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We study the asymptotics of strongly continuous operator semigroups defined on locally
convex spaces in order to develop a stability theory for solutions of evolution equations
beyond Banach spaces. In the classical case, there is only little choice for a semigroup’s
speed in approaching zero uniformly. Indeed, if a strongly continuous semigroup on a
Banach space converges to zero uniformly at any speed then it converges already uniformly
at exponential speed. Semigroups with this property are said to be exponentially stable.
Leaving the Banach space setting, the situation changes entirely; for instance convergence
to zero at a speed faster than any polynomial but not exponentially fast is possible. In
this article we establish concepts of stability which refine the classical notions and allow
to grasp the different kinds of asymptotic behavior. We give characterizations of the
new properties, study their relations and consider generic examples like multiplication
semigroups and shifts. In addition we apply our results to the transport and the heat
equation on classical Fréchet function spaces.

1 Introduction

Many phenomena appearing in nature are concerned with the evolution of measurable or computable
variables, which vary in time and for instance describe the state of a given physical system. The
physical laws governing the evolution of the systems, typically can be modeled by evolution equations.
In this article we study equations of the form

(ACP)

{
d
dtu(t) = Au(t) for t > 0,

u(0) = u0

where u : [0,∞)→ X is a vector valued function and A : D(A)→ X, D(A) ⊆ X is a linear operator.

There exist various approaches to solve the abstract Cauchy problem above. In the sequel we restrict
on the method of operator semigroups which allows to deduce from properties of A the existence
of a family (T (t))t>0 of operators on X such that the classical solutions of (ACP) are given by the
trajectories u = T (·)u0 whenever u0 belongs to D(A). If X is a Banach space, the famous Hille-Yosida
theorem characterizes those operators A which generate a so-called C0-semigroup; a type of semigroup
which appears in many important instances of (ACP). We refer to the monograph [13] of Engel, Nagel
for more details. If X is a locally convex space, the class of C0-semigroups allows for generalizations
in several different directions. Accordingly, there exists a variety of Hille-Yosida type generation
theorems corresponding to different continuity resp. boundedness properties of the semigroups. To
mention a small sample, we refer to Yosida [31], Miyadera [23], Kōmura [17], Vuvunikyan [29], Choe
[9], Albanese, Kühnemund [3], Babalola [5] and Kühnemund [20]. More details and references on
generation results can be found in the introduction of Domański, Langenbruch [12].
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In this article we study the asymptotic behavior of solutions of (ACP) for large time t > 0 if X is a
locally convex space. We assume that the solutions of (ACP) are given by a semigroup (T (t))t>0 on
X, which will therefore be the starting point for our asymptotic analysis. Moreover, our focus is on
the case where limt→∞ T (t) = 0 holds in a sense which has to be precised. For X a Banach space,
the question above has been studied extensively. We refer to Engel, Nagel [13, Chapter V] and van
Neerven [28] for a detailed exposition of the Banach space theory. Here, we want to emphasize the
following: If one considers the asymptotics of the trajectories of all points of X, then there is only
little choice for the semigroup’s speed in approaching zero as the following theorem illustrates, see
Engel, Nagel [13, V.1.2], Gorbachuk, Gorbachuk [15, Proposition 3].

Theorem A. For a C0-semigroup (T (t))t>0 on a Banach space (X, ‖ · ‖) the following are equivalent.

(i) limt→∞ ‖T (t)‖L(X) = 0.

(ii) ∃ ω > 0: limt→∞ eωt‖T (t)‖L(X) = 0.

(iii) ∃ ω > 0 ∀ x ∈ X : limt→∞ eωt‖T (t)x‖ = 0.

(iv) ∀ x ∈ X ∃ ω > 0: limt→∞ eωt‖T (t)x‖ = 0.

(v) ∃ w ∈ C[0,∞), s.th. limt→∞ w(t) =∞, ∀ x ∈ X : limt→∞ w(t)‖T (t)x‖ = 0.

Consequently, a C0-semigroup which converges to zero pointwise arbitrarily slow but with uniform
speed converges already uniformly to zero with exponential speed provided that X is Banach space.
The so-called exponentially stable semigroups can further be characterized by integrability conditions
on their trajectories, cf. Datko [10, p. 615], Pazy [25, p. 119], Zabczyk [32, Theorem 5.1], Littman [21,
Theorem 2], Gorbachuk, Gorbachuk [15, Theorem 1].

Theorem B. For a C0-semigroup (T (t))t>0 on a Banach space (X, ‖ · ‖) the following are equivalent.

(i) (T (t))t>0 satisfies the conditions of Theorem A.

(ii) ∀ or, equivalently, ∃ β > 1 ∀ x ∈ X :
∫∞

0
‖T (t)x‖βdt <∞.

(iii) ∀ x ∈ X ∃ β > 1:
∫∞

0
‖T (t)x‖βdt <∞.

(iv) ∃W ∈ C[0,∞) strictly increasing s.th.W (0) = 0, ∀ x ∈ X :
∫∞

0
W (‖T (t)x‖)dt <∞.

If X is a locally convex space, then the above equivalences fail in general. In particular, it may happen
that a C0-semigroup approaches zero uniformly but without exponential speed. In Section 2 we
therefore introduce several concepts of stability and establish their hierarchy under mild assumptions
on X. For barrelled, Baire and (Mackey) complete spaces, respectively, we prove characterizations
of the properties using conditions similar to those explained in Theorem’s A and B. In Section 3
we provide examples which illustrate that the classes of stable semigroups considered in this article
are distinct in general and that our characterizations in Section 2 are sharp in the sense that the
assumptions on the underlying space cannot be dropped. In Section 4 we give the proofs of our
results. Finally, in Section 5, we return to the abstract Cauchy problem (ACP) above and study
the transport and the heat equation on the Schwartz space of rapidly decreasing functions resp. on a
Fréchet space introduced by Miyadera [23].

For the theory of semigroups on Banach spaces we refer to Engel, Nagel [13], for the locally convex
case to Yosida [31] and Choe [9]. For the general theory of locally convex spaces we refer to Meise,
Vogt [22], Jarchow [16] and Floret, Wloka [14].

2 Notation and Main Results

Let X be a locally convex space. Unless specified otherwise we tacitly assume that X is Hausdorff.
By ΓX we denote a system of continuous seminorms determining the topology of X and by L(X) the
space of all linear and continuous operators from X into itself. The strong operator topology τs on
L(X) is determined by the family of seminorms

qx(S) := q(Sx), S ∈ L(X),
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for each x ∈ X and q ∈ ΓX ; we write Ls(X) in this case. We denote by BX the collection of all
bounded subsets of X. The topology τb of bounded convergence is determined by the seminorms

qB(S) := sup
x∈B

q(Sx), S ∈ L(X),

for B ∈ BX and q ∈ ΓX ; in this case we write Lb(X). If X is a Banach space, then τb is the operator
norm topology on L(X). The space X is barrelled, if every absolutely convex, absorbing and closed
set (v.i.z. every barrel) is a neighborhood of zero in X.

De�nition 2.1. Let X be a locally convex space. We say that a one parameter family of operators
(T (t))t>0 ⊆ L(X) is a strongly continuous semigroup or for short a C0-semigroup on X, if

(i) T (0) = idX ,

(ii) ∀ s, t > 0: T (s+ t) = T (s)T (t),

(iii) ∀ t0 > 0, x ∈ X : limt→t0T (t)x = T (t0)x

holds. We say that (T (t))t>0 is exponentially bounded, if

(iv) ∀ q ∈ ΓX ∃ p ∈ ΓX , M > 1, ω ∈ R ∀ t > 0, x ∈ X : q(T (t)x) 6Meωtp(x)

is valid. Finally we say that (T (t))t>0 is bounded, if

(v) ∀B ∈ BX , q ∈ ΓX ∃ C > 0 ∀ t > 0: qB(T (t)) 6 C.

If X is a Banach space, then every C0-semigroup is exponentially bounded. Boundedness in the above
sense means exactly that (T (t))t>0 ⊆ Lb(X) is bounded. If X is barrelled then the latter is equivalent
to the condition in (iv) with ω = 0, v.i.z. to equicontinuity of (T (t))t>0.

De�nition 2.2. Let X be a locally convex space and (T (t))t>0 a C0-semigroup on X. We say that
(T (t))t>0 is

(i) uniformly exponentially stable, if ∃ ω > 0 ∀B ∈ BX , q ∈ ΓX : limt→∞ qB(eωtT (t)) = 0,

(ii) pseudo uniformly exponentially stable, if ∀ q ∈ ΓX ∃ ω > 0 ∀B ∈ BX : limt→∞ qB(eωtT (t)) = 0,

(iii) strongly exponentially stable, if ∀ x ∈ X ∃ ω > 0: limt→∞ eωtT (t)x = 0,

(iv) pseudo strongly exponentially stable, if ∀ q ∈ ΓX , x ∈ X ∃ ω > 0: limt→∞ q(eωtT (t)x) = 0,

(v) super polynomially stable, if ∀ α > 1, B ∈ BX , q ∈ ΓX : limt→∞ qB(tαT (t)) = 0,

(vi) uniformly stable, if ∀B ∈ BX , q ∈ ΓX : limt→∞ qB(T (t)) = 0.

(vii) strongly stable, if ∀ x ∈ X : limt→∞ T (t)x = 0.

For X a Banach space the properties (i)–(vi) above collapse to the classical notion of exponential
stability, whereas strong stability is a strictly weaker condition.

A sequence (xn)n∈N in X is Mackey Cauchy, if there exist B ∈ BX and scalars bn,k tending to zero for
n and k both tending to infinity such that xn − xk ∈ bn,kB holds for all n and k ∈ N. The space X is
Mackey complete if every Mackey Cauchy sequence in X is convergent. Note that every sequentially
complete space is Mackey complete.

Theorem 2.3. For a Mackey complete, barrelled locally convex spaceX and an exponentially bounded
C0-semigroup we have the following hierarchy

uniformly
exponentially

stable

=⇒
=⇒

pseudo uni-
formly exponen-

tially stable

strongly
exponentially

stable

=⇒

=⇒
pseudo

strongly exponen-
tially stable

=⇒ super
polynomially

stable
=⇒ uniformly

stable

of stability properties. None of the implications is an equivalence and between the two perpendicular
conditions no implication is true in general.
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The space X is a Baire space if X cannot be written as the countable union of nowhere dense sets.

Theorem 2.4. For a C0-semigroup (T (t))t>0 consider the following statements.

(i) (T (t))t>0 is uniformly exponentially stable.

(ii) ∃ ω > 0 ∀ q ∈ ΓX ∃ p ∈ ΓX : limt→∞ supp(x)61 q(e
ωtT (t)x) = 0.

(iii) ∃ ω > 0 ∀ x ∈ X : limt→∞ eωtT (t)x = 0.

(iv) (T (t))t>0 is strongly exponentially stable.

(v) ∀B ∈ BX ∃ ω > 0 ∀ q ∈ ΓX : limt→∞ qB(eωtT (t)) = 0.

If X is barrelled, then (i)–(iii) are equivalent. If X is Mackey complete, then (iv) and (v) are equivalent.
If X is Baire, then all statements are equivalent.

Theorem 2.5. For a C0-semigroup (T (t))t>0 consider the following statements.

(i) (T (t))t>0 is super polynomially stable.

(ii) ∃ α > 1 ∀B ∈ BX , q ∈ ΓX : limt→∞ qB(tαT (t)) = 0.

(iii) ∀ or, equivalently, ∃ α > 1 ∀ q ∈ ΓX ∃ p ∈ ΓX : limt→∞ supp(x)61 q(t
αT (t)x) = 0.

(iv) ∀ or, equivalently, ∃ α > 1 ∀ x ∈ X : limt→∞ tαT (t)x = 0.

(v) ∀ or, equivalently, ∃ β > 1 ∀ q ∈ ΓX , x ∈ X :
∫∞

0
q(T (t)x)βdt <∞.

(vi) ∀ x ∈ X ∃ α > 1 : limt→∞ tαT (t)x = 0.

(vii) ∀B ∈ BX ∃ α > 1 ∀ q ∈ ΓX : limt→∞ qB(tαT (t)) = 0.

Let (T (t))t>0 be exponentially bounded. If X is barrelled, then (i)–(v) are equivalent. If X is Mackey
complete, then (vi) and (vii) are equivalent. If X is Baire, then all statements are equivalent.

Theorem 2.6. Let X be Mackey complete and (T (t))t>0 be a C0-semigroup.

(1) The following are equivalent.

(i) (T (t))t>0 is pseudo uniformly exponentially stable.

(ii) ∀ q ∈ ΓX ∃ ω > 0 ∀ x ∈ X : limt→∞ q(eωtT (t)x) = 0.

(2) The following are equivalent.

(iii) (T (t))t>0 is pseudo strongly exponentially stable.

(iv) ∀ q ∈ ΓX , B ∈ BX ∃ ω > 0: limt→∞ qB(eωtT (t)) = 0.

The space X is a Montel space if X is barrelled and every bounded subset of X is relatively compact;
normed Montel spaces are thus necessarily of finite dimension.

Theorem 2.7. Let X be a Montel space and (T (t))t>0 be a bounded C0-semigroup. The following
are equivalent.

(i) (T (t))t>0 is uniformly stable.

(ii) (T (t))t>0 is strongly stable.

Uniform exponential stability means that limt→∞ eωtT (t) = 0 holds in Lb(X) for some ω > 0. Anal-
ogously, uniform stability and super polynomial stability can be rephrased in terms of a convergence
statement in Lb(X). In contrast, strong exponential stability and the two “pseudo properties” a priori
do not allow for an interpretation in a similar manner, since in these definitions ω may depend on the
points of the space or even on the seminorms inducing the topology.

3 Examples

3.1 Shift Semigroups

In all examples of this section, (T (t))t>0 denotes the right shift operator, i.e.

(T (t)f)(s) = f(s− t)
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for s− t ∈ Ω and (T (t)f)(s) = 0 otherwise; f : Ω→ C is a function on Ω = R, [0,∞) or (−∞, 0].

Example 3.1. We consider the right shift (T (t))t>0 on the space C(R) endowed with the topology
τptw of pointwise convergence generated by the seminorms qs(f) = |f(s)|, s ∈ R. It is clear that
(T (t))t>0 defines a C0-semigroup on the latter space. This semigroup is not even strongly stable
in the sense of Definition 2.2.(vii). The same holds on C(−∞, 0], let us thus consider X = {f ∈
C[0,∞) ; f(0) = 0}. For a seminorm qs, s > 0, a bounded set B ∈ BX and arbitrary ω > 0 we
compute supf∈B qs(e

ωt(T (t)f)(s)) = 0 whenever t > s, i.e. the right shift is uniformly exponentially
stable on X. Let us mention that (T (t))t>0 fails to be bounded: Consider B = {fn ; n > 2} where
the hat functions

fn(s) =


0 0 6 s < 1− 2/n or 1 6 s

n2(s− (1− 2/n)) 1− 2/n 6 s < 1− 1/n

−n2(s− 1) 1− 1/n 6 s < 1

are inspired by Kühnemund [19, 1.6.(b)]. For s > 0 and n > 0 we have qs(fn) = |fn(s)| → 0 for n→∞.
Thus, B is bounded in X and supt>0 supf∈B qs(T (t)f) > supn>2 |(T (1/n)fn)(1)| = fn(1− 1/n) =∞,
whence (T (t))t>0 is unbounded.

The somewhat unintuitive effect of a stable but unbounded C0-semigroup as illustrated above can be
attributed to the underlying space’ failure of being barrelled, cf. Remark 4.4.

Observation 3.2. Let (T (t))t>0 be a C0-semigroup on a barrelled space X. If limt→∞ T (t) = 0 in
Lb(X), then (T (t))t>0 is bounded.

Proof. Let B ∈ B and q ∈ ΓX be given. From our assumption on (T (t))t>0 it follows that there is
t0 > 0 such that qB(T (t)) 6 1 holds for all t > t0. Since X is barrelled, Kōmura [17, 1.1] implies that
(T (t))t>0 is locally equicontinuous, i.e. {T (t) ; 0 6 t 6 t0} ⊆ L(X) is equicontinuous for all t0 > 0. In
particular, the latter sets are all bounded in Lb(X), v.i.z. (T (t))t>0 is locally bounded, and thus there
is C > 0 such that qB(T (t)) 6 C for 0 6 t 6 t0. Consequently, qB(T (t)) 6 1 + C for all t > 0 which
shows that (T (t))t>0 is bounded. �

In order to avoid pathologies of the type above let us endow our space with a topology which turns it
into a barrelled space.

Example 3.3. Consider the right shift on the space C(R) endowed with the compact open topology
τco generated by the seminorms qn(f) = sups∈[−n,n] |f(s)|, n > 1. Again, (T (t))t>0 defines a C0-
semigroup on this space which is not even strongly stable. On this space, (T (t))t>0 provides an
example for a non exponentially bounded semigroup: Put n = 1 and let m, M and ω > 0 be
given. Select f ∈ C(R) such that supp(f) ⊆ [−(m + 2),−m], 0 6 f 6 1, f(−(m + 1)) = 1.
Compute pn(T (m + 1)f) = sups∈[−1,1] |f(s − (m + 1))| > |f(−(m + 1))| = 1 and Meωtpm(f) = 0
as f |[−m,m] ≡ 0. On the space C(−∞, 0] the semigroup (T (t))t>0 has the same properties and
we consider X = {f ∈ C[0,∞) ; f(0) = 0}. As in the case of pointwise convergence (T (t))t>0 is
uniformly exponentially stable when considered on this space and in particular exponentially bounded
by Observation 3.2. Note that C(R) is barrelled by a result of Nachbin [24] and Shirota [27], see
Jarchow [16, 11.7.5], and this implies that X is barrelled by a result of Dieudonné [11], see Bonet,
Perez Carreras [26, 4.3.1].

Next, we consider the shift on the space of compactly supported continuous functions both with
pointwise and compact convergence.

Example 3.4. The right shift (T (t))t>0 on (Cc(R), τco) is strongly exponentially stable: Given f ∈
Cc(R) and n ∈ N we have (T (t)f)|[−n,n] ≡ 0 if t is big enough. On the other hand, (T (t))t>0 is not
uniformly stable: Put n = 1 and B = {fj ; j > 1} where fj ∈ Cc(R) with 0 6 fj 6 1 and fj(−j) = 1
for all j > 1. Since qn(fj) 6 1 holds for all j and n the set B is bounded, but supf∈B qn(T (t)f) =
supj>1 sups∈[−1,1] |fj(s − t)| > |ft(t)| = 1 holds for any integer t. On (Cc(−∞, 0], τco), (Cc(R), τptw)
and (Cc(−∞, 0]), τptw) the same result is true, whereas on {f ∈ Cc[0,∞) ; f(0) = 0} the shift is
uniformly exponentially stable w.r.t. τco and τptw. The first setting considered above shows that
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both statements of Theorem 2.6 are wrong if Mackey completeness is dropped: Theorem 2.6.(i) and
Theorem 2.6.(iv) imply uniform stability and thus cannot hold whereas Theorem 2.6.(ii) and Theorem
2.6.(iii) both follow from strong exponential stability.

The topologies considered above are not the natural choices for a topology on spaces of compactly
supported continuous functions, for instance the spaces above are all incomplete and non-barrelled.
Let us thus as a last example consider the shift again on the space of compactly supported functions
but with another topology.

Example 3.5. We endow Cc(R) with the locally convex inductive topology τind of the inclusion maps
CK(R) → Cc(R) where for K ⊆ R compact CK(R) = {f ∈ Cc(R) ; supp f ⊆ K} is endowed with
the supremum norm. By Bierstedt [6, Example 1.7] the space (Cc(R), τind) = indn∈N C[−n,n](R)
is a complete, hence regular, LB-space. A fundamental system of seminorms is given by qv(f) =
sups∈R v(x)|f(x)|, v ∈ C+(R) = {w ∈ C(R) ; w > 0}, see [6, Proposition 1.13]. Using the universal
property of the inductive limit it follows that (T (t))t>0 is a C0-semigroup. For v ≡ 1 ∈ C+(R)
we have pv(T (t)f) = sups∈R |f(s)| which shows that (T (t))t>0 is not strongly stable. On the space
X = indnXn with Xn = {f ∈ C[0,n](R) ; f(0) = 0} the C0-semigroup (T (t))t>0 is also not strongly
stable: X is continuously included in (Cc(R), τind) whence its topology is finer than those generated by
the seminorms qv, v ∈ C+[0,∞). Consider finally the shift (T (t))t>0 on the space (Cc(−∞, 0], τind) =
indn C[−n,0](−∞, 0]. Again, (T (t))t>0 is a C0-semigroup, but now (T (t))t>0 is uniformly exponentially
stable since by regularity for any bounded set B there exists n > 1 such that B ⊆ C[−n,0](−∞, 0] is
norm bounded, and thus B is annihilated by the right shift for all t > 0 suitable large.

3.2 Multiplication Semigroups

In all examples of this section, (T (t))t>0 denotes the multiplication semigroup

T (t)x = (eqjtxj)j∈N

for t > 0 and x = (xj)j∈N ⊆ C, where (qj)j∈N ⊆ C is assumed to satisfy supj∈N Re qj < ∞. On
all spaces which we consider in the subsequent examples, the multiplication semigroup (T (t))t>0 is
uniformly exponentially stable, if all Re qj are negative and bounded away from zero. If on the other
hand Re qj > 0 holds for some j, then (T (t))t>0 will not even be strongly stable. We thus concentrate
below on the remaining cases, i.e. we assume that Re qj < 0 for all j and lim supj→∞Re qj = 0. The
second assumption can clearly be dropped in all positive results.

We start with considering (T (t))t>0 on the standard example of a non-barrelled normed space.

Example 3.6. Denote by ϕ the space of finite sequences which we endow in this example with the
supremum norm and consider the multiplication semigroup (T (t))t>0 under the assumptions we made
above. Then (T (t))t>0 is strongly exponentially stable: Given x select 0 < ω < c := |maxj∈supp x Re qj |
and estimate ‖eωtT (t)x‖∞ 6 ‖x‖∞e(ω−c)t. On the other hand, for any ω > 0 we can choose j0 with
ω+Re qj0 > 0, that is, ω cannot be selected independently of x. Even worser, with B = {(δj,j0)j∈N; j0 ∈
N} we get that supx∈B ‖T (t)x‖ > supj0∈N e

tRe qj0 > e0 = 1 and (T (t))t>0 cannot be uniformly stable.

Firstly, the previous example shows that a semigroup can be strongly exponentially stable without
being uniformly exponentially stable nor satisfying Theorem 2.4.(v). Secondly, in the previous ex-
ample, Theorem 2.5.(vi) holds but (T (t))t>0 is not super polynomially stable. In addition, it can be
seen directly that Theorem 2.5.(vii) is not satisfied. Consequently we get that the equivalences in the
second and third statements of Theorem 2.4 and Theorem 2.5 fail in general.

In the next example we endow the space ϕ from above with a more natural topology.

Example 3.7. We endow ϕ = ⊕j∈NC with the direct sum topology τsum, which yields a com-
plete barrelled space, cf. Meise, Vogt [22, 24.4]. As above we consider the multiplication semigroup
(T (t))t>0. Let B be a bounded set in (ϕ, τsum). Then by [22, 24.2] there exists N > 1 such that
supp b ⊆ {1, . . . , N} holds for all b ∈ B. Thus, with 0 < ω < |maxj=1,...,N Re qj | it follows that
qB(eωtT (t)) converges to zero for any continuous seminorm q on (ϕ, τsum) if t → ∞ and therefore
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(T (t))t>0 is strongly exponentially stable and then also pseudo strongly exponentially stable. On
the other hand, consider the continuous seminorm q(x) =

∑
j∈N |xj | on (ϕ, τsum), cf. [22, Definition

on p. 276]. For given ω > 0 select j0 such that ω + Re qj0 > 0 and put x = (δj,j0)j∈N. Then,
q(eωtT (t)x) = e(ω+Re qj0 )t does not converge to zero, i.e. (T (t))t>0 is not pseudo uniformly exponen-
tially stable and thus also cannot be uniformly exponentially stable. Therefore, this example on the
one hand shows that for the equivalence of all properties of Theorem 2.4 it is not enough if the under-
lying space is barrelled and Mackey complete; in fact the above space is even a complete LB-space.
Let us add that the C0-semigroup (T (t))t>0 with (T (t)f)(s) = eq(s)tf(s) for t > 0 and s ∈ R defined
on the space (Cc(R), τind) is a continuous variant of Example 3.7 having exactly the same properties.

In the remainder of this section we study semigroups on Köthe echelon spaces. For this purpose let
A = (aj,k)j,k∈N be a Köthe matrix, i.e. 0 6 aj,k 6 aj,k+1 holds for all j, k ∈ N and for every j ∈ N
there exists k ∈ N such that aj,k > 0 holds. We consider the complex Köthe echelon spaces, see [22,
Section 27],

λ∞(A) =
{
x ∈ CN ; ∀ k ∈ N : ‖x‖k = supj∈Naj,k|xj | <∞

}
,

c0(A) =
{
x ∈ λ∞(A) ; ∀ k ∈ N : limj→∞aj,k|xj | = 0

}
which are Fréchet spaces with respect to the fundamental system (‖ · ‖k)k∈N of seminorms. We
consider the multiplication semigroup on c0(A), where it is equicontinuous since |eqjt| = etRe qj 6 1
holds for any t > 0 and any j ∈ N; in particular (T (t))t>0 is exponentially bounded. That (T (t))t>0

is a C0-semigroup can be seen as follows: Let x ∈ c0(A) be fixed, k ∈ N be arbitrary. We show
that ‖T (t)x − x‖k → 0 holds for t → 0. Let ε > 0 be given. Put ε0 = ε/(C + 1 + ‖x‖k), where
C = sup06t61 supj∈N |etqj−1| <∞. Since x belongs to c0(A) there exists J ∈ N such that aj,k|xj | < ε0

holds for all j > J . We fix 1 6 j 6 J . Since etqj → 1 holds for t → 0 there exists 0 < tj 6 1 with
|etqj − 1| < ε0 for all 0 < t 6 tj . We put t0 := minj=1,...,J tj ∈ (0, 1] and estimate

‖T (t)x− x‖k = sup
j∈N

aj,k
∣∣etqjxj − xj |

6 sup
j=1,...,J

aj,k
∣∣etqj − 1

∣∣ |xj |+ sup
j>J

aj,k
∣∣etqj − 1

∣∣ |xj |
6 ε0 sup

j=1,...,J
aj,k|xj |+ C sup

j>J
aj,k|xj |

6 ε0 ‖x‖k + C ε0 < ε0(‖x‖k + C + 1) = ε

for arbitrary 0 < t 6 t0. Thus, T (·)x is continuous at zero for arbitrary x. By [2, Remark 1.(iii)],
(T (t))t>0 is a C0-semigroup.

Example 3.8. The multiplication semigroup (T (t))t>0 on c0(A) is strongly stable. In order to see
this, first fix x ∈ ϕ and k ∈ N. Let ε > 0 be given and put C = maxj∈supp x Re qj < 0. We select
t0 > 0 such that ‖x‖ket0C < ε. For t > t0 we estimate

‖T (t)x‖k = sup
j∈N

aj,k|etqjxj | = sup
j∈supp x

aj,k|etqj | |xj | 6 sup
j∈supp x

aj,k|xj | · sup
j∈supp x

|etqj |

= ‖x‖k max
j∈supp x

|etqj | = ‖x‖k etmaxj∈supp x Re qj = ‖x‖k etC < ε.

Let now x ∈ c0(A), k ∈ N and ε > 0 be arbitrary. We select y ∈ ϕ such that ‖x− y‖k < ε/2. By the
above there exists t0 > 0 such that ‖T (t)y‖k < ε/2 holds for all t > t0. We estimate

‖T (t)x‖k 6 ‖T (t)(x− y)‖k + ‖T (t)y‖k < ε/2 + ε/2 = ε

since supj∈N Re qj 6 0 implies

‖T (t)(x− y)‖k 6 ‖x− y‖k sup
j∈N
|etqj | = ‖x− y‖k et supj∈N Re qj 6 ‖x− y‖k

for arbitrary t > t0. On the other hand, (T (t))t>0 does not satisfy the equivalent properties of
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Theorem 2.4: For any ω > 0 there is j0 such that ω+Re qj0 > 0 holds. With x = (δj,j0)j∈N and k such
that aj0,k > 0 it follows that ‖eωtT (t)x‖k = aj0,ke

(ω+Re qj0 )t does not converge to zero for t→∞.

In Example 3.8 we considered an arbitrary Köthe matrix A. In the sequel, we deduce properties of
(T (t))t>0 from properties we require for A. We start with the space CN of all sequences.

Example 3.9. For A = (aj,k)j,k∈N with aj,k = 1 for j 6 k and zero otherwise, we have c0(A) =
CN carrying the topology of pointwise convergence. Remember that Re qj < 0 holds for all j and
lim supj→∞ = 0 by our assumptions on (qj)j∈N. The semigroup (T (t))t>0 is pseudo uniformly stable
and thus also pseudo strongly uniformly stable: Given k we select 0 < ω < |maxj=1,...,k Re qj |. For
x ∈ CN we have

‖eωtT (t)x‖k = max
j=1,...,k

|xj | · e(ω+Re qj)t 6 ‖x‖k · max
j=1,...,k

e(ω+Re qj)t 6 ‖x‖k · e(ω+maxj=1,...,k Re qj)t.

Since supx∈B ‖x‖k <∞ holds for any bounded B it follows that supx∈B ‖eωtT (t)x‖k converges to zero
for t→∞. On the other hand for x = (1, 1, . . . ) and ω > 0 we can select j0 such that ω + Re qj0 > 0
holds, for k > j0 whence ‖eωtT (t)x‖k > e(ω+Re qj0 )t does not converge to zero as t → ∞. Thus, T is
not strongly exponentially stable and thus also not uniformly exponentially stable.

Next, we consider the space s of rapidly decreasing sequences.

Example 3.10. For A = (aj,k)j,k∈N with aj,k = jk we have c0(A) = s endowed with the usual
topology. We consider the multiplication semigroup (T (t))t>0 with a sequence (qj)j∈N such that
Re(qj) = −1/j. Then, (T (t))t>0 is super polynomially stable: For given k select m = k + 3. Then,
aj,k = jk = jk+3/j3 = aj,m/j

3. For x ∈ s estimate

‖t2T (t)x‖k = sup
j∈N

aj,k|t2etqjxj | = t2 sup
j∈N

aj,m
1
j3 e
−t/j |xj | 6 t2‖x‖m sup

j∈N
j−3e−t/j 6 t2‖x‖m27e−3t−3

where the last estimate is true for all t > t0, t0 suitable large. Thus, sup‖x‖m61 ‖t2T (t)x‖k converges
to zero for t → ∞. This yields Theorem 2.5.(iii) with α = 2. On the other hand, (T (t))t>0 is not
pseudo strongly exponentially stable: Let k be given. Select x such that |xj | > 0 holds for all j and
let ω > 0 be given. Select j0 such that ω+ Re qj0 > 0 holds. Then ‖eωtT (t)x‖k > aj0,ke(ω+Re qj0 )t|xj0 |
does not tend to zero for t→∞.

The last conclusion of Example 3.10 holds already under the assumption on A that there exists k such
that aj,k > 0 holds for all j and for all sequences (qj)j∈N with lim infj→∞Re qj > 0.

Example 3.11. We keep our assumption that Re qj < 0 holds for all j and assume that limj→∞Re qj =
0. Then for the multiplication semigroup (T (t))t>0 on c0(A) the following are equivalent.

(i) ∀ k ∈ N ∃m ∈ N : limj→∞
aj,k
aj,m

= 0.

(ii) ∀ k ∈ N ∃m ∈ N : limj→∞ sup‖x‖m61 ‖T (t)x‖k = 0.

The condition in (i) is well-known but under different names and characterizes the Schwartz property
for c0(A). In the sequel we use the notation of Bierstedt, Meise, Summers [7, 4.1] and say that A
satisfies (S) in this case. Condition (ii) implies uniform stability.

“(i)⇒(ii)”: Let k be given. Select m as in (i). W.l.o.g. we may assume that m > k holds. Let ε > 0 be
given. By (i) there exists J such that aj,k/aj,m < ε/2 holds for all j > J . Put q0 = maxj=1,...,J Re qj <
0. Now select t0 > 0 such that etq0 6 ε/2. Let t > t0 and ‖x‖m 6 1. Compute

‖T (t)x‖k = max
j=1,...,J

aj,k|xj |etRe qj + sup
j>J

aj,k|xj |etRe qj 6 etq0 + sup
j>J

aj,m
ε
2 |xj | 6 ε

2 + ε
2‖x‖m 6 ε

which shows sup‖x‖m61 ‖T (t)x‖k 6 ε for t > t0 as needed.

(ii)⇒(i)”: Assume that (i) does not hold. Then we have

∃ k ∀m ∃ C > 0, (jn)n∈N ⊆ N with jn
n→∞−→ ∞ :

ajn,k
ajn,m

> C.
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Select k as in above. Let m be arbitrary. Choose C > 0 and (jn)n∈N as above and define (x(n))n∈N
via

x(n) = (x
(n)
j )j∈N, x

(n)
j =

{
1/aj,m if j = jn,

0 otherwise.

By construction, x(n) ∈ ϕ ⊆ c0(A) and ‖x(n)‖m = supj∈N aj,m|x(n)
j | = ajn,m · 1/ajn,m = 1 for every

n ∈ N. For n ∈ N put tn := 1/|Re qjn |. Since limj→∞Re qj = 0 we have limn→∞ tn = ∞. For
arbitrary n we estimate

‖T (tn)x(n)‖k = sup
j∈N

etn Re qj aj,k|x(n)
j | = e1/|Re qjn |·Re qjn ajn,k

∣∣1/ajn,m∣∣ > C/e
which yields sup‖x‖m61 ‖T (tn)x‖k > C/e > 0 for all n ∈ N. Contradiction.

The assumption of the next example is always satisfied if the Köthe matrix A satisfies (S).

Example 3.12. Assume that A satisfies condition (M)

∀ I ⊆ N, n ∈ N ∃ k ∈ N : inf
j∈J

aj,n
aj,k

= 0,

cf. [7, 4.1]. Then the multiplication semigroup is uniformly stable: By Example 3.8, (T (t))t>0 is
strongly stable. By the Dieudonné-Gomes theorem, see [22, 27.9], we have that c0(A) = λ∞(A) is a
Montel space. Whence the conclusion follows from Theorem 2.7.

Our last example is a combination of Example 3.11 and Example 3.12.

Example 3.13. Let A be a Köthe matrix which satisfies (M) but not (S), see [22, 27.21] for a con-
crete example, let Re qj < 0 and limj→∞Re qj = 0. Then the multiplication semigroup (T (t))t>0 is
uniformly stable by Example 3.12. On the other hand, condition (ii) of Example 3.11 does not hold.
The latter firstly implies that this condition is indeed strictly stronger than uniform stability, see
Remark 4.9. Secondly, (T (t))t>0 is not super polynomially stable, since Example 3.11.(ii) coincides
with Theorem 2.5.(iii).

To conclude this example section let us review the scheme of properties from Theorem 2.3 and indicate
at which positions our counterexamples from above are located.

=
⇒6 3.7

=⇒ 63.9
uniformly

exponentially
stable

⇐=6

3.9

⇐=6
3.7

pseudo uni-
formly exponen-

tially stable

strongly
exponentially

stable

⇐=6
3.7

⇐=6

3.9

pseudo
strongly exponen-

tially stable
⇐=6
3.10

super
polynomially

stable
⇐=6
3.13

uniformly
stable

4 Proofs

4.1 Preparation

In this section we consider families (T (t))t>0 ⊆ L(Y,X), where X and Y are locally convex spaces and
X is allowed to be non-Hausdorff. We refer to Floret, Wloka [14, §23.1] for useful hints concerning
the treatise of non-Hausdorff locally convex spaces and to Bourbaki [8] for non-Hausdorff versions of
classical theorems. Possibly non-Hausdorff locally convex topologies τs resp. τb are defined as at the
beginning of Section 2, write Ls(Y,X) resp. Lb(Y,X) for L(Y,X) furnished with these topologies.

The first result below will yield the equivalences in Theorem’s 2.4 and 2.5 for barrelled spaces by
applying the latter to the sets H = {t 7→ eωt ; ω > 0} resp. H = {t 7→ tα ; α > 1}.
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Proposition 4.1. Let Y be barrelled, X be a (not necessarily Hausdorff) locally convex space,
(T (t))t>0 ⊂ L(Y,X) be a locally equicontinuous subset and H be a set of strictly positive func-
tions [0,∞) → R which are bounded on compact intervals. We assume that for any h ∈ H there is
h′ ∈ H such that h′/h vanishes at ∞. The following are equivalent.

(i) ∃ h ∈ H ∀ q ∈ ΓX ∃ p ∈ ΓY : limt→∞ supp(y)61 q(h(t)T (t)y) = 0.

(ii) ∃ h ∈ H : limt→∞ h(t)T (t) = 0 in Lb(Y,X).

(iii) ∃ h ∈ H : limt→∞ h(t)T (t) = 0 in Ls(Y,X).

(iv) ∃ h ∈ H ∀ q ∈ ΓX ∃ p ∈ ΓY , M > 0 ∀ t > 0, y ∈ Y : q(h(t)T (t)y) 6Mp(y).

(v) ∃ h ∈ H : {h(t)T (t) ; t > 0} ⊆ Lb(Y,X) is bounded.

Proof. “(i)⇒(ii)”: Select h ∈ H as in (i). Let q ∈ ΓX and B ∈ BY be given. Select p ∈ ΓY as in
(i) with respect to h and q. Since B is bounded there is C > 0 such that B ⊆ {y ∈ Y ; pβ(y) 6 C}
holds. Thus, supy∈B q(h(t)T (t)y) 6 supp(y)6C q(h(t)T (t)y) 6 C supp(y)61 q(h(t)T (t)y) implies (ii)
taking into account the definition of Lb(Y,X).

“(ii)⇒(iii)”: Trivial.

“(iii)⇒(iv)”: Select h as in (iii). We claim that {h(t)T (t) ; t > 0} is bounded in Ls(Y,X). Let y ∈ Y
and q ∈ ΓX be given. By (iii) there exists t0 > 0 such that q(h(t)T (t)y) 6 1 holds for all t > t0.
Since (T (t))t>0 is locally equicontinuous and h is bounded on compact intervals there exists C > 0
such that q(h(t)T (t)y) 6 C for all t ∈ [0, t0]. Thus, qy(h(t)T (t)) = q(h(t)T (t)y) 6 C + 1 holds for all
t > 0 and the claim is established. Since Y is barrelled, [8, Chapter III, §3.6, Théorème 2] implies
that {h(t)T (t) ; t > 0} is equicontinuous in L(Y,X). Writing down the latter explicitly shows (iv).

“(iv)⇒(v)”: Trivial.

“(v)⇒(iv)”: Since Y is barrelled, we may use again [8, Chapter III, §3.6, Théorème 2] to obtain from
(v) that there is h ∈ H such that {h(t)T (t) ; t > 0} ⊆ L(Y,X) is equicontinuous, i.e. (iv) holds.

“(iv)⇒(i)”: Select h ∈ H as in (iv). Select h′ ∈ H such that h′/h vanishes at ∞. Let q ∈ ΓX be
given. Select p ∈ ΓY and M > 0 according to (iv) w.r.t. h and q. Let t > 0 and y ∈ Y be given. By
(iv) we have q(h(t)T (t)y) 6 Mp(y) and obtain q(h′(t)T (t)y) 6 Mp(y)h′(t)/h(t) for t large enough.
Finally we get supp(y)61 q(h

′(t)T (t)y) 6Mh′(t)/h(t)→ 0 for t→∞ which shows (i). �

For the next result of this section we need a version of the classical principle of condensation of
singularities, see Lemma 4.2 below. We give a full proof; however we note that the latter is just a
patchwork of well-known arguments in the framework of the uniform boundedness principle, cf. [31,
p. 63f], Bourbaki [8, Chapter III, §3, Exercise 15.b] and [26, 1.2.13].

Lemma 4.2. (Principle of condensation of singularities) Let Y be a Baire space and X be a (not
necessarily Hausdorff) locally convex space. For ν ∈ N and µ ∈ [0,∞) let Tν,µ ∈ L(Y,X). The
following are equivalent.

(i) ∀ ν ∈ N ∃ y ∈ Y : {Tν,µy ; µ > 0} is unbounded in X.

(ii) ∃ y ∈ Y ∀ ν ∈ N : {Tν,µy ; µ > 0} is unbounded in X.

Proof. “(i)⇒(ii)”: We show that B =
{
y ∈ Y ; ∀ ν ∈ N : {Tν,µy ; µ > 0} ⊆ X is unbounded

}
is of

second category in Y . We fix ν > 0 and claim that Bν = {y ∈ Y ; {Tν,µy ; µ > 0} ⊆ X is bounded}
is of first category. Select yν such that {Tν,µyν ; µ > 0} ⊆ X is unbounded. That is, there exists
q ∈ ΓX such that supµ>0 q(Tν,µyν) = ∞. Assume now that Bν is of second category and fix ε > 0.
For k > 1 define Ak = {y ∈ Y ; supµ>0 q(k

−1Tν,µy) 6 ε}. Then, Bν ⊆ ∪k>1Ak: Let y ∈ Bν , that
is {Tν,µy ; µ > 0} ⊆ X is bounded and thus there exists K > 0 such that supµ>0 q(Tν,µy) 6 K
holds. Therefore there is k > 1 such that supµ>0 q(k

−1Tν,µy) 6 K/k 6 ε which means that y ∈ Ak
holds. As Bν is of second category the same is true for ∪k>1Ak whence there exists k0 such that the
interior of Ak0 is non-empty. Thus, there exists y0 ∈ Y , p ∈ ΓY and δ > 0 such that p(y − y0) 6 δ
for y ∈ Y implies that supµ>0 q(k

−1
0 Tp,qy) 6 ε holds. Define y = yνδ/p(yν) + y0, i.e. p(y − y0) 6 δ

and thus supµ>0 q(k
−1
0 Tν,µyν) 6 [q(k−1

0 Tν,µy) + q(k−1
0 Tν,µy0)]p(yν)/δ 6 2εp(yν)/δ <∞, if p(yν) > 0.

Otherwise, put y = δyν + y0 and obtain supµ>0 q(k
−1
0 Tν,µyν) < ∞ analogously. In both cases the

finiteness contradicts the selection of yν which establishes the claim. Since ν was arbitrary, it follows
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that ∪ν∈NBν = {y ∈ Y ; ∃ν ∈ N : {Tν,µy;µ > 0} ⊆ X is bounded} ⊆ Y is also of first category. Since Y
is of second category in itself, Y \∪ν∈NBν = {y ∈ Y ; ∀ν ∈ N : {Tν,µy ; µ > 0} ⊆ X is unbounded} = B
cannot also be of first category.

“(ii)⇒(i)”: Trivial. �

The next result is the key to prove the equivalences in Theorem’s 2.4 and 2.5 for Mackey complete and
for Baire spaces. The model cases for H are again the sets {t 7→ eωt ; ω > 0} resp. {t 7→ tα ; α > 1}.

Proposition 4.3. Let Y be a Baire space and X be a (not necessarily Hausdorff) locally convex space,
(T (t))t>0 ⊆ L(Y,X) be a locally equicontinuous subset and H be a set of strictly positive functions
[0,∞)→ R which are bounded on compact intervals. We assume that there exists (hn)n∈N ⊆ H such
that for any h ∈ H there is n ∈ N such that hn/h vanishes at ∞. The following are equivalent.

(i) ∀ y ∈ Y ∃ h ∈ H : limt→∞ h(t)T (t)y = 0.

(ii) ∃ h ∈ H ∀ y ∈ Y : limt→∞ h(t)T (t)y = 0.

Proof. “(i)⇒(ii)”: Assume that (ii) is not true. Then we have

∀ h ∈ H ∃ q ∈ ΓY , y ∈ Y, c > 0 (tk)k∈N ⊆ [0,∞), tk ↗∞ ∀ k ∈ N : q(h(tk)T (tk)y) > c.

For given n ∈ N we consider h ∈ H and select m such that hm/hn vanishes at infinity. We
choose q, y, c and (tk)k∈N as in the condition above w.r.t. hm. We obtain supt>0 q(hn(t)T (t)y) >
supk∈N q(hm(tk)T (tk)y)hn(tk)/hm(tk) > c supk∈N hn(tk)/hm(tk) =∞. Thus, we have shown that for
each n ∈ N there exists y ∈ Y such that {hn(t)T (t) ; t > 0} is unbounded in X. Now we apply
Lemma 4.2 with Tν,µ = hνT (µ) and get that there exists y ∈ Y such that for all n ∈ N the set
{hn(t)T (t) ; t > 0} is unbounded in X.

For y as before we select h as in (i). Then we select n such that hn/h vanishes at infinity, i.e. there
exists t1 > 0 such that hn(t) 6 h(t) holds for all t > t1. We remember that by the previous paragraph
{hn(t)T (t)y ; t > 0} is unbounded. Let now q ∈ ΓY be given. By (i) there exists t2 > 0 such that
q(h(t)T (t)y) 6 1 holds for all t > t2. We put t0 = max(t1, t2). Then there exists C > 0 such that
q(hn(t)T (t)y) 6 C holds for all t ∈ [0, t0]. Therefore,

sup
t>0

q(hn(t)T (t)y) 6 C + sup
t∈[t0,∞)

q(hn(t)T (t)y) 6 C + sup
t∈[t0,∞)

q(h(t)T (t)y) 6 C + 1

and {hn(t)T (t)y ; t > 0} is bounded as q ∈ ΓY was arbitrary, which is a contradiction.

“(ii)⇒(i)”: Trivial. �

4.2 The Main Results

Below we give consecutively the proofs of our five main theorems. In order to avoid forward references
we will not stick to the ordering in Section 2.

Proof. (of Theorem 2.4) 1. Let X be barrelled. In order to get the equivalence of (i)–(iii) it suffices
to apply Proposition 4.1 with H = {t 7→ eωt ; ω > 0} and to evaluate its first three conditions.

2. Let X be Mackey complete.

“(iv)⇒(v)”: Let B ∈ BX be given. Since X is Mackey-complete, B is contained in a Banach disk
B0. Denote by XB0 the associated Banach space, i.e. XB0 = spanB0 endowed with the Minkowski
functional ‖ · ‖B0 of B0 as norm. For t > 0 we consider the restriction T (t)|XB0

: XB0 → X and
we denote it also by T (t). Since the inclusion XB0

→ X is continuous [16, 8.4.D], it follows that
(T (t))t>0 ⊆ L(XB0

, X) holds. Moreover, it follows that the latter set is locally equicontinuous. We
apply Proposition 4.3 with Y = X and H = {t 7→ eωt ; ω > 0}. Thus, there exists ω > 0 such that
limt→∞ eωtT (t) = 0 holds in Ls(XB0

, X), i.e. Proposition 4.1.(iii) is satisfied. We evaluate Proposition
4.1.(ii) and obtain ω > 0 such that limt→∞ eωtT (t) holds in Lb(XB0 , X). The latter implies that
qB(eωtT (t)) = supx∈B q(e

ωtT (t)x) 6 supx∈B0
q(eωtT (t)x) = sup‖x‖B0

61 q(e
ωtT (t)x) tends to zero for
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t→∞.

“(v)⇒(iv)”: Trivial.

3. Let X be Baire.

“(i)⇒(v)⇒(iv)”: Trivial.

“(iv)⇒(iii)”. Apply Proposition 4.3 with Y = X and H as in the second part of this proof.

“(iii)⇒(ii)⇒(i)”: Follows from 1. since Baire spaces are barrelled. �

Proof. (of Theorem 2.5) In the sequel we use the abbreviations (iii∀) resp. (iii∃) for the two conditions
in (iii) and similar notation for the conditions in (iv) and (v).

1. “(i)⇒(ii)⇒(iii∃)⇒(iv∃)” and “(i)⇒(iii∀)⇒(iv∀)⇒(iv∃)”: Trivial.

“(iv∃)⇒(v∀)”: Let α > 0 be as in (iv∃) and select 1 < α0 < α. Then for given x ∈ X we have
limt→∞(1 + t)α0T (t)x = 0 since (1 + t)α0 6 tα holds if t is suitable large. We apply Proposition 4.1
with Y = X and H = {t 7→ (1+ t)α ; α > 1}. By the above, Proposition 4.1.(iii) holds and we evaluate
Proposition 4.1.(iv) to get

∃ α > 1 ∀ q ∈ ΓX ∃ p ∈ ΓX , M > 1 ∀ t > 0, x ∈ X : q((1 + t)αT (t)x) 6Mp(x).

Select α > 1 as above and let β > 1 and q ∈ ΓX be given. Select p and N as above. Put M =
Nβ/(αβ − 1) and let x ∈ X be given. Compute∫∞

0
q(T (t)x)βdt 6

∫∞
0

(p(x) N
(1+t)α )βdt = Nβ

∫∞
0

(1 + t)−αβdt p(x)β = Nβ lim
r→∞

(1+t)1−αβ

1−αβ
∣∣r
0
p(x)β

= Nβ

1−αβ ( lim
r→∞

(1 + r)1−αβ − 1) p(x)β = Mp(x)β <∞,

which shows (v∀) and even gives a more precise estimate of the integral, i.e.

∀ β > 1, : q ∈ ΓX ∃ p ∈ ΓX , M > 1 ∀ x ∈ X :
∫∞

0
q(T (t)x)βdt 6Mp(x)β . (4.1)

“(v∀)⇒(v∃)”: Trivial.

“(v∃)⇒(i)”: We select β as in (v∃) and fix this number for the remainder of this part of the proof. For
our first argument we need a vector valued space of Lebesgue integrable functions: Let I = [0,∞).
Below all integrals are to be understood with respect to the Lebesgue measure on I. Define

Lβ(I,X) =
{
f : I → X ; f measurable and q?β(f) =

(∫
I
q(f(t))βdt

)1/β
<∞ for all q ∈ ΓX

}
.

We consider the linear subspace Nβ = ∩q∈ΓX ker q?β of Lβ(I,X) and define

Lβ(I,X) = Lβ(I,X)/Nβ

endowed with the Hausdorff topology given by the system ΓLβ(I,X) = {qβ ; q ∈ ΓX} where qβ([f ]) =

q?β(f) for [f ] ∈ Lβ(I,X). Now we define the operators Tn : X → Lβ(I,X) via Tnx = χ[0,n](·)T (·)x for
n ∈ N, x ∈ X. Since (T (t))t>0 is strongly continuous, t 7→ χ[0,n](t)T (t)x is measurable for x ∈ X and

n ∈ N. Moreover, for t > 0 we have 0 6 q(χ[0,n](t)T (t)x)β 6 q(T (t)x)β and thus∫
I
q(χ[0,n](t)T (t)x)βdt 6

∫∞
0
q(T (t)x)βdt <∞

for every q ∈ ΓX , n ∈ N and x ∈ X. Whence the operators Tn are well-defined and linear. In addition,
the above estimate shows that supn∈N qβ(Tnx) < ∞ holds for every x ∈ X, q ∈ ΓX . By the uniform
boundedness principle, see [22, 23.26], we obtain that {Tn ; n ∈ N} is an equicontinuous subset of
L(X,Lβ(I,X)). That is, for a given p ∈ ΓX there exist s ∈ ΓX and C > 1 such that(∫ n

0
p(T (t)x)βdt

)1/β
=
(∫
I
p(χ[0,n](t)T (t)x)βdt

)1/β
= pβ(Tnx) 6 Cs(x)
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holds for all n ∈ N and all x ∈ X. Therefore, with K = Cβ , we obtain∫∞
0
p(T (t)x)βdt 6 Ks(x)β

for all x ∈ X. So far, we proved

∀ p ∈ ΓX ∃ s ∈ ΓX , K > 1 ∀ x ∈ X :
∫∞

0
p(T (t)x)βdt 6 Ks(x)β . (4.2)

Next, we show by induction that

∀ q ∈ ΓX ∃ r ∈ ΓX , N > 1 ∀ t > 0, x ∈ X : tnq(T (t)x)β 6 Nr(x)β (4.3)

holds for any n ∈ N. We start with n = 0. Let q ∈ ΓX be given. Select p ∈ ΓX , M > 1 and ω ∈ R as
in Definition 2.1.(iv), that is according to the exponential boundedness of (T (t))t>0; w.l.o.g. we may
assume that ω > 0 holds. Select s ∈ ΓX and K > 1 as in (4.2). Select r ∈ ΓX and C > 1 such that
max(p, s) 6 Cr holds. Put N = Cβ max(Mβeβω, MβKβω/(1 − e−βω)). Let x ∈ X be given. For
t ∈ [0, 1) we have q(T (t)x)β 6Mβeβωtp(x)β 6Mβeβωp(x)β 6 NC−βp(x)β 6 Nr(x)β by the estimate
in Definition 2.1.(iv), the definition of N and the selection of r. For t > 1 we have

1−e−βωt
βω q(T (t)x)β =

∫ t
0
e−βωτq(T (t)x)βdτ =

∫ t
0
e−βωτq(T (τ)T (t− τ)x)βdτ

6 Mβ
∫ t

0
p(T (t− τ)x)βdτ = Mβ

∫ t
0
p(T (τ)x)βdτ 6MβKs(x)β

by the estimate in Definition 2.1.(iv) and by (4.2) and thus

q(T (t)x)β 6MβK βω
1−e−βωt s(x)β 6 NC−βs(x)β 6 Nr(x)β

which finishes the initial step of our induction. Let us now fix n ∈ N and assume that that (4.3) holds.
We claim that the latter condition then also is true for n replaced with n+ 1 that is we claim

∀ q ∈ ΓX ∃ s ∈ ΓX , M > 1 ∀ t > 0, x ∈ X : tn+1q(T (t)x)β 6Ms(x)β . (4.4)

Let q ∈ ΓX be given. Select r ∈ ΓX and N > 1 as in (4.3). Select s ∈ ΓX and K > 1 according to
(4.2) w.r.t. p = r. Put M = (n+ 1)NK. Let t > 0 and x ∈ X be given. Compute

1
n+1 t

n+1q(T (t)x)β =
∫ t

0
(t− τ)nq(T (t)x)βdτ =

∫ t
0
(t− τ)nq(T (t− τ)T (τ)x)βdτ

6 N
∫ t

0
r(T (τ)x)βdτ 6 NKs(x)β .

where we first use (4.3) and then (4.2) with p = r. Therefore,

tn+1q(T (t)x)β 6 (n+ 1)NKs(x)β = Ms(x)β

holds, the induction step is finished and we have shown

∀ n ∈ N, q ∈ ΓX ∃ p ∈ ΓX , N > 1 ∀ t > 0, x ∈ X : q(tn/βT (t)x) 6 N1/βp(x).

Now we show (i), i.e. Definition 2.2.(v). Let α > 1 be given and choose α0 > α. Select n ∈ N such
that n > α0β. Let q ∈ ΓX and B ∈ BX be given. Select p ∈ ΓX and N > 1 as above w.r.t. n and q.
Put M = N1/β . For x ∈ X and t > 1 we get

q(tα0T (t)x) 6 q(tn/βT (t)x) 6 N1/βp(x) = Mp(x)

and thus q(tαT (t)x) 6 tα−α0Mp(x). Since K = supx∈B p(x) <∞ we obtain qB(tαT (t)) 6MKtα−α0

which implies limt→∞ qB(tαT (t)) = 0 as desired.

2. Let X be Mackey complete.

“(vi)⇒(vii)”: Copy the proof of the second part of Theorem 2.4 verbatim, but replace H = {t 7→
eωt ; ω > 0} in the latter proof with H = {t 7→ tα ; α > 1}.
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“(vii)⇒(vi)”: Trivial.

3. Let X be Baire. By 1., (i), (ii), (iii∀), (iii∃), (iv∀), (vi∃), (v∀) and (v∃) are equivalent.

“(ii)⇒(vii)⇒(vi)”: Trivial.

“(vi)⇒(iv∃)”: Follows from Proposition 4.3 with Y = X and H = {t 7→ tα ; α > 1}. �

Proof. (of Theorem 2.6) “(iv)⇒(iii)”: Trivial.

“(iii)⇒(iv)”: Let q ∈ ΓX and B ∈ BX be given. Select a Banach disk B0 and denote by XB0
the

associated Banach space. Denote by Xq the seminormed space (X, q). Consider for t > 0 the maps
T (t)|XB0

: XB0
→ Xq and denote them also with T (t). Since the inclusion XB0

→ X and the identity
X → Xq are both continuous it follows that (T (t))t>0 ⊆ L(XB0

, Xq) is locally equicontinuous. We
apply Proposition 4.3 with (T (t))t>0 as above and H = {t 7→ eωt ; ω > 0}. Thus, there is ω > 0
such that limt→∞ eωtT (t) = 0 holds in Ls(XB0 , Xq), i.e. Proposition 4.1.(iii) is satisfied. We evaluate
Proposition 4.1.(ii) and obtain ω > 0 such that limt→∞ eωtT (t) = 0 holds in Lb(XB0

, Xq). The lat-
ter implies that qB(eωtT (t)) = supx∈B q(e

ωtT (t)x) 6 supx∈B0
q(eωtT (t)x) = sup‖x‖B0

61 q(e
ωtT (t)x)

tends to zero for t→∞.

“(i)⇒(ii)”: Trivial.

“(ii)⇒(i)”: Let q ∈ ΓX be given. Select ω > 0 as in (ii) and choose 0 < ω0 < ω. As above we consider
the locally equicontinuous semigroup (T (t))t>0 ⊆ L(XB0

, Xq) where B0 is a Banach disk containing
B. By (ii), we know that limt→∞ eωtT (t) = 0 holds in Ls(XB0 , Xq). An inspection of the proof of
Proposition 4.1 exhibits that for the implication “(iii)⇒(ii)” of the latter exactly one passage from h to
h′ is necessary. Thus, in our situation it follows that limt→∞ eω0tT (t) = 0 holds in Lb(XB0

, Xq). With
the same estimate as in the previous part it follows that qB(eω0tT (t)) tends to zero for t→∞. �

Proof. (of Theorem 2.3) In view of Definition 2.2 and the scheme at the end of Section 3 we only have
to prove that in our setting of Theorem 2.3 a pseudo strongly exponentially stable semigroup is super
polynomially stable: Let X be Mackey complete and barrelled and (T (t))t>0 be exponentially bounded
and pseudo strongly exponentially stable. Thus, Theorem 2.6.(iv) holds. We claim that Theorem
2.6.(ii) is satisfied: Put α = 2 and let B ∈ BX as well as q ∈ ΓX be given. Select ω > 0 as in Theorem
2.6.(iv) w.r.t. q and B. Compute limt→∞ qB(tαT (t)) = limt→∞ t2e−ωt limt→∞ qB(eωtT (t)) = 0. �

Proof. (of Theorem 2.7) “(i)⇒(ii)”: Trivial.

“(ii)⇒(i)”: Let B ∈ BX , q ∈ ΓX and ε > 0 be given. Since X is by definition barrelled it follows
that the bounded C0-semigroup (T (t))t>0 is equicontinuous. Thus, we may select p ∈ ΓX and C > 0
such that q(T (t)x) 6 Cp(x) holds for any x ∈ X and t > 0. Put ε0 = ε/(C + 1). The sets
Bp(x, ε0) = {y ∈ X ; p(x − y) < ε0}, x ∈ B, form an open cover of B. By the Montel property
there exist x1, . . . , xm ∈ B with B ⊆ ∪mn=1Bp(xn, ε0). For fixed 1 6 n 6 m there exists t0,n > 0
such that q(T (t)xn) < ε0 holds for t > t0,n. We put t0 = maxn=1,...,m t0,n. Let now x ∈ B ⊆ B
be given. Then there exists 1 6 n 6 m such that x ∈ Bp(xn, ε0). For t > t0 we have q(T (t)x) 6
q(T (t)(x− xn)) + q(T (t)xn) 6 Cp(x− xn) + p(T (t)xn) 6 Cε0 + ε0 = ε. Since x ∈ B was arbitrary we
get qB(T (t)) = supx∈B q(T (t)x) 6 ε for t > t0. �

4.3 Remarks

We start with remarks on our general setting.

Remark 4.4. (Barrelledness vs. continuity) The proofs in the previous section show that for several
single implications of our results certain assumptions can be dropped. Some of the results hold for
families (T (t))t>0 ⊆ L(X) that do not enjoy the evolution property or are not strongly continuous.
However, many of the latter implications require (T (t))t>0 at least to be locally bounded. If the
space X is quasibarrelled then the latter is equivalent to (T (t))t>0 being locally equicontinuous, see
e.g. [16, 11.2.7]. If (T (t))t>0 has the evolution property then the following holds: Firstly, if (T (t))t>0

is locally equicontinuous, then strong continuity and strong continuity at zero are equivalent by [2,
Remark 1.(iii)]. Secondly, if (T (t))t>0 is strongly continuous and X is barrelled, then (T (t))t>0
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is locally equicontinuous by [17, 1.1]. In view of these results it is on the one hand possible to
transfer assumptions from the space to the semigroup and vice versa, at least for the proof of single
implications of our results. On the other hand, the relations cited above show that mostly the
additional requirement of one of the properties above already takes one back to the setting of a
strongly continuous semigroup on a barrelled space.

Remark 4.5. (Mackey completeness) In view of the question for a generator of a given semigroup
(T (t))t>0 on a space X a certain completeness assumption (e.g. sequential completeness) is natural
and seems to be indispensable to establish its basic properties, see [17, Section 1]. We mention that
every sequentially complete space is Mackey complete, see [26, 5.1.8]. Concerning Remark 4.4 we
remark that a Mackey complete space is barrelled if and only if it is quasibarrelled.

Remark 4.6. (Exponential boundedness) Let us first mention that on a Banach space every C0-
semigroup is exponentially bounded in the sense of Definition 2.1.(iv). For locally convex spaces,
Babalola [5, 2.7] considered a condition equivalent to Definition 2.1.(iv) in his definition of “LA(X)-
semigroups of class (C0, 1)”. Vuvunikyan [29, Definition on p. 203] allowed in Definition 2.1.(iv) that
M and ω may depend on x; he called semigroups of this type quasiexponential. If ω can be selected
independent of q, the semigroup is said to be exponentially equicontinuous, see Albanese, Bonet,
Ricker [2, 2.1.(iii)] or quasi-equicontinuous, see Choe [9, p. 294]. Finally, we like to point out that
an exponentially bounded semigroup is always locally equicontinuous, compare with Remark 4.4, and
that every equicontinuous semigroup is exponentially bounded. In view of Observation 3.2 the latter
can thus be considered as a necessary condition for reasonable uniform stability properties.

We go on with remarks on our results.

Remark 4.7. (Uniform exponential stability) The proof of Theorem 2.4 has shown that for a barrelled
space X and a C0-semigroup (T (t))t>0 also the property

∃ ω > 0 ∀ q ∈ ΓX ∃ p ∈ ΓX , M > 1 ∀ t > 0, x ∈ X : q(T (t)x) 6Me−ωtp(x) (4.5)

is equivalent to uniform exponential stability. The above is the definition of exponential resp. quasi-
equicontinuity (see Remark 4.6) with strictly negative ω.

Remark 4.8. (Super polynomial stability) The proof of Theorem 2.5 has shown that for a barrelled
space X and an exponentially bounded C0-semigroup (T (t))t>0 also the property

∀ or, equivalently, ∃ β > 1 ∀ q ∈ ΓX ∃ p ∈ ΓX , M > 1 ∀ x ∈ X :
∫∞

0
q(T (t)x)βdt 6Mp(x)β (4.6)

is equivalent to super polynomial stability, see (4.1) and, with β > 1 as selected at the beginning of
“(v∃)⇒(i)” in the proof of Theorem 2.5, (4.2). Condition (4.6) corresponds to the condition used by
Datko [10, p. 615] in his original version of Theorem B in Section 1. In the proof mentioned above,
we used an iteration argument starting with (4.2). In the classical situation of a Banach space, where
p = q = ‖ · ‖X , it is possible to keep track of the right hand side’s constants during this iteration. A
summation over all iterated estimates then ends up with the series representation of the exponential
function and yields uniform exponential stability of (T (t))t>0. On locally convex spaces the following
variant is possible:

Consider the following statements.

(i) ∃ β > 1 ∀ q ∈ ΓX ∃N > 1 ∀ x ∈ X :
∫∞

0
q(T (t)x)βdt 6 Nq(x)β .

(ii) ∀ q ∈ ΓX ∃ p ∈ ΓX , M > 1, ω > 0 ∀ t > 0, x ∈ X : q(T (t)x) 6Me−ωtp(x).

If (i) holds for some fundamental system ΓX , then (ii) holds for any fundamental system ΓX .

In order to see this, fix a fundamental system Γ0
X such that (i) holds. Observe that Definition 2.1.(iv)

holds for Γ0
X . Modify the ordering of the quantifies in the induction starting with (4.2) to show

∃ β > 1 ∀ q0 ∈ Γ0
X ∃ p0 ∈ Γ0

X , N > 1 ∀ n ∈ N, t > 0, x ∈ X : tnq0(T (t)x)β 6 n!Nn+1p0(x)β . (4.7)

Let now ΓX be an arbitrary fundamental system and let q ∈ ΓX be given. Select c0 > 1 and q0 ∈ Γ0
X

such that q 6 c0q0 holds. Choose p0 and N as in (4.7). Put ω = (2Nβ)−1 and M = (2N)1/β c0C0.
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Select p ∈ ΓX and C0 > 1 such that p0 6 C0p holds. Let t > 0 and x ∈ X be given. By the estimate
in (4.7) we have

1
n!

(
t

2N

)n
q(T (t)x)β 6 1

n!

(
t

2N

)n
cβ0 q0(T (t)x)β 6 N

2n c
β
0 p0(x)β 6 N

2n (c0C0)β p(x)β

for any n ∈ N. Summation over n yields

e
t

2N q(T (t)x)β =
∞∑
n=0

1
n!

(
t

2N

)n
q(T (t)x)β 6

∞∑
n=0

N
2n (c0C0)β p(x)β = 2N (c0C0)β p(x)β ,

i.e.
q(T (t)x) 6 (2Ne−

t
2N )1/β c0C0 p(x) = (2N)1/βe−

t
2Nβ c0C0 p(x) = Me−ωtp(x)

which shows (ii).

Let us add, that (ii) coincides with the definition of exponential boundedness (Definition 2.1.(iv)),
but with strictly negative ω. The latter implies that (T (t))t>0 is pseudo uniformly exponentially and
– even without Mackey completeness – super polynomially stable. However, Example 3.9 shows that
(i) and (ii) are not sufficient for strong exponential stability – even not on a Fréchet space.

Remark 4.9. (Uniform stability) The condition

∀ q ∈ ΓX ∃ p ∈ ΓX : limt→∞ supp(x)61q(T (t)x) = 0 (4.8)

is sufficient for uniform stability of (T (t))t>0. If X is a Banach space, the expression supp(x)61 q(T (t)x)
is – up to a constant – the operator norm of T (t). However, for infinite dimensional non-normed X the
set {x ∈ X ; p(x) 6 1} is never bounded by Kolmogoroff’s theorem, see Köthe [18, p. 160]. In the case
of uniform exponential and super polynomial stability, cf. “(i)⇔(ii)” in Theorem 2.4 and “(i)⇔(iii)” in
Theorem 2.5, the corresponding conditions are in fact equivalent. In the “non-weighted” situation this
equivalence, i.e. “(4.8)⇔ Definition 2.2.(iv)”, is not even true for Fréchet-Montel spaces, see Example
3.13.

5 Applications to Evolution Equations

5.1 Transport equation on the Schwartz space

For a fixed function q : R→ C let us consider the Cauchy problem

(CP1)

{
∂
∂tu(t, x) = ∂

∂xu(t, x) + q(x)u(x, t) for t > 0, x ∈ R,
u(0, x) = u0(x) for x ∈ R

where the initial value u0 belongs to the space

S(R) =
{
f ∈ C∞(R) ; ∀ k, n ∈ N : lim|x|→∞x

kf (n)(x) = 0
}

of rapidly decreasing functions which is endowed with the topology given by the system of seminorms
(‖ · ‖N )N∈N, where ‖f‖N = maxk,n6N supx∈R |xk dn

dxn f(x)|.
If q ≡ 0, [9, Examples 4.2 and 6.2] provides that for any u0 ∈ S(R) there is a unique solution of (CP1)
in S(R) and that all these solutions are given by the exponentially equicontinuous C0-semigroup
(T (t))t>0 of right shifts on S(R), i.e. (T (t)f)(x) = f(x+ t) for t > 0, x ∈ R and f ∈ S(R). Since

‖T (t)f‖0 = q0,0(T (t)f) = sup
x∈R
|f(x+ t)| > |f(−t+ t)| = |f(0)|

holds for all t > 0 it follows that limt→∞ T (t)f = 0 cannot hold for all f ∈ S(R). Therefore the latter
semigroup enjoys none of the stability properties studied in the previous sections.

If q(x) ≡ q ∈ C, then the unique solutions of (CP1) are given by the exponentially equicontinuous
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C0-semigroup (T (t))t>0 of scaled right shifts on S(R), i.e. (T (t)f)(x) = exp(qt)f(x + t) for t > 0,
x ∈ R and f ∈ S(R), cf. [30, Lemma 3.1]. For f ∈ S(R), N ∈ N and ω ∈ R we compute

‖eωtT (t)f‖N = max
k,n6N

sup
x∈R

∣∣xk dn

dxn [eωteqtf(x+ t)]
∣∣

= eωt|eqt| max
k,n6N

sup
x∈R

∣∣[(x+ t)− t]kf (n)(x+ t)]
∣∣

= e(ω+Re q)t max
k,n6N

sup
x∈R

∣∣ k∑
j=0

(
k
j

)
(x+ t)j(−1)k−jtk−jf (n)(x− t)

∣∣
6 e(ω+Re q)t

(
max
k6N

k∑
j=0

(
k
j

)
tk−j

)(
max
j,n6N

sup
x∈R

∣∣(x+ t)jf (n)(x+ t)
∣∣)

6 e(ω+Re q)t(1 + t)N‖f‖N

which in view of Theorem 2.4.(iii) shows that (T (t))t>0 is uniformly exponentially stable if and only
if Re q < 0 holds – if Re q > 0 holds, a computation similar to the case q ≡ 0 shows that (T (t))t>0 is
not strongly stable.

Let now q be non-constant. We assume that q ∈ C∞(R) is real valued, q(x) 6 0 holds for all x ∈ R
and q and all its derivatives are bounded. If we rewrite (CP1) in the form (ACP) with A = d

dx +Mq,
where (Mqf)(x) = q(x)f(x) is the multiplication operator corresponding to q, it can be checked by
straight forward computations that (A, S(R)) is the generator of the equicontinuous C0-semigroup
(T (t))t>0 defined by

[T (t)f ](x) = exp(
∫ x+t

x
q(τ)dτ)f(x+ t),

for f ∈ S(R), t > 0 and x ∈ R, compare with [13, Exercise III.1.17.(5)].

Proposition 5.1. In the situation above consider µq : [0,∞)→ R, µq(t) = supx∈R
∫ x+t

x
q(τ)dτ .

(i) If µq = Ω(t), i.e. lim inft→∞
|µq(t)|
t > 0, then (T (t))t>0 is uniformly exponentially stable.

(ii) If µq is bounded, then (T (t))t>0 is not strongly stable.

Proof. (i) Let f ∈ S(R) and N ∈ N be given. For j ∈ N we put Aj = {α ∈ Nj ; 1·α1+2·α2+· · ·+j ·αj =
j} and compute with Faà di Bruno’s formula

‖T (t)f‖N = max
k,n6N

sup
x∈R

∣∣xk dn

dxn (e
∫ x+t
x

q(τ)dτf(x+ t))
∣∣

= max
k,n6N

sup
x∈R

∣∣xk n∑
j=0

(
n
j

)[ ∑
α∈Aj

(
j
α

)
e
∫ x+t
x

q(τ)dτ
j∏

m=1
( q

(m−1)(x+t)−q(m−1)(x)
m! )αm

]
f (n−j)(x+ t)

∣∣
6 sup

x∈R
|e

∫ x+t
x

q(τ)dτ | · C · max
k,n6N

max
j6n

sup
x∈R

∣∣xkf (n−j)(x+ t)
∣∣

6 sup
x∈R
|e

∫ x+t
x

q(τ)dτ | · C · max
k,n6N

sup
x∈R

∣∣[(x+ t)− t]kf (n)(x+ t)
∣∣

6 eµq(t) C (1 + t)N ‖f‖N

where C = maxt>0 maxn6N
∑n
j=0

(
n
j

)∑
α∈Aj

(
j
α

)∏j
m=1 supx∈R | q

(m−1)(x+t)−q(m−1)(x)
m! |αm < ∞ holds

by our assumptions on q and since supx∈R |q(m−1)(x + t) − q(m−1)(x)| 6 supx∈R |q(m−1)(x + t)| +
supx∈R |q(m−1)(x)| 6 2 supx∈R |q(m−1)(x)| is true.

By (i) there exists t0 > 0 such that ν = inft>t0
|µq(t)|
t > 0 holds. We select ω = ν/2 > 0 and compute

ωt+ µq(t) 6 ωt− νt = −ωt for t > t0. Hence,

‖eωtT (t)f‖ 6 eωt+µq(t) C (1 + t)N ‖f‖N 6 e−ωt C (1 + t)N ‖f‖N

converges to zero for t→∞. The conclusion follows from Theorem 2.4.(iii).
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(ii) Let µq be bounded, i.e. there is ν > 0 such that |µq(t)| 6 ν holds for all t. Then

‖T (t)f‖0 = sup
x∈R

∣∣e∫ x+tx
q(τ)dτ f(x+ t)

∣∣ = sup
x∈R

eµq(t)
∣∣f(x+ t)

∣∣ > sup
x∈R

e−ν
∣∣f(x+ t)

∣∣ = e−ν‖f‖∞.

implies that limt→∞ T (t)f = 0 can only hold if f ≡ 0. �

The condition in Proposition 5.1.(i) is clearly satisfied, if q is bounded away from zero. The first
example below shows that (T (t))t>0 may fail all stability properties if q is strictly negative but
accumulating zero at infinity — even if this accumulation happens arbitrarily slow.

Example 5.2. Assume that q(x) < 0 holds for all x ∈ R and that there is some x0 such that q|[x0,∞)

is monotonically increasing with limx→∞ q(x) = 0. Then (T (t))t>0 is not strongly stable. Indeed, by

the mean value theorem it follows that µq(t) = supx∈R
∫ x+t

x
q(τ)dτ = 0 for all t > 0 and the conclusion

follows from Proposition 5.1.(ii).

The second example in contrast illustrates that (T (t))t>0 may be uniformly exponentially stable even
if lim supx→∞ q(x) = 0.

Example 5.3. Let q(x) = sin(x) − 1. Then (T (t))t>0 is uniformly exponentially stable: For t > 0

and x ∈ R we have µq(t) = supx∈R
∫ x+t

x
q(τ)dτ = supx∈R(− cos(x+ t) + cos(x)− t) 6 2− t. Whence,

lim inft→∞
|µq(t)|
t > lim inft→∞

t−2
t = 1 and Proposition 5.1.(i) yields the conclusion.

5.2 Heat equation on the Schwartz space and on Miyadera’s space H

In contrast to our discussion of the transport equation we consider the Cauchy problem

(CP2)

{
∂
∂tu(t, x) = ∂2

∂x2u(t, x) + q u(x, t) for t > 0, x ∈ R,
u(0, x) = u0(x) for x ∈ R

for the heat equation only with a constant perturbation, i.e. q ∈ C is fixed. For every u0 ∈ S(R) the
unique solution of (CP2) is given by the semigroup (T (t))t>0 defined by [T (t)f ](x) = exp(qt)[S(t)f ](x)
for f ∈ S(R), t > 0 and x ∈ R, where (S(t))t>0 denotes the Gaussian semigroup defined by

[S(t)f ](x) = 1√
4πt

∫
R
e−

(x−y)2
4t f(y)dy

for t > 0. The latter is an exponentially equicontinuous C0-semigroup by [9, Example 6.1]. For the

proof of the next result remember that (S(t)f)∧(ξ) = e−ξ
2tf̂(ξ) holds for all t > 0, ξ ∈ R and f ∈ S(R)

and that the Fourier transform ∧ : S(R)→ S(R) is an isomorphism.

Proposition 5.4. Let (T (t))t>0 be the scaled Gaussian semigroup on S(R).

(i) If Re q < 0, then (T (t))t>0 is uniformly exponentially stable.

(ii) If Re q > 0, then (T (t))t>0 is not strongly stable.

In particular, the Gaussian semigroup (S(t))t>0 itself is not strongly stable, cf. the situation on
e.g. Lp(R), 1 < p <∞, studied by Arendt, Batty, Bénilan [4, Proposition 3.1].

Proof. (i) We fix N ∈ N, f ∈ S(R) and t > 1. We select M ∈ N and C > 0 such that ‖g‖N 6 C‖ĝ‖M
holds for all g ∈ S(R). For arbitrary t > 1 and with g = T (t)f we obtain

1
C ‖T (t)f‖N 6 max

k,n6M
sup
ξ∈R
|ξk dn

dξn (eqt−ξ
2tf(ξ))|

= |eqt| max
k,n6M

sup
ξ∈R

∣∣ξk n∑
j=0

(
n
j

)[
dj

dξj e
−ξ2t]f (n−j)(ξ)

∣∣
= etRe q max

k,n6M
sup
ξ∈R

∣∣ n∑
j=0

(
n
j

)[ ∑
α∈Aj

(
j
α

)
e−ξ

2t
j∏

m=1
( (−(·)2t)(m)(ξ)

m! )αm
]
ξkf (n−j)(ξ)

∣∣
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6 etRe q max
k,n6M

sup
ξ∈R

∣∣ n∑
j=0

(
n
j

)[ ∑
α∈Aj

(
j
α

)
e−ξ

2t(−2ξt
1 )α1 · (−2t

2 )α2 · 1
]∣∣max

j6n
sup
x∈R
|ξkf (n−j)(ξ)|

6 etRe q‖f‖M max
n6M

n∑
j=0

(
n
j

)[ ∑
α∈Aj

(
j
α

)
sup
ξ∈R

e−ξ
2t 2α1 |ξ|α1tα1+α2

]
6 etRe q‖f‖M K tM sup

ξ∈R
e−ξ

2t |ξ|M = etRe q‖f‖M K tM/2

where K = maxn6M
∑n
j=0

(
n
j

)∑
α∈Aj

(
j
α

)
2α1 and we again used Faà di Bruno’s formula, see Propo-

sition 5.1. Finally, we select 0 < ω < −Re q and obtain that ‖eωtT (t)f‖N 6 e(ω−Re q)t‖f‖M KC tM/2

tends to zero for t→∞.

(ii) We select C > 0 and N ∈ N such that ‖ĝ‖0 6 C‖g‖N holds for all g ∈ S(R). We select f ∈ S(R)

such that f̂(0) = 1 and put in the above estimate g = S(t)f . Then we compute

‖S(t)f‖N > C‖(T (t)f)∧‖0 = C‖e−(·)2tf̂(·)‖0 = C sup
ξ∈R
|e−ξ2tf̂(ξ)| > Cf̂(0) = C > 0

and obtain ‖T (t)f‖N = ‖eqtS(t)f‖N > etRe q C, which tends to infinity for t→∞. �

Let us finally consider the heat equation (CP2) on a Fréchet space introduced by Miyadera [23, Section
6], see also Choe [9, Example 6.4]: Let H be the space of all real-valued C∞-functions on R whose
partial derivatives of all orders belong to L2(R). We endow H with the topology given by all Sobolev
norms, i.e. we consider the system of seminorms (‖ · ‖n)n∈N with

‖f‖n =
∑
j6n
‖f (j)‖L2(R) =

∑
j6n

(∫
R|f (j)(x)|2dx

)1/2
.

Using Sobolev’s embedding theorem, e.g. Adams [1, Theorem 4.12], it follows that H = projn∈NH
n(R)

holds where Hn(R) denotes the n-th Sobolev space.

As on the Schwartz space, for every u0 ∈ H the unique solution of (CP2) is given by the scaled
Gaussian semigroup, which is also on H an exponentially equicontinuous C0-semigroup, cf. [9, p. 316].

Proposition 5.5. Let (T (t))t>0 be the scaled Gaussian semigroup on H.

(i) If Re q < 0, then (T (t))t>0 is uniformly exponentially stable.

(ii) If Re q > 0, then (T (t))t>0 is not uniformly stable.

(iii) If Re q 6 0, then (T (t))t>0 is strongly stable.

Proof. For n ∈ N we define the space

Ĥn(R) =
{
f ∈ L2(R) ; |f |2n =

∫
R(1 + |x|2)n|f(x)|2dx <∞

}
endowed with the norm | · |(n). Then, the Fourier transform F : Hn(R)→ Ĥn(R) is an isomorphism,

we have Ĥn+1 ⊆ Ĥn with continuous inclusion and the diagram

· · · - Ĥn+1(R) - Ĥn(R) - · · ·

· · · - Hn+1(R) -

F
-

Hn(R) -

F
-F −

1

-

Hn−1(R) -

F −
1

-

· · ·

with inclusion maps at any unlabeled arrow, commutes. We define Ĥ = projn Ĥ
n and get that

F : H → Ĥ is an isomorphism and it is enough to consider the semigroup (T̂ (t))t>0, [T̂ (t)f ](x) =

eqt−x
2tf(x) for f ∈ Ĥ, t > 0 and x ∈ R.

(i) We have |T̂ (t)f |2n =
∫
R(1 + |x|2)n|eqt−x2tf(x)|2dx 6 e2(Re q)t

∫
R(1 + |x|2)n|f(x)|2dx 6 e2(Re q)t|f |2n,

i.e. |T̂ (t)f |n 6 e(Re q)t|f |n for every n ∈ N and thus uniform exponential stability follows.
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(ii) We define B = {fk ; k ∈ N} ⊆ L2(R) via fk(x) = k1/2 for x ∈ [0, 1/k] and zero otherwise. Then,

|fk|2n =
∫
R(1 + |x|2)n|fk(x)|2dx 6

∫ 1/k

0
2n |k1/2|2dx = 2n holds for every n and B ⊆ Ĥ is bounded.

For arbitrary k we have |T̂ (k2 )fk|20 =
∫
R|e−x

2 k
2 fk(x)|2dx =

∫
Re
−x2k|k1/2|2dx > k

∫ 1/k

0
e−xkdx = e−1

e

which provides that supf∈B |T̂ (t)f |0 cannot converge to zero for t→∞.

(iii) It remains to check strong stability. We fix f ∈ Ĥ and n ∈ N. Then we have

|T̂ (t)f |2n =
∫
R(1 + |x|2)n|eqt−x2tf(x)|2dx 6

∫
Re
−2x2t|f(x)|2dx+

n∑
k=1

(
n
k

)
sup
x∈R
|x|ke−2x2t

∫
R|f(x)|2dx

= ‖e−(·)2tf‖2L2(R) +
n∑
k=1

(
n
k

)
t−k/2 ( k2e )k/2 ‖f‖2L2(R)

which converges to zero for t → ∞; for the second summand this is clear and for the first see [4,
Proposition 3.1]. �

Remark 5.6. In this section we in fact studied a multiplication semigroup on S(R) resp. Ĥ. Its
exponent was determined by the differential equation (CP2). However, a general study of the mul-
tiplication semigroup (T (t))t>0 on S(R) defined by [T (t)f ](x) = exp(q(x)t)f(x) for f ∈ S(R), x ∈ R
and t > 0 is possible: If for instance q is a C∞-function which attains only non-positive real values
and if q and all its derivatives are bounded, then straight forward computations show that (T (t))t>0

is a C0-semigroup with generator (Mq, S(R)). Similar to Example 3.10 it is then possible to construct
q, e.g. q(x) = −1/|x| for |x| > 1 and suitable in between, such that (T (t))t>0 is polynomially stable
but not uniformly exponentially stable.
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[23] I. Miyadera, Semi-groups of operators in Fréchet space amd applications to partial differential
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