ✭❆✮ t❤❡ ♣r✐❝❡ ♦❢ ❊❯❆s ✐s ♣❧♦tt❡❞ ❢♦r ❞✐✛❡r❡♥t ❡♠✐ss✐♦♥ ❝❛♣s ❛♥❞ ✜①❡❞ ❢✉❡❧ ♣r✐❝❡s ✭✶✵✵
❯❙❉✴t ❛♥❞ ✷✺ e✴▼❲❤✮✳ ❚❤❡ ✈❛❧✉❡ ❛t x = 0 r❡♣r❡s❡♥ts t❤❡ ❜❛s❡ s❝❡♥❛r✐♦✳ ❱❛❧✉❡s ❛t ✐ts r✐❣❤t
❤❛♥❞ s✐❞❡ st❛♥❞ ❢♦r ❛ ❣❡♥❡r♦✉s ❡♠✐ss✐♦♥ ❝❛♣ ❛♥❞ t❤❡ ✈❛❧✉❡s ❛t t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ❢♦r ❛ r❡❞✉❝t✐♦♥
♦❢ ♣❡r♠✐ts✳ ■❢ t❤❡ ❝❛♣ ✐s ❧♦✇ ❛♥❞ ❤❡♥❝❡ ❧✐❦❡❧② t♦ ❜❡ r❡❛❝❤❡❞✱ t❤❡ r✐❣❤t t♦ ❡♠✐t ❣r❡❡♥❤♦✉s❡ ❣❛s ✐s
❡①♣❡♥s✐✈❡✳ ❱✐❝❡ ✈❡rs❛✱ ✐t ✐s ❝❤❡❛♣ ✐❢ t❤❡ ❝❛♣ ✐s ❤✐❣❤✳ ❋✐❣✉r❡ ✭❇✮ s❤♦✇s t❤❡ ❡♠✐ss✐♦♥ r❡❞✉❝t✐♦♥
❞✉❡ t♦ ✐♥❝r❡❛s✐♥❣ ❊❯❆ ♣r✐❝❡s ❛t ❞✐✛❡r❡♥t ❧❡✈❡❧s ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐s❛t✐♦♥✳ ■❢ t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐s❛t✐♦♥
✐s ❧♦✇✱ ❣❛s ♣❧❛♥ts ❝❛♥ ♣r♦✈✐❞❡ ❡♥♦✉❣❤ ❡❧❡❝tr✐❝✐t② t♦ ❢✉❧✜❧❧ t❤❡ ❝♦♠♣❧❡t❡ ❞❡♠❛♥❞ ❛♥❞ ✇❡ s❡❡ ❛
r❡❞✉❝t✐♦♥ ♦❢ ✹✳✾✷✪ ✐♥ ❡♠✐ss✐♦♥✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❤✐❣❤ ❝❛♣❛❝✐t② ✉t✐❧✐s❛t✐♦♥ ❞✐rt② ❝♦❛❧ ♣♦✇❡r ♣❧❛♥ts
❛r❡ ♥❡❡❞❡❞ t♦ ❢✉❧✜❧❧ ❞❡♠❛♥❞✱ s✐♥❝❡ t❤❡r❡ ✐s ♥♦t ❡♥♦✉❣❤ ❝❛♣❛❝✐t② ❢r♦♠ ❝❧❡❛♥ ❣❛s ♣❧❛♥ts✳ ❍❡r❡
t❤❡ ❞❡❝r❡❛s❡ ✐♥ ❡♠✐tt❡❞ ❈❖2 ✐s ♦♥❧② ✷✳✺✼✪✳ ❚❤✐s ❡♠✐ss✐♦♥ r❡❞✉❝t✐♦♥ s❡❡♠s q✉✐t❡ ❧♦✇✱ s✐♥❝❡ ✐t
❞♦❡s ♥♦t ✐♥❝♦r♣♦r❛t❡ ❛♥② ❝❤❛♥❣❡s ✐♥ t❤❡ t♦t❛❧ ❝❛♣❛❝✐t✐❡s ♦❢ ❝♦❛❧ ❛♥❞ ❣❛s ❣❡♥❡r❛t♦rs✳ ■t ❝❛♥ ❜❡
✐♥t❡r♣r❡t❡❞ ❛s t❤❡ s❤♦rt t❡r♠ ❡✛❡❝t ♦❢ t❤❡ ❡♠✐ss✐♦♥ tr❛❞✐♥❣ s②st❡♠✳ ■♥ t❤❡ ❧♦♥❣ r✉♥ ✇❡ ❡①♣❡❝t
❡♥❡r❣② ❝♦♠♣❛♥✐❡s t♦ ❝❤❛♥❣❡ t❤❡✐r ♣♦✇❡r ♣❧❛♥t ♣♦rt❢♦❧✐♦ ✐♥ ❢❛✈♦✉r ♦❢ ❝❧❡❛♥❡r ♣❧❛♥ts✱ ✐❢ ❛❧❧♦✇❛♥❝❡s
r❡♠❛✐♥ ❛t ❛ ❤✐❣❤ ❧❡✈❡❧✳ ❚❤✐s r❡s✉❧ts ✐♥ ❛ ❤✐❣❤❡r r❡❞✉❝t✐♦♥ ♦❢ ❣r❡❡♥❤♦✉s❡ ❣❛s ❡♠✐ss✐♦♥s✳ ❚❤❡r❡❢♦r❡✱
t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❤❛✈❡ t♦ ❜❡ r❡❝❛❧✐❜r❛t❡❞ ✐❢ t❤❡ ♠❛r❦❡t ❡♥✈✐r♦♥♠❡♥t ❛❧t❡rs✳

✶✹
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❋✐❣✉r❡ ✺✳✶✿ ✭❆✮✿ ❆❧❧♦✇❛♥❝❡ ✈❛❧✉❡ ❛s ❛ ❢✉♥t✐♦♥ ♦❢ t❤❡ ❡♠✐ss✐♦♥ ❝❛♣
✭❇✮✿ ■♥✢✉❡♥❝❡ ♦❢ ❛❧❧♦✇❛♥❝❡s ♦♥ t❤❡ ❡♠✐ss✐♦♥ r❛t❡✱ K = 100✱ G = 25
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(A) avg. Clean Dark Spread Option e
ff1

 = 41.425 % 
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(C) avg. Clean Dark Spread Option e
ff1

 = 35 %
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(E) avg. Clean Dark Spread Option e
ff1

 = 45 %
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(B) avg. Clean Spark Spread Option e
ff2

 = 50.625 %
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(D) avg. Clean Spark Spread Option e
ff2

 = 45 %
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(F) avg. Clean Spark Spread Option e
ff2

 = 55 %
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❋✐❣✉r❡ ✺✳✷✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ❡♠✐ss✐♦♥ ❝❛♣

✶✺



■♥ ❋✐❣✉r❡ ✺✳✷ ✇❡ ❛♥❛❧②s❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❡♠✐ss✐♦♥ ❝❛♣ ♦♥ ❝♦❛❧ ❛♥❞ ❣❛s ✜r❡❞ ♣♦✇❡r ♣❧❛♥ts✳
❚❤❡ s♣r❡❛❞ ♦♣t✐♦♥s ❛r❡ ❝♦♠♣✉t❡❞ ❢♦r ❧♦✇❧②✱ ♥♦r♠❛❧❧② ❛♥❞ ❤✐❣❤❧② ❡✣❝✐❡♥t ♣❧❛♥ts✳ ❚❤❡ ✐♥tr❛✲❞❛②
♣❛tt❡r♥ ✇✐t❤ ❛ t♦♣ ✐♥ t❤❡ ♠♦r♥✐♥❣ ❛♥❞ ❛♥♦t❤❡r ♦♥❡ ✐♥ t❤❡ ❡✈❡♥✐♥❣ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞❡♠❛♥❞
❝②❝❧❡ D̂✳ ❚❤❡ ✐♥❝r❡❛s❡ ✐♥ ❞❡♠❛♥❞ ❧❡❛❞s t♦ ❛ ❤✐❣❤❡r ♣r✐❝❡ ❢♦r ❡❧❡❝tr✐❝✐t② ❛♥❞ t❤✉s t♦ ❤✐❣❤❡r s♣r❡❛❞s✳
❚❤❡ ✈❛❧✉❡ ♦❢ ❛ ❝♦❛❧ ♣♦✇❡r ♣❧❛♥t s❤♦✇s ❛❞✈❡rs❡ ❡✛❡❝ts t♦✇❛r❞s ❤✐❣❤ ❛❧❧♦✇❛♥❝❡ ♣r✐❝❡s✳ ❊s♣❡❝✐❛❧❧②
❧♦✇❧② ❡✣❝✐❡♥t ♣❧❛♥ts s✉✛❡r ❢r♦♠ ❤✐❣❤ ♣r✐❝❡s✱ ✇❤✐❧❡ ❤✐❣❤❧② ❡✣❝✐❡♥t ♣❧❛♥ts ❞♦ ♥♦t s❡❡♠ t♦ ❜❡
✐♥✢✉❡♥❝❡❞✳ ❉✉r✐♥❣ ♣❡r✐♦❞s ♦❢ ❤✐❣❤ ❞❡♠❛♥❞✱ ✇❤❡♥ t❤❡ ♣r✐❝❡ ❢♦r ❡❧❡❝tr✐❝✐t② ✐s ♥❡❛r t❤❡ t♦♣ ♦❢ t❤❡
st❛❝❦✱ t❤❡s❡ ❝❧❡❛♥❡r ♣♦✇❡r ♣❧❛♥ts ❣❛✐♥ ❛♥ ❡①tr❛ ♣r♦✜t ❜② ❛ ♣r✐❝❡✱ ✇❤✐❝❤ ✇❛s s❡t ❜② ❧❡ss ❡✣❝✐❡♥t
❝♦❛❧ ♣❧❛♥ts✳ ❍❡♥❝❡✱ t❤❡ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦❢ ❤✐❣❤ ❝❛r❜♦♥ ♣r✐❝❡s ✐s ❝♦♠♣❡♥s❛t❡❞ ❜② ❛♥ ❡①tr❛ ♣r♦✜t✳
●❛s ✜r❡❞ ♣♦✇❡r ♣❧❛♥ts ❛r❡ str♦♥❣❧② ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ♣r✐❝❡s ♦❢ ❡♠✐ss✐♦♥ ❛❧❧♦✇❛♥❝❡s✳ ■❢ t❤❡ ❝❛♣ ✐s
r❡str✐❝t✐✈❡ ❛♥❞ ❤❡♥❝❡ t❤❡ r✐❣❤t t♦ ❡♠✐t ❣r❡❡♥❤♦✉s❡ ❣❛s ✐s ❡①♣❡♥s✐✈❡✱ ❣❛s ♣♦✇❡r ♣❧❛♥ts ❛r❡ ♣✉s❤❡❞
✐♥ ❢r♦♥t ♦❢ ❝♦❛❧ ❣❡♥❡r❛t♦rs ✐♥ t❤❡ ♠❡r✐t ♦r❞❡r✳ ❖♥ t❤❡ ❝♦♥tr❛r② t❤❡② ❛r❡ ❜❡❤✐♥❞ ❝♦❛❧ ❣❡♥❡r❛t♦rs
✐♥ t❤❡ ♠❡r✐t ♦r❞❡r ✐❢ ❛❧❧♦✇❛♥❝❡s ❛r❡ ❝❤❡❛♣✳

✺✳✷ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ❉❡♠❛♥❞ Pr♦❝❡ss

■♥ t❤❡ s❡❝♦♥❞ tr❛❞✐♥❣ ♣❤❛s❡ ♦❢ t❤❡ ❊❯ ❊❚❙✱ t❤❡ ❊✉r♦♣❡❛♥ ❯♥✐♦♥ str✉❣❣❧❡❞ ✐♥t♦ ❛♥ ❡❝♦♥♦♠✐❝
r❡❝❡ss✐♦♥✳ ❚❤❡ ❧♦✇❡r❡❞ ♥❡❡❞ ❢♦r ❡❧❡❝tr✐❝✐t② ❧❡❞ t♦ ❛ st❡❛❞② ❞❡❝❧✐♥❡ ♦❢ ❡♠✐ss✐♦♥ ❝❡rt✐✜❝❛t❡s✳ ■♥ t❤✐s
❝❛s❡ st✉❞②✱ ✇❡ ✇❛♥t t♦ s✐♠✉❧❛t❡ t❤❡ ❡✛❡❝ts ♦❢ ❛♥ ❡❝♦♥♦♠✐❝ ❜♦♦♠ ❛♥❞ ❛ r❡❝❡ss✐♦♥✳ ❚❤❡ ❜♦♦♠ ✇✐❧❧
❜❡ ♠♦❞❡❧❧❡❞ ❜② ❛ ❞❡♠❛♥❞ ♣r♦❝❡ss✱ ✇❤✐❝❤ ✐s ✐♥❝r❡❛s❡❞ ❜② ✺✪ t♦ s✐♠✉❧❛t❡ ✐♥❞✉str✐❛❧ ♣r♦s♣❡r✐t②
❛♥❞ ❛ str♦♥❣ ♥❡❡❞ ❢♦r ❡♥❡r❣②✳ ❱✐❝❡ ✈❡rs❛✱ t❤❡ ❞❡♣r❡ss✐♦♥ ✐s ♠♦❞❡❧❧❡❞ ❜② ❛ ❞r♦♣ ✐♥ ❞❡♠❛♥❞ ♦❢ ✺✪✳

■♥ ❋✐❣✉r❡ ✺✳✸ ✇❡ ❝♦♠♣❛r❡ ❛✈❡r❛❣❡❞ ❝❧❡❛♥ s♣r❡❛❞ ♦♣t✐♦♥s ✐♥ t❤❡ r❡❝❡ss✐♦♥ ❛♥❞ ❜♦♦♠ s❝❡♥❛r✐♦s✳
❚❤❡ ❤✐❣❤❡r ♥❡❡❞ ❢♦r ❡♥❡r❣② ✐♥ t❤❡ ❜♦♦♠ s❝❡♥❛r✐♦ ❧❡❛❞s t♦ ❛ ❤✐❣❤❡r ♦✈❡r❛❧❧ ❡♠✐ss✐♦♥ ♦❢ ❣r❡❡♥❤♦✉s❡
❣❛s✱ ❤❡♥❝❡✱ t❤❡ ❛❧❧♦✇❛♥❝❡s ❛r❡ ♠♦r❡ ❡①♣❡♥s✐✈❡✳ ❚❤❡ st❛rt✐♥❣ ✈❛❧✉❡s ❢♦r ❊❯❆s ❛r❡ Abase

0 = 33.62✱
A+5%

0 = 43.48 ❛♥❞ A−5%
0 = 24.86✳ ❚❤❡ ❜♦♦♠ s❝❡♥❛r✐♦ ❢❛✈♦✉rs ❣❛s ✜r❡❞ ♣♦✇❡r ♣❧❛♥ts ✐♥ t✇♦

♣♦✐♥ts✿ t❤❡ ❤✐❣❤❡r ❞❡♠❛♥❞ ❢♦r ❡♥❡r❣② ♣✉s❤❡s t❤❡ ♣r✐❝❡ ❢♦r ❡❧❡❝tr✐❝✐t② ✉♣✇❛r❞s ❛♥❞ ❛❞❞✐t✐♦♥❛❧❧②
❝❛r❜♦♥ ♣r✐❝❡s r✐s❡✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ s❡❡ ❛ str♦♥❣ ✐♠♣❛❝t ♦❢ ❞❡♠❛♥❞ s❤✐❢ts ♦♥ ❣❛s ♣❧❛♥ts✳ ■♥ t❤❡ ❝❛s❡
♦❢ ❝♦❛❧ ♣❧❛♥ts r✐s✐♥❣ ❊❯❆s ❤❛✈❡ ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t✳ ❚❤❡ ♣❧♦ts r❡✈❡❛❧ t❤❛t t❤❡ ♣♦s✐t✐✈❡ ❡✛❡❝ts ♦❢
✐♥❝r❡❛s✐♥❣ ❡❧❡❝tr✐❝✐t② ♣r✐❝❡s ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ❛♥❞ ❛❞✈❡rs❡ ❡✛❡❝ts ♦❢ r✐s✐♥❣ ❊❯❆s ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞
❛❧♠♦st ❝♦♠♣❧❡t❡❧② ❡q✉❛t❡ ❡❛❝❤ ♦t❤❡r✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❧♦✇❧② ❡✣❝✐❡♥t ❝♦❛❧ ♣❧❛♥ts✱ t❤❡r❡ ✐s ❤❛r❞❧②
❛♥② ❝❤❛♥❣❡ ✐♥ t❤❡ s♣r❡❛❞ ♦♣t✐♦♥s✳ ❚❤❡ ❤✐❣❤❡r ✭❧♦✇❡r✮ ❡❧❡❝tr✐❝✐t② ♣r✐❝❡ ✐s ❛❧♠♦st ❝♦♠♣❧❡t❡❧②
❝♦♠♣❡♥s❛t❡❞ ❜② ❤✐❣❤❡r ✭❧♦✇❡r✮ ❝❛r❜♦♥ ❞✐♦①✐❞❡ ❛❧❧♦✇❛♥❝❡s✳

✺✳✸ ❆❞❞✐t✐♦♥❛❧ ❝❛♣❛❝✐t✐❡s ❜② ✇✐♥❞ ❛♥❞ s♦❧❛r ♣♦✇❡r

■♥ t❤❡ ❧❛st❡st ②❡❛rs t❤❡ ●❡r♠❛♥ ❢❡❞❡r❛❧ ❣♦✈❡r♥♠❡♥t ❤❛s ❡♥❝♦✉r❛❣❡❞ t❤❡ ✐♥st❛❧❧❛t✐♦♥ ♦❢ r❡♥❡✇❛❜❧❡s
❜② s✉❜s✐❞✐❡s ✐♥ ❢♦r♠ ♦❢ ✜①❡❞ ♣r✐❝❡s ❛♥❞ ❛ ❣✉❛r❛♥t❡❡❞ ❢❡❡❞✲✐♥✳ ■♥ t❤✐s ❝❛s❡ st✉❞② ✇❡ s✐♠✉❧❛t❡
t❤❡ ❡✛❡❝ts ♦❢ ❛❞❞✐t✐♦♥❛❧❧② ✐♥st❛❧❧❡❞ ❝❛♣❛❝✐t✐❡s ❜② ❡✐t❤❡r s♦❧❛r ♦r ✇✐♥❞ ♣♦✇❡r✳ ❙✐♥❝❡ t❤❡ ❊❊●
❣✉❛r❛♥t❡❡s ❛ ❢❡❡❞✲✐♥✱ t❤❡ ❞❡♠❛♥❞ t❤❛t ❤❛s t♦ ❜❡ ❢✉❧✜❧❧❡❞ ❜② ❝♦♥✈❡♥t✐♦♥❛❧ ❣❡♥❡r❛t♦rs ✐s ❧♦✇❡r❡❞
❜② t❤❡ ❛❞❞✐t✐♦♥❛❧❧② ♣r♦✈✐❞❡❞ ❝❛♣❛❝✐t②✳ ❚❤✉s ✇❡ ❡①♣❡❝t ❛ ❞✐r❡❝t ✐♠♣❛❝t ♦♥ t❤❡ ❡❧❡❝tr✐❝✐t② s♣♦t
♣r✐❝❡✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ❡①♣❡❝t t♦ s❡❡ ❛ r❡❞✉❝t✐♦♥ ♦❢ ❣r❡❡♥❤♦✉s❡ ❣❛s ❡♠✐ss✐♦♥s ❞✉❡ t♦ ❛ ❣r❡❛t❡r
s❤❛r❡ ♦❢ r❡♥❡✇❛❜❧❡s ✐♥ t❤❡ ❡♥❡r❣② ♠✐①✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ♣❡r❢♦r♠ ❛ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥
t♦ ❝♦♠♣✉t❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡❧❡❝tr✐❝✐t② s♣♦t ♣r✐❝❡ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛❞❞✐t✐♦♥❛❧ ❢❡❡❞✲✐♥✳
❚❤❡ ❛❞❞✐t✐♦♥❛❧ ❝❛♣❛❝✐t✐❡s ❛r❡ s✐♠✉❧❛t❡❞ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ♣r♦❝❡ss❡s ❞❡✜♥❡❞ ✐♥ ✭✸✳✻✮✱ ✭✸✳✽✮✳
❆ ❧♦✇❡r❡❞ ❞❡♠❛♥❞ ♣r♦❝❡ss ✐s ❞❡r✐✈❡❞ ❜② s✉❜tr❛❝t✐♥❣ t❤❡ ♥❡✇❧② ❛✈❛✐❧❛❜❧❡ ❝❛♣❛❝✐t✐❡s ❢r♦♠ t❤❡
❞❡♠❛♥❞ ♣r♦❝❡ss D̂t✳ ■♥ ♦r❞❡r t♦ ✐♥❝♦r♣♦r❛t❡ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ❣r❡❡♥❤♦✉s❡ ❣❛s❡s✱ ✇❡ s♦❧✈❡ t❤❡
❈❖2 ❛❧❧♦✇❛♥❝❡ ♣r✐❝✐♥❣ P❉❊ ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ♥❡✇ ❞❡♠❛♥❞ ♣r♦❝❡ss✳ ❚❤❡ r❛♥❞♦♠♥❡ss ✐♥ t❤❡
❡✈♦❧✉t✐♦♥ ♦❢ s♦❧❛r✴✇✐♥❞ ❝❛♣❛❝✐t✐❡s ✐♥ ✭✸✳✻✮✱ ✭✸✳✽✮ ✐s ♠♦❞❡❧❧❡❞ ✈✐❛ ❛ st♦❝❤❛st✐❝ ❞r✐✈❡r✳ ❉♦✐♥❣ s♦✱
♦♥❡ ♠♦r❡ ❞✐♠❡♥s✐♦♥ ✇♦✉❧❞ ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥t♦ ♦✉r ❛❧❧♦✇❛♥❝❡ ♠♦❞❡❧ ✲✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢
s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥s ❢r♦♠ ❢♦✉r t♦ ✜✈❡✳ ❙✐♥❝❡ t❤❡ ❝✉rs❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t② s❤♦✇s ✐ts ❡✛❡❝t q✉✐❝❦❧② ❢♦r
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(A) avg. Clean Dark Spread Option e
ff1

 = 41.425 %
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(B) avg. Clean Spark Spreads Option e
ff2

 = 50.625 %
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(C) avg. Clean Dark Spread Option e
ff1

 = 35 %
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(D) avg. Clean Spark Spread Option e
ff2

 = 45 %
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(D) avg. Clean Dark Spread Option e
ff1

 = 45 %
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(E) avg. Clean Spark Spread Option e
ff2

 = 55 %

base demand

low demand

high demand

base demand

low demand

high demand

❋✐❣✉r❡ ✺✳✸✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ❞❡♠❛♥❞

s✉❝❤ ❤✐❣❤ ❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s✱ ✇❡ ❞r♦♣ t❤❡ st♦❝❤❛st✐❝ ❝♦♠♣♦♥❡♥t ❤❡r❡ ❛♥❞ ❞❡s❝r✐❜❡ t❤❡ ❢❡❡❞✲✐♥
❜② r❡♥❡✇❛❜❧❡s ✇✐t❤ t❤❡✐r ❞❡t❡r♠✐♥✐st✐❝ ❝♦♠♣♦♥❡♥t✳

■♥ ❋✐❣✉r❡ ✺✳✹ t❤❡ ♣r✐❝❡ ❞r♦♣ ♦❢ t❤❡ ❡❧❡❝tr✐❝✐t② s♣♦t ♣r✐❝❡ ❞✉❡ t♦ ❛❞❞✐t✐♦♥❛❧ ❢❡❡❞✲✐♥ ❜② s♦❧❛r ♠♦❞✉❧❡s
❛♥❞ ✇✐♥❞ ♣♦✇❡r ♣❧❛♥ts ❝❛♥ ❜❡ s❡❡♥✳ ❚❤❡ ❝❧❡❛♥❡r ❡♥❡r❣② ♠✐① ❧❡❛❞s t♦ ❛ ❞❡❝❧✐♥✐♥❣ ✈❛❧✉❡ ♦❢ ❈❖2

❛❧❧♦✇❛♥❝❡s✳ ■❢ t❤❡ ❢❡❡❞✲✐♥ ✐s ✐♥❝r❡❛s❡❞ ❜② ♦♥❡ ♣❡r❝❡♥t✱ t❤❡ st❛rt✐♥❣ ♣r✐❝❡ ♦❢ ❈❖2 ❛❧❧♦✇❛♥❝❡s
❞❡❝r❡❛s❡s ❢r♦♠ ❆0❂✸✸✳✻✷ t♦ A0 = 33.12 ✭s♦❧❛r✮✱ A0 = 32.67 ✭✇✐♥❞✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♣❛tt❡r♥
❢♦❧❧♦✇s t❤❡ ♦❜s❡r✈❡❞ ❝②❝❧❡ ✐♥ ❙❡❝t✐♦♥ ✸✳✺✿ ■♥ t❤❡ ❝❛s❡ ♦❢ s♦❧❛r ♣♦✇❡r t❤❡ ♣r✐❝❡ r❡❞✉❝t✐♦♥ ✐s ❤✐❣❤❡st
❞✉r✐♥❣ ♠✐❞❞❛② ✇❤❡♥ t❤❡ s✉♥ ✐s ♠♦st ♣♦✇❡r❢✉❧✳ ❉✉r✐♥❣ t❤❡ ♥✐❣❤t ❤♦✉rs✱ t❤❡ ♣r✐❝❡ r❡❞✉❝t✐♦♥
r❡✢❡❝ts t❤❡ ❞❡❝r❡❛s❡ ✐♥ ❈❖2 ❛❧❧♦✇❛♥❝❡ ✈❛❧✉❡s✳ ❚❤❡ ❛❞❞✐t✐♦♥❛❧ ✇✐♥❞ ❢❡❡❞✲✐♥ ❧❡❛❞s t♦ ❛ ♣❡❛❦ ✐♥
♣r✐❝❡ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ❛❢t❡r♥♦♦♥✱ ✇❤✐❝❤ ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ t♦ t❤❡ ✐♥tr❛✲❞❛② ❢❡❡❞✲✐♥ ♣❛tt❡r♥✳ ❇❡s✐❞❡
t❤✐s ✇❡ ❛❧s♦ ✜♥❞ ❛ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ♥✐❣❤t ❤♦✉rs✳ ❉✉r✐♥❣ t❤❡s❡ t✐♠❡s t❤❡ ❞❡♠❛♥❞ ❛♥❞ ❝❛♣❛❝✐t②
❛r❡ ✈❡r② ❧♦✇✳ ■♥ t❤✐s ❧✐♠✐t❡❞ ♠❛r❦❡t ❡♥✈✐r♦♥♠❡♥t ❛♥② ❛❞❞✐t✐♦♥❛❧ ❛✈❛✐❧❛❜❧❡ ❝❛♣❛❝✐t② ❤❛s ❛ ❣r❡❛t❡r
✐♠♣❛❝t ♦♥ t❤❡ s♣♦t ♣r✐❝❡ ❢♦r ❡❧❡❝tr✐❝✐t② t❤❛♥ ❞✉r✐♥❣ ❤✐❣❤ ❞❡♠❛♥❞✴❝❛♣❛❝✐t② t✐♠❡s✳

❲❡ s❡❡ t❤❛t ♦♣♣♦s❡❞ t♦ r❡t❛✐❧ ♣r✐❝❡s✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡ ❞✉❡ t♦ t❛①❡s t♦ ✜♥❛♥❝❡ t❤❡ ●❡r♠❛♥ ❡♥❡r❣②
tr❛♥s✐t✐♦♥✱ t❤❡ ✇❤♦❧❡s❛❧❡ ♣r✐❝❡s ❛t t❤❡ ❊P❊❳ ❙♣♦t ♠❛r❦❡t ❞❡❝❧✐♥❡✳

■♥ t❤❡ r❡❝❡♥t ②❡❛rs ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ s♣♦t ♣r✐❝❡ ✈♦❧❛t✐❧✐t② ❝♦✉❧❞ ❜❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ●❡r♠❛♥ ❡♥❡r❣②
♠❛r❦❡t✳ ❑❡tt❡r❡r ✭✷✵✶✷✮ ❛❞❞r❡ss❡s t❤✐s t♦ t❤❡ ✈♦❧❛t✐❧❡ ♥❛t✉r❡ ♦❢ ✇✐♥❞ ❢❡❡❞✲✐♥ ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤
✐ts ❞✐r❡❝t ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❡❧❡❝tr✐❝✐t② ♣r✐❝❡✳ ❖✉r s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✐♥ ❋✐❣✉r❡ ✺✳✺ ❝♦♥✜r♠ t❤✐s
❜❡❤❛✈✐♦✉r✳ ❚❤❡ ✈♦❧❛t✐❧✐t② ♦❢ ❜❛s❡❧♦❛❞ ♣r✐❝❡s ✐♥❝r❡❛s❡s ❢♦r ❛ ❧❛r❣❡r ❢❡❡❞✲✐♥ ❜② ✇✐♥❞✳ ❇✉t t❤✐s
❞♦❡s ♥♦t ❤♦❧❞ ❢♦r ♠♦r❡ s♦❧❛r ❢❡❡❞✲✐♥✳ ❍❡r❡ t❤❡ ❢❡❡❞✲✐♥ ✐s ♥♦t t❤❛t ✈♦❧❛t✐❧❡ ❛♥❞ ✇❡ ❞♦ ♥♦t s❡❡ ❛
s✐❣♥✐✜❝❛♥t ✐♥❝r❡❛s❡ ♦❢ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ s♣♦t ♣r✐❝❡s✳

✶✼
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(A) Solar feed−in +1%
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(B) Wind feed−in +1%
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❋✐❣✉r❡ ✺✳✺✿ ❙t❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ❜❛s❡❧♦❛❞ ♣r✐❝❡s ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ❢❡❡❞✲✐♥ ❢r♦♠ r❡♥❡✇❛❜❧❡s
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✺✳✹ ■♥✢✉❡♥❝❡ ♦❢ ❈❤❛♥❣❡s ✐♥ ✐♥✐t✐❛❧ ❋✉❡❧ Pr✐❝❡s

■♥ t❤❡ ❧❛st ②❡❛rs ❛ ❞r♦♣ ✐♥ ❝♦❛❧ ♣r✐❝❡s ❝♦✉❧❞ ❜❡ ♦❜s❡r✈❡❞ ✲ ❢❛✈♦✉r✐♥❣ ❝♦❛❧ ♣♦✇❡r ♣❧❛♥ts ❛♥❞
❧❡❛❞✐♥❣ t♦ ♠♦r❡ ❛✐r ♣♦❧❧✉t✐♦♥✳ ■♥ ❋✐❣✉r❡ ✺✳✻ ✇❡ s❡❡ t❤❡ ❡♠✐ss✐♦♥ r❛t❡ ❛♥❞ t❤❡ ❛❧❧♦✇❛♥❝❡ ✈❛❧✉❡ ✐♥
❞✐r❡❝t✐♦♥ ♦❢ ❜♦t❤ ❢✉❡❧ ♣r♦❝❡ss❡s ❢♦r ✜①❡❞ ✈❛❧✉❡s ✐♥ ❞❡♠❛♥❞ ❛♥❞ ❡♠✐ss✐♦♥✳ ❍✐❣❤ ❝♦❛❧ ♣r✐❝❡s ❧❡❛❞
t♦ ❛♥ ✐♥❝r❡❛s❡❞ ✉s❛❣❡ ♦❢ ❣❛s ✜r❡❞ ♣♦✇❡r ♣❧❛♥ts ❛♥❞ t❤✉s t♦ ❧❡ss ♣♦❧❧✉t✐♦♥✳ ❈♦♥tr❛r✐❧② ✐❢ ❣❛s ✐s
❡①♣❡♥s✐✈❡✱ ♠♦r❡ ❝♦❛❧ ♣♦✇❡r ♣❧❛♥ts ✇✐❧❧ ❜❡ ✉s❡❞ ❛♥❞ ❤❡♥❝❡ t❤❡r❡ ✐s ❛ ❤✐❣❤❡r ❡♠✐ss✐♦♥ ♦❢ ❣r❡❡♥❤♦✉s❡
❣❛s✳ ❚❤❡ ❛❧❧♦✇❛♥❝❡ ✈❛❧✉❡ ❡①❤✐❜✐ts t❤❡ s❛♠❡ ❢♦r♠ ❛s t❤❡ ❡♠✐ss✐♦♥ r❛t❡✳ ■❢ ❡♠✐ss✐♦♥ ✐s ❤✐❣❤✱ t❤❡r❡
✐s ❛ ❤✐❣❤❡r ❝❤❛♥❝❡ t❤❛t t❤❡ ❡♠✐ss✐♦♥ ❝❛♣ ✐s r❡❛❝❤❡❞ ❛♥❞ ❤❡♥❝❡ t❤❡ ❝❡rt✐✜❝❛t❡✬s ✈❛❧✉❡ r✐s❡s✳ ■♥ t❤❡
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❋✐❣✉r❡ ✺✳✻✿ ❈❖2 ❛❧❧♦✇❛♥❝❡ ❛♥❞ ❡♠✐ss✐♦♥ ✐♥ ❞✐r❡❝t✐♦♥ ♦❢ ❝♦❛❧ ❛♥❞ ❣❛s

❢♦❧❧♦✇✐♥❣ ✇❡ ✇❛♥t t♦ s✐♠✉❧❛t❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❝♦❛❧ ❛♥❞ ❣❛s ♣r✐❝❡s ♦♥ s♣r❡❛❞ ♦♣t✐♦♥s✳ ❙✐♥❝❡ t❤❡
❢✉❡❧ ♣r♦❝❡ss❡s ❛r❡ ♠❡❛♥ r❡✈❡rt✐♥❣✱ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ t❡♠♣♦r❛r② s❤✐❢t ✐♥ ❢✉❡❧ ♣r✐❝❡s✳ ■♥ t❤❡
❝❛s❡ ♦❢ ❣❛s✱ ✇❡ ❝♦♥s✐❞❡r st❛rt✐♥❣ ✈❛❧✉❡s ♦❢ G0 = ✶✺e ✴ ▼❲❤ ❛♥❞ G0 = ✸✺e ✴ ▼❲❤✳ ❚❤❡ ♠❡❛♥
r❡✈❡rs✐♦♥ r❛t❡ ♦❢ θ2 = 0.0026 ♣✉s❤❡s t❤❡ ♣r✐❝❡ ❜❛❝❦ t♦ ✐ts ♠❡❛♥ ✇✐t❤✐♥ ❛♣♣r♦①✐♠❛t❡❧② ❢♦✉r ♠♦♥t❤s✳
■♥ ❋✐❣✉r❡ ✺✳✼ ✇❡ s❡❡ t❤❡ s♣r❡❛❞s ♦❢ ♥♦r♠❛❧❧②✱ ❧♦✇❧② ❛♥❞ ❤✐❣❤❧② ❡✣❝✐❡♥t ♣❧❛♥ts ✇✐t❤ ❞✐✛❡r❡♥t ❣❛s
st❛rt✐♥❣ ✈❛❧✉❡s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❤✐❣❤❡r ❣❛s ♣r✐❝❡ t❤❡ ♠❡r✐t ♦r❞❡r ❡✛❡❝t ❢❛✈♦✉rs ❝♦❛❧ ✜r❡❞ ♣♦✇❡r
♣❧❛♥ts✳ ❆s t❤❡② ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ♦♥❧✐♥❡ ❛♥❞ ♣r♦❞✉❝❡ ❡❧❡❝tr✐❝✐t②✱ t❤❡② ❣❛✐♥ ❛ ❤✐❣❤❡r ♣r♦✜t✳
❱✐❝❡ ✈❡rs❛ ❝♦❛❧ ♣♦✇❡r ♣❧❛♥ts ♣r♦❞✉❝❡ ❧❡ss ❡♥❡r❣② ✐❢ ❣❛s ✐s ❝❤❡❛♣ ❛♥❞ t❤❡ s♣r❡❛❞ ♦♣t✐♦♥ ✈❛❧✉❡ ✐s
❧♦✇❡r✳ ●❛s ✜r❡❞ ♣♦✇❡r ♣❧❛♥ts ♦♥❧② s❤♦✇ ❛ s❧✐❣❤t ✐♥✢✉❡♥❝❡ ♦♥ ❛ ❝❤❛♥❣❡ ✐♥ ✐♥✐t✐❛❧ ❣❛s ♣r✐❝❡s✳ ■❢
❣❛s ♣r✐❝❡s ❛r❡ ❧♦✇✱ ♥♦r♠❛❧❧② ❛♥❞ ❤✐❣❤❧② ❡✣❝✐❡♥t ❣❛s ♣♦✇❡r ♣❧❛♥ts ❝❛♥ ❜❡♥❡✜t ❢r♦♠ ❛ s❤✐❢t ✐♥ t❤❡
♠❡r✐t ♦r❞❡r✳ ❉✉r✐♥❣ ♣❡❛❦ t✐♠❡s✱ ✇❤❡♥ ❣❛s ♣♦✇❡r ♣❧❛♥ts ❛r❡ t❤❡ ♣r✐❝❡ s❡tt✐♥❣ t❡❝❤♥♦❧♦❣②✱ t❤❡② ❝❛♥
❣❛✐♥ ❛♥ ❡①tr❛ ♣r♦✜t ✐❢ ❣❛s ✐s ❡①♣❡♥s✐✈❡✱ ❛s t❤❡② ♠♦✈❡ t❤❡✐r ❜✐❞ ❧❡✈❡❧ ♦✈❡r♣r♦♣♦rt✐♦♥❛❧ t♦ ❝❤❛♥❣❡s
✐♥ t❤❡✐r ♣r♦❞✉❝t✐♦♥ ❝♦sts ✭❝❢✳ ✸✳✷✮✳ ❍❡r❡✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❧♦✇ ❣❛s ♣r✐❝❡s ❝❛s❡✱ t❤❡ s♣r❡❛❞ ♦♣t✐♦♥
✈❛❧✉❡ ✐s ❤✐❣❤❡r✳

■♥ ❋✐❣✉r❡ ✺✳✽ ✇❡ ❝♦♠♣✉t❡ t❤❡ s♣r❡❛❞s ✇✐t❤ ❝♦❛❧ st❛rt✐♥❣ ✈❛❧✉❡s K0 = 80 ❯❙❉ ✴ t ❛♥❞ K0 = 120
❯❙❉ ✴ t✳ ❈♦❛❧ ♣❧❛♥t ♦♣❡r❛t♦rs ♠♦✈❡ t❤❡✐r ❜✐❞ ❧❡✈❡❧s ✇✐t❤ ❛ s❧♦♣❡ ♦❢ ✵✳✸✺✾✱✷ ✇❤✐❧❡ t❤❡ ♣r♦❞✉❝t✐♦♥
❝♦sts ♦❢ ❛♥ ❛✈❡r❛❣❡ ♣❧❛♥t ♠♦✈❡ ❜② ✵✳✸✹✹✽✱✸ ✐❢ t❤❡ ♣r✐❝❡ ♦❢ ❝♦❛❧ ❝❤❛♥❣❡s ❜② ♦♥❡ ❯❙❉✳ ❍❡♥❝❡ t❤❡✐r
♠❛r❣✐♥ r❡♠❛✐♥s r❛t❤❡r st❛❜❧❡ ✐❢ t❤❡ ❝♦❛❧ ♣r✐❝❡ ✢✉❝t✉❛t❡s✳ ❆❧t❤♦✉❣❤ ❣❛s ♣❧❛♥ts ❛r❡ ❜❡❤✐♥❞ ❝♦❛❧
♣❧❛♥ts ❛t ♦✉r s✐♠✉❧❛t❡❞ ♣r✐❝❡ ❧❡✈❡❧s ✐♥ t❤❡ ❜✐❞ st❛❝❦✱ t❤❡② ❣❛✐♥ ❛♥ ❡①tr❛ ♣r♦✜t ❞✉r✐♥❣ ♣❡❛❦ t✐♠❡s
✐♥ ❞❡♠❛♥❞✱ ✐❢ ❝♦❛❧ ❛♥❞ t❤✉s t❤❡ ♣r✐❝❡ ❢♦r ❡❧❡❝tr✐❝✐t② ✐s ❤✐❣❤✳ P❧❡❛s❡ ♥♦t❡✱ t❤❛t ❝♦♠♣❛r❡❞ t♦ ❋✐❣✉r❡
✺✳✼✱ t❤❡ ❡✛❡❝ts ♦❢ ❝❤❛♥❣❡s ✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦❛❧ ♣r✐❝❡ ❛r❡ str♦♥❣❡r t❤❛♥ ❢♦r t❤❡ ❣❛s ♣r✐❝❡✱ s✐♥❝❡ t❤❡
❝♦❛❧ ♣r♦❝❡ss ✐s ❧❡ss ♠❡❛♥ r❡✈❡rt✐♥❣✳

✷P❧❡❛s❡ ❝♦♠♣❛r❡ t♦ ❚❛❜❧❡ ✸✳✶✳
✸❆ss✉♠✐♥❣ t❤❛t ❝♦❛❧ ❜✉r♥s ❛t ❛ r❛t❡ ♦❢ 7.00126MWh

t
❛♥❞ eff1 = 41.425✪✿ 1

7.00126
1

0.41425
= 0.3448✳

✶✾
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(A) avg. Clean Dark Spread Option e
ff1

 = 41.425 % 
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(B) avg. Clean Spark Spread Option e
ff2

 = 50.625 %
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(C) avg. Clean Dark Spread Option e
ff1

 = 35 %
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(D) avg. Clean Spark Spread Option e
ff2

 = 45 %
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(E) avg. Clean Dark Spread Option e
ff1

 = 45 %
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(E) avg. Clean Spark Spread Option e
ff2

 = 55 %
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❋✐❣✉r❡ ✺✳✼✿ ■♥✢✉❡♥❝❡ ♦❢ ❣❛s ♣r✐❝❡s ✭❜❛s❡ s❝❡♥❛r✐♦✮
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(B) avg. Clean Spark Spread Option e
ff2

 = 50.625 %
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(C) avg. Clean Dark Spread Option e
ff1

 = 35 %
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(D) avg. Clean Spark Spread Option e
ff2

 = 45 %

 

 

2 4 6 8 10 12 14 16 18 20 22 24
0

5

10

15

20

h

E
U

R
/M

W
h

(E) avg. Clean Dark Spread Option e
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(F) avg. Clean Spark Spread  Option e
ff2

 = 55 %
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(A) avg. Clean Dark Spread Option e
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 = 41.425 %
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❋✐❣✉r❡ ✺✳✽✿ ■♥✢✉❡♥❝❡ ♦❢ ❝♦❛❧ ♣r✐❝❡s ✭❜❛s❡ s❝❡♥❛r✐♦✮

✷✵



✻ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇❛♥t t♦ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t♦ s♦❧✈❡ t❤❡ P❉❊ ✭✹✳✶✮ ❛♥❞ t♦ ❝♦♠♣✉t❡
❝❧❡❛♥ s♣r❡❛❞ ♦♣t✐♦♥s✳

✻✳✶ ◆✉♠❡r✐❝❛❧ ❙♦❧✉t✐♦♥ ♦❢ ❊❯❆s

❚❤❡ P❉❊ ✇❡ ✇❛♥t t♦ s♦❧✈❡ ♥✉♠❡r✐❝❛❧❧② ✐s ❣✐✈❡♥ ❜② ✭✹✳✶✮

∂A

∂t
+ µd(t,D)

∂A

∂D
+

1

2
σd(D)2

∂2A

∂D2
+ µk(K)

∂A

∂K
+

1

2
σk(K)2

∂2

∂K2
+ µg(G)

∂A

∂G

+
1

2
σg(G)2

∂2A

∂G2
+ ρσk(K)σg(G)

∂2A

∂K∂G
+ µe(D,A,K,G)

∂A

∂E
− rA = 0

✇✐t❤ t❡r♠✐♥❛❧ ❝♦♥❞✐t✐♦♥ ❛t ♠❛t✉r✐t② t = T

A(T,D,E,K,G) = π1[Ecap,∞)(E).

❚❤❡ P❉❊ s❤❛❧❧ ❜❡ s♦❧✈❡❞ ♦♥ t❤❡ s❡t Ω = (0, Dmax] × (0, Ecap] × (0,Kmax] × (0, Gmax] ❢♦r ❛❧❧
t ∈ [0, T ]✳ ❲❡ ✉s❡ t❤❡ ❋✐❝❤❡r❛ ❢✉♥❝t✐♦♥ t♦ ✐♥✈❡st✐❣❛t❡ ✐❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ♥❡❝❡ss❛r②✳ ❆
❞❡t❛✐❧❡❞ ✐♥tr♦❞✉❝t✐♦♥ ✐♥t♦ ❋✐❝❤❡r❛ t❤❡♦r② ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❉✉✛② ❛♥❞ ❑✐❡♥✐t③ ✭✷✵✵✾✮✱ ❑✐❝❤❡♥❛ss❛♠②
✭✷✵✵✼✮✳ ▲❡t ν = (νD, νE , νK , νG) ❜❡ t❤❡ ✐♥✇❛r❞ ♥♦r♠❛❧ ✈❡❝t♦r t♦ t❤❡ ❜♦✉♥❞❛r② ∂Ω✱ t❤❡♥ t❤❡
❋✐❝❤❡r❛ ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ♦♥ t❤❡ ♣❛rt ♦❢ t❤❡ ❜♦✉♥❞❛r②✱ ✇❤❡r❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢♦r♠ ✐s ③❡r♦✳
❚❤❡ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

b =

(

µd(D)−
1

2

∂σd(D)2

∂D

)

νD +

(

µk(K)−
1

2

∂σk(K)2

∂K
−

1

2
ρσg(G)

∂σk(K)

∂K

)

νK

+

(

µg(G)−
1

2

∂σg(G)2

∂G
−

1

2
ρσk(K)

∂σg(G)

∂G

)

νG + µe(D,A,K,G)νE .

■❢ b < 0✱ t❤❡ ✢♦✇ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ✐s ✐♥✇❛r❞ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♥❡❡❞ t♦ ❜❡ s♣❡❝✐✜❡❞✳ ❈♦♥✲
tr❛r✐❧② ✐❢ b ≥ 0✱ t❤❡ ✢♦✇ ✐s ♦✉t✇❛r❞ ❛♥❞ ♥♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ❛❧❧♦✇❡❞✳ ❆t t❤❡ ❜♦✉♥❞❛r②
∂Ω✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ D = 0✱ b ≥ 0 ✐s ❢✉❧✜❧❧❡❞✳ ❆t t❤❡ ❧♦✇❡r ❜♦✉♥❞❛r② ♦❢ ❜♦t❤ ❢✉❡❧ ♣r♦❝❡ss❡s
(K = 0, G = 0) t❤❡ ❋✐❝❤❡r❛ ❢✉♥❝t✐♦♥ ✐s ❛❧s♦ ♣♦s✐t✐✈❡✳ ❙✐♥❝❡ t❤❡ ❡♠✐ss✐♦♥ r❛t❡ µe ✐s ❛❧✇❛②s ♣♦s✐t✐✈❡
❛♥❞ νE = −1 ❛t t❤❡ ❜♦✉♥❞❛r② E = Ecap t❤❡ ❢✉♥❝t✐♦♥ ✐s ♥❡❣❛t✐✈❡✳ ❍❡♥❝❡ ❛ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥
❤❛s t♦ ❜❡ s♣❡❝✐✜❡❞✳ ■❢ t❤❡ ❡♠✐ss✐♦♥ ❝❛♣ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ r❡❛❝❤❡❞✱ t❤❡ ♣❡♥❛❧t② π s✉r❡❧② ❤❛s t♦ ❜❡
♣❛✐❞ ❛♥❞ t❤❡ ❛❧❧♦✇❛♥❝❡ ✈❛❧✉❡ A ✐s ❣✐✈❡♥ ❜②

A(t,D,E,K,G) = πe−r(T−t) ✐❢ E ≥ Ecap.

❲❡ ❞✐s❝r❡t✐s❡ ♦✉r ✜✈❡ ❞✐♠❡♥s✐♦♥❛❧ ❣r✐❞ ❜②

0 < D0 < D1 < · · · < DND−2 < DND−1 = Dmax,

0 < K0 < K1 < · · · < KNK−2 < KNK−1 = Kmax,

0 < G0 < G1 < · · · < GNG−2 < GNG−1 = Gmax,

0 = E0 < E1 < · · · < ENE−2 < ENE−1 = Ecap −∆E,

0 = t0 < t1 < · · · < tNT−1 < tNT
= T,

✇❤❡r❡ ∆D = Di+1−Di✱ ∆E = Ej+1−Ej ✱ ∆K = Kk+1−Kk✱ ∆G = Gg+1−Gg✱ ∆t = tn+1− tn
❢♦r ❛❧❧ i, j, k, g, n✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇❛♥t t♦ s✐♠♣❧✐❢② ♦✉r ♥♦t❛t✐♦♥ ❛♥❞ ✇r✐t❡

An
i,j,k,g = A(tn, Di, Ej ,Kk, Gg),

µd;n,i = µd(tn, Di),

σd;i = σd(Di),

µk;k = µk(Kk),

σk;k = σk(Kk),

µg;g = µg(Gg),

σg;g = σg(Gg),

µe;n,i,j,k,g = µe(Di, A
n
i,j,k,g,Kk, Gg).

✷✶



❚❤❡ P❉❊ ✇✐❧❧ ❜❡ s♦❧✈❡❞ ♥✉♠❡r✐❝❛❧❧② ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ▼❡t❤♦❞s ✭❋❉▼✮✳ ❆s t❤❡
✏❝✉rs❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t②✑ s❤♦✇s ✐ts ❡✛❡❝ts ✈❡r② q✉✐❝❦❧② ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s✱ ✇❡ tr②
t♦ ❧♦✇❡r t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt ❝♦♠♣❛r❡❞ t♦ st❛♥❞❛r❞ ❋❉▼ s❝❤❡♠❡s✳ ❙t❛♥❞❛r❞ s❝❤❡♠❡s ✉s❡
❜r♦❛❞❧② ❜❛♥❞❡❞ ♠❛tr✐① ❡q✉❛t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ✈❡r② ❡①♣❡♥s✐✈❡ t♦ s♦❧✈❡✳ ❆❧t❡r♥❛t✐♥❣ ❉✐r❡❝t✐♦♥ ■♠✲
♣❧✐❝✐t ✭❆❉■✮ s❝❤❡♠❡s ❛✈♦✐❞ ❜r♦❛❞ ❜❛♥❞❡❞ s②st❡♠s ❜② ❞❡❝♦♠♣♦s✐♥❣ t❤❡♠ ✐♥t♦ s✐♠♣❧❡r tr✐❞✐❛❣♦♥❛❧
♠❛tr✐❝❡s✳ ❚❤❡s❡ ❝❛♥ ❜❡ s♦❧✈❡❞ ❡✣❝✐❡♥t❧② ❜② ▲❯✲❞❡❝♦♠♣♦s✐t✐♦♥✳ ▼♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞
✐♥ ❉✉✛② ✭✷✵✵✻✮✱ ❍❛❡♥t❥❡♥s ❛♥❞ ❍♦✉t ✭✷✵✶✷✮✳ ■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② ♦✉r ♥♦t❛t✐♦♥✱ ✇❡ ✇✐❧❧ ✉s❡ ❛♥
♦♣❡r❛t♦r ♥♦t❛t✐♦♥ ✐♥ ♦✉r s❝❤❡♠❡✿

δ+x u(x) = u(x+∆x)− u(x)

δ−x u(x) = u(x)− u(x−∆x)

δ0xu(x) = u(x+∆x)− u(x−∆x)

δ2xu(x) = u(x+∆x)− 2u(x) + u(x−∆x)

δ0xδ
0
yu(x, y) = u(x+∆x, y +∆y)− u(x−∆x, y +∆y)

− u(x+∆x, y −∆y) + u(x−∆x, y −∆y)

❚❤❡ s❝❤❡♠❡ ✇❡ ✉s❡ ✐s ❣✐✈❡♥ ❜②
(

1 +
1

2
r∆t−

1

2
µ
d;n+

1
2
,i

∆t

∆D
δ
+/−
D −

1

4
σ2
d,i

∆t

∆D2
δ2D

)

∆A∗ =

(

− r∆t+ µ
d;n+

1
2
,i

∆t

∆D
δ
+/−
D +

1

2
σ2
d;i

∆t

∆D2
δ2D

+µk;k
∆t

2∆K
δ0K +

1

2
σ2
k;k

∆t

∆K2
δ2K + µg;g

∆t

2∆G
δ0G +

1

2
σ2
g,g

∆t

∆G2
δ2G

+µe;n+1,i,j,k,g
∆t

∆E
δ+E + ρσk;kσg;g

∆t

4∆K∆G
δ0Kδ0G

)

An+1

(

1−
1

2
µk;k

∆t

2∆K
δ0K −

1

4
σ2
k;k

∆t

∆K2
δ2K

)

∆A∗∗ = ∆A∗

(

1−
1

2
µg;g

∆t

2∆G
δ0G −

1

4
σ2
g;g

∆t

∆G2
δ2G

)

∆A∗∗∗ = ∆A∗∗

(

1−
1

2
µe;n+1,i,j,k,g

∆t

∆E
δ+E

)

∆A = ∆A∗∗∗

✭✻✳✶✮

✇✐t❤ ∆A = An − An+1✳ ❚❤✐s s❝❤❡♠❡ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❜② ❢❛❝t♦r✐③✐♥❣ ❛ ❈r❛♥❦✲◆✐❝♦❧s♦♥ s❝❤❡♠❡
❛♥❞ r❡✇r✐t✐♥❣ t❤❡ s②st❡♠ ✐♥ t❤❡ s♦✲❝❛❧❧❡❞ ❞❡❧t❛ ❢♦r♠✉❧❛t✐♦♥ ✭❚❤♦♠❛s ✭✶✾✾✽✮✮✳ ❆❝❝♦r❞✐♥❣ t♦
❈r❛✐❣ ❛♥❞ ❙♥❡②❞ ✭✶✾✽✽✮✱ ❍❛❡♥t❥❡♥s ❛♥❞ ❍♦✉t ✭✷✵✶✷✮ t❤❡ ♠✐①❡❞ ❞❡r✐✈❛t✐✈❡ ✐s tr❡❛t❡❞ ❡①♣❧✐❝✐t❧②✳
P❧❡❛s❡ ♥♦t❡ t❤❛t n + 1 ❞❡s✐❣♥❛t❡s t❤❡ ❡①♣❧✐❝✐t ♣❛rt✱ s✐♥❝❡ ✇❡ ❛r❡ st❡♣♣✐♥❣ ❜❛❝❦✇❛r❞s ✐♥ t✐♠❡✳
■♥ ❞✐r❡❝t✐♦♥ ♦❢ ❞❡♠❛♥❞ ✇❡ ✉s❡ ❛♥ ✉♣✇✐♥❞ s❝❤❡♠❡ ✐♥ t❤❡ ❝♦♥✈❡❝t✐✈❡ ♣❛rt t♦ ❛❝❝♦✉♥t ❢♦r ❛ ❤✐❣❤
Pé❝❧❡t ♥✉♠❜❡r✳ ■♥ ❞✐r❡❝t✐♦♥ ♦❢ ❜♦t❤ ❢✉❡❧ ♣r♦❝❡ss❡s ♥♦ ❝♦♥✈❡❝t✐♦♥ ❞♦♠✐♥❛♥❝❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ❛♥❞
❤❡♥❝❡ ❝❡♥tr❛❧ ❞✐✛❡r❡♥❝❡s ❛r❡ ❞❡♣❧♦②❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡✳ ■♥ ♦r❞❡r t♦ ❤❛♥❞❧❡
t❤❡ ♥♦♥✲❧✐♥❡❛r✐t② ✐♥ t❤❡ ❡♠✐ss✐♦♥ ❞r✐❢t ❢✉♥❝t✐♦♥✱ t❤❡ ❛❧❧♦✇❛♥❝❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s st❡♣ ✐s ✉s❡❞✳
❙✐♥❝❡ t❤❡ ❢❡❡❞❜❛❝❦ ♦❢ ✐ts ♣r✐❝❡ ♦♥ t❤❡ ❡♠✐ss✐♦♥ r❛t❡ ✐s r❛t❤❡r ♠♦❞❡r❛t❡ ✭❝❢✳ ❙❡❝t✐♦♥ ✺✳✶✮✱ ✇❡ ❞♦ ♥♦t
❡①♣❡❝t t♦ ✐♥tr♦❞✉❝❡ ❛ ❧❛r❣❡ ❡rr♦r✳ ■♥ t❤❡ ❧❛st ❧❡❣ ✇❡ ❤❛✈❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥
✐♥ t❤❡ ❛rt✐✜❝✐❛❧ ✈❛r✐❛❜❧❡ ∆A✳ ❙✐♥❝❡ ∆A ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❛♥ ❛❧❧♦✇❛♥❝❡ ✈❛❧✉❡ ♦❢ t✇♦ ❝♦♥s❡❝✉t✐✈❡
t✐♠❡ st❡♣s✱ ✇❡ ❝❤♦♦s❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛s

∆A = π
(

e−r(T−tn) − e−r(T−tn+1)
)

✐❢ Et ≥ Ecap.

❆ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ st❛❜✐❧✐t②✱ ❝♦♥s✐st❡♥❝② ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt✐❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥
❍❡♥❞r✐❝❦s ✭✷✵✶✸✮✳

✻✳✷ ▼♦♥t❡ ❈❛r❧♦ ❙✐♠✉❧❛t✐♦♥ ♦❢ ❈❧❡❛♥ ❙♣r❡❛❞ ❖♣t✐♦♥s

❚❤❡ ❝❧❡❛♥ s♣r❡❛❞ ♦♣t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✷ ❛r❡ ❝♦♠♣✉t❡❞ ✈✐❛▼♦♥t❡ ❈❛r❧♦ ❙✐♠✉❧❛t✐♦♥s✳ ❚❤❡ ✉♥❞❡r❧②✐♥❣
♣❛t❤s D✱ K ❛♥❞ G ❛r❡ s✐♠✉❧❛t❡❞ ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ♦❢ ❛♥ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ ♣r♦❝❡ss✱

✷✷



✇❤✐❧❡ ✇❡ ✉s❡ ❛ ❊✉❧❡r s❝❤❡♠❡ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❝✉♠✉❧❛t✐✈❡ ❡♠✐ss✐♦♥✳ ❚❤❡ ❊❯❆
✈❛❧✉❡ ✐s r❡❝❡✐✈❡❞ ❜② ✐♥t❡r♣♦❧❛t✐♥❣ t❤❡ ❞✐s❝r❡t❡ s♦❧✉t✐♦♥ ❢r♦♠ ♦✉r ❋❉▼ s❝❤❡♠❡✳ ❆s ❛ tr❛❞❡♦✛
❜❡t✇❡❡♥ ❛❝❝✉r❛❝② ❛♥❞ s♣❡❡❞✱ ❛ ❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ r♦✉t✐♥❡ ✐s ✉s❡❞✳

❚❤❡ ♦♣t✐♦♥ ✈❛❧✉❡ ✐s ❡st✐♠❛t❡❞ ❜② s✐♠✉❧❛t✐♥❣ N ♣❛②♦✛s ❛♥❞ ♣❛t❤s✱ r❡s♣❡❝t✐✈❡❧②✱ ✇✐t❤ ♠❛t✉r✐t② T

V̂CDS = e−rT 1

N

N∑

i=1

(

Si
T − 1

eff1

(
Ki

T + e1A
i
T

))+
,

V̂CSS = e−rT 1

N

N∑

i=1

(

Si
T − 1

eff2

(
Gi

T + e2A
i
T

))+
,

✇❤❡r❡ t❤❡ ✐♥❞❡① i ❞❡♥♦t❡s t❤❡ i✲t❤ s✐♠✉❧❛t❡❞ ♣❛t❤ ❛♥❞ S ✐s ❞❡r✐✈❡❞ ❜② s♦❧✈✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✷✮✳

✼ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ❛ ❝♦✉♣❧❡❞ ♠♦❞❡❧ ❢♦r ❡❧❡❝tr✐❝✐t② ❛♥❞ ❊❯❆ ♣r✐❝❡s ✐♥ t❤❡ ●❡r♠❛♥
❡❧❡❝tr✐❝✐t② ♠❛r❦❡t✳ ❇❛s❡❞ ♦♥ ❛ st♦❝❤❛st✐❝ ❜✐❞ st❛❝❦ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ❝♦♥♥❡❝ts ❞❡♠❛♥❞ ❛♥❞ ❢✉❡❧
✇✐t❤ t❤❡ ❡❧❡❝tr✐❝✐t② ♣r✐❝❡✱ ✇❡ ❤❛✈❡ ❛♥❛❧②s❡❞ ❊P❊❳ P❤❡❧✐① ❜✐❞ ❞❛t❛✳ ❚❤❡ ❤✐❣❤ s✉♣♣❧② ❢r♦♠
r❡♥❡✇❛❜❧❡ ❡♥❡r❣② ❛♥❞ t❤❡ r❡❣✉❧❛t✐♦♥s✱ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❢♦r❝❡❞ ✉s❛❣❡ ♦❢ ❣r❡❡♥ ❡♥❡r❣②✱ ♠❛❦❡ t❤❡
●❡r♠❛♥ ❡♥❡r❣② ♠❛r❦❡t r❡❧❛t✐✈❡❧② ✉♥✐q✉❡ ✐♥ t❤❡ ✇♦r❧❞✳ ❚❤❡ ❜✐❞ st❛❝❦ ❢✉♥❝t✐♦♥ ❝♦✉❧❞ ❜❡ ❡①t❡♥❞❡❞
t♦ ❝♦♣❡ ✇✐t❤ t❤❡ s✐♥❣✉❧❛r✐t✐❡s ♦❢ t❤❡ ●❡r♠❛♥ ♠❛r❦❡t✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ♣r✐❝❡
♦❢ ❊❯❆s ❛s ❛♥ ❛❞❞✐t✐♦♥❛❧ ♣r✐❝❡ ❞r✐✈❡r✳ ❇✉✐❧❞✐♥❣ ♦♥ t❤❡ ❜✐❞ st❛❝❦ ♠♦❞❡❧✱ ✇❡ ✐♠♣❧❡♠❡♥t❡❞ ❛♥
❡♠✐ss✐♦♥ r❛t❡✱ ✇❤✐❝❤ ❝♦♥♥❡❝ts ❢✉♥❞❛♠❡♥t❛❧ ❢❛❝t♦rs ❛♥❞ ❡♠✐ss✐♦♥ ✐♥ ❛ r❡❛s♦♥❛❜❧❡ ✇❛②✳

❚❤❡ ✈❛❧✉❡ ♦❢ ❊❯❆s ❝♦✉❧❞ ❜❡ ❡✈❛❧✉❛t❡❞ ❜② s♦❧✈✐♥❣ ❛ P❉❊ ✇✐t❤ ❢♦✉r s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥s✳ ■t ✇❛s
s♦❧✈❡❞ ♥✉♠❡r✐❝❛❧❧② ❜② ❛♥ ❆❉■ s❝❤❡♠❡✱ ❜❛s❡❞ ♦♥ ❛ ❈r❛♥❦✲◆✐❝♦❧s♦♥ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❲✐t❤ t❤❡
❤❡❧♣ ♦❢ ♦✉r ♠♦❞❡❧ ✐t ❝♦✉❧❞ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ♣r✐❝❡ r❡❞✉❝t✐♦♥ ❡✛❡❝t ♦❢ r❡♥❡✇❛❜❧❡s ✐s t✇♦✲❢♦❧❞✳
❖♥ t❤❡ ♦♥❡ ❤❛♥❞ ❞✉❡ t♦ ❛ ❧♦✇❡r❡❞ r❡s✐❞✉❛❧ ❞❡♠❛♥❞ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❞✉❡ t♦ ❛ ❞❡❝❧✐♥✐♥❣
✈❛❧✉❡ ♦❢ ❡♠✐ss✐♦♥ ♣❡r♠✐ts✳ ❇❡s✐❞❡ t❤❡ ♣r✐❝❡ ❞❛♠♣✐♥❣ ❡✛❡❝t t❤❡ ✐♥st❛❧❧❛t✐♦♥ ♦❢ ✇✐♥❞ ❝❛♣❛❝✐t✐❡s
❛❧s♦ ✐♥❝r❡❛s❡❞ t❤❡ s♣♦t ♠❛r❦❡t ✈♦❧❛t✐❧✐t②✱ ❧❡❛❞✐♥❣ t♦ ♠♦r❡ r✐s❦ ❢♦r ♠❛r❦❡t ♣❛rt✐❝✐♣❛♥ts✳ ❚❤❡
❝♦♠♣✉t❛t✐♦♥ ♦❢ ❝❧❡❛♥ s♣r❡❛❞ ♦♣t✐♦♥s t✉r♥❡❞ ♦✉t t❤❛t t❤❡ s♣r❡❛❞ s✐❣♥✐✜❝❛♥t❧② ❞❡♣❡♥❞s ♦♥ t❤❡
❡♠✐ss✐♦♥ ❝❛♣✱ t❤❡ ❞❡♠❛♥❞ ❢♦r ❡❧❡❝tr✐❝✐t②✱ t❤❡ ❢✉❡❧ ♣r✐❝❡s ❛♥❞ ♦♥ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ❛ ❝❡rt❛✐♥ ♣♦✇❡r
♣❧❛♥t✳ ■❢ t❤❡ ❝❛♣ ✐s ❞❡t❡r♠✐♥❡❞ ❝❛r❡❢✉❧❧②✱ t❤✉s ❧❡❛❞✐♥❣ t♦ ❛ ✇♦r❦✐♥❣ ❝❛r❜♦♥ ♠❛r❦❡t✱ ❝❧❡❛♥ ♣❧❛♥ts
❛r❡ ♣✉s❤❡❞ ❢♦r✇❛r❞ ✐♥ t❤❡ ♠❡r✐t ♦r❞❡r✳ ❚❤❡ ✈❛❧✉❡s ♦❢ ❞✐rt② ❛♥❞ ✐♥❡✣❝✐❡♥t ♣♦✇❡r ♣❧❛♥ts ❞r♦♣ t♦
❧♦✇ ❧❡✈❡❧s ❛♥❞ t❤❡ ✐♥❝❡♥t✐✈❡ t♦ ✐♥✈❡st ✐♥ ♥❡✇ t❡❝❤♥♦❧♦❣✐❡s ♦r s✇✐t❝❤ t♦ ❛ ❝❧❡❛♥❡r ❢✉❡❧ r✐s❡s✳ ■♥ t❤❡
❤✐❣❤ ❞❡♠❛♥❞ s❝❡♥❛r✐♦✱ ❣❛s ♣♦✇❡r ♣❧❛♥ts ❝♦✉❧❞ ❣r❡❛t❧② ❜❡♥❡✜t ❢r♦♠ ❤✐❣❤❡r ❡❧❡❝tr✐❝✐t② ❛♥❞ ❊❯❆
♣r✐❝❡s✳ ■♥ t❤❡ ❧❛st ❝❛s❡ st✉❞② ✇❡ ❤❛✈❡ ❛♥❛❧②s❡❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❝❤❛♥❣❡s ✐♥ ✐♥✐t✐❛❧ ❢✉❡❧ ♣r✐❝❡s✳
❆❧t❤♦✉❣❤ t❤❡ ❢✉❡❧ ♣r♦❝❡ss❡s ❛r❡ ♠❡❛♥ r❡✈❡rt✐♥❣✱ ✇❡ ❝♦✉❧❞ s❡❡ ❛♥ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ ♣♦✇❡r
♣❧❛♥ts✳ ❖♣♣♦s❡❞ t♦ ♦✉r ✐♥t✉✐t✐✈❡ ❡①♣❡❝t❛t✐♦♥ t❤❛t ❣❛s ♣♦✇❡r ♣❧❛♥ts ♣r♦✜t ❢r♦♠ ❞❡❝❧✐♥✐♥❣ ❣❛s
♣r✐❝❡s✱ t❤❡ s✐♠✉❧❛t✐♦♥s s❤♦✇❡❞ t❤❛t t❤✐s ❞♦❡s ♥♦t ❤♦❧❞✳ ❚❤❡✐r ✈❛❧✉❡ ✐s ♠✉❝❤ ♠♦r❡ ✐♥✢✉❡♥❝❡❞ ❜②
t❤❡ ❜✐❞s ♦❢ t❤❡✐r ❝♦♠♣❡t✐t♦rs ✭❝♦❛❧ ♣♦✇❡r ♣❧❛♥ts✮✳
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http://www.heizung-direkt.de/UEBERSHO/brennwert.htm
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