Bergische Universitat Wuppertal
Fachbereich Mathematik und Naturwissenschaften

Institute of Mathematical Modelling, Analysis and Computational Mathematics
(IMACM)

Preprint BUW-IMACM 12/06

Alexander Schenkel

Parallel transport observables for connections on finite
projective modules over matrix algebras

February 2012

http://www.math.uni-wuppertal.de



Parallel transport observables for connections on finite
projective modules over matrix algebras

Alexander Schenkel*

Fachgruppe Mathematik
Bergische Universitat Wuppertal, GauB3strafie 20, 42119 Wuppertal, Germany

January 23, 2012

Abstract

In this article we investigate parallel transports on finite projective modules over finite matrix
algebras. Given a derivation-based differential calculus on the algebra and a connection on the
module, we can construct for every derivation X a module parallel transport along the one-parameter
group of algebra automorphisms given by the flow of X. This parallel transport morphism is
determined uniquely by a differential equation depending on the covariant derivative along X.
Based on this, we define a set of basic gauge invariant observables, i.e. functions from the space of
connections to complex numbers. For modules equipped with a hermitian structure, we prove that
any hermitian connection can be reconstructed up to gauge equivalence from these observables.
This solves the gauge copy problem for gauge theory on hermitian finite projective modules over
finite matrix algebras, similar to the Wilson loop observables in gauge theories on commutative
smooth manifolds.

1 Introduction

In noncommutative geometry, gauge theories are typically described in terms of connections on finite
projective modules £ over the noncommutative algebra A, see e.g. Landi’s book [1] for an introduction.
This description requires the notion of a differential calculus on A, generalizing differential forms and
the exterior differential to the noncommutative setting. Depending on the algebra A, there are different
choices for a calculus at hand, for example the twist deformed differential calculus [2] in deformation
quantization using Drinfel’d twists, the bicovariant differential calculus for quantum groups [3] and the
derivation-based differential calculus [4, 5, 6, 7, 8, 9], being particularly useful for finite matrix algebras
[10], such as the fuzzy sphere [11].

Connections on finite projective modules, and the noncommutative gauge theories they describe, have
been part of many investigations in the past years, leading to interesting results, such as noncommutative
instantons in deformation quantization [12] and noncommutative monopoles on fuzzy spaces [13], just
to name a few. These works aim at understanding topological invariants constructed from the curvature
of the connection, and do not attempt to construct complete sets of observables, i.e. gauge invariant
functions from the space of connections to the complex numbers, which allow for the reconstruction of
the connection up to gauge equivalence.

In commutative gauge theory the curvature of a connection is not sufficient to extract the complete
gauge invariant information of the connection. This is the well-known gauge copy problem. In nonabelian
Yang-Mills theories this is already the case if we choose spacetime to be R [14]. For certain gauge
groups, the gauge copy problem can be solved by considering the set of all Wilson loops as the basic
observables of the gauge theory, see e.g. [15, 16].

There are examples indicating that there is also a gauge copy problem in noncommutative geometry,
see e.g. Proposition 2 in this paper, where we review some results of [10, 7, 8, 9]. This means that
considering only observables which are constructed from the curvature, we can in general not extract
the complete gauge invariant information of the connection. This calls for a suitable generalization of
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parallel transport and Wilson loops to noncommutative geometry. These studies have been initiated
for the Moyal-Weyl deformation in earlier works, see e.g. [17, 18].

In our article we will give a purely algebraic definition of parallel transport morphisms on finite
projective modules £ over noncommutative algebras A. For simplifying the explicit analysis of these
morphisms, we study in the present paper only the case where A = M,,(C) is a finite matrix algebra,
equipped with a derivation-based differential calculus, and £ is any finite projective module over A.
The generalization of our approach to infinite dimensional algebras is postponed to future work. Given
a connection V on £, we can explicitly construct for every derivation X a parallel transport morphism
®(V>X) | satisfying a differential equation determined by the covariant derivative V x along X. Using
the set of all parallel transport morphisms we define a suitable set of basic gauge invariant observables,
i.e. functions from the space of connections to the complex numbers. Given any hermitian connection
on a hermitian finite projective module £ over A = M,,(C), we prove that it can be reconstructed up to
gauge equivalence from this set of observables.

The structure of this article is as follows: In Section 2 we introduce briefly the basics on derivation-
based differential calculi. For a simplified presentation we first discuss in Section 3 parallel transports
on the trivial line-bundle over A = M,,(C), i.e. the free module £ = A, and then generalize the results
in Section 4 to arbitrary finite projective modules.

2 Preliminaries on derivation-based differential calculi

Let A be a unital and associative algebra over C, which is not necessarily commutative. In [4] a general
and purely algebraic framework to associate to A a differential calculus was introduced. This approach
was named the derivation-based differential calculus and has been further developed in [5, 6], see also
the reviews [7, 8, 9].

The basic idea is to consider the space of derivations Der(A) of the algebra A, that is the C-vector
space of all C-linear maps X : A — A satisfying, for all a,b € A,

X(ab) = X(a)b+aX(b) (2.1)

and build up a notion of differential geometry on A by carefully generalizing the algebraic approach
to differential geometry of commutative smooth manifolds, see e.g. Koszul’s book [19]. We can equip
the vector space Der(A) with the structure of a Lie algebra by defining, for all X,Y € Der(A), the Lie
bracket by the commutator,

[X,Y]:=XoY -YoX, (2.2)

where o denotes the usual composition of endomorphisms End¢(A). Furthermore, Der(A) is a module
over the center Z(A) of the algebra A by defining, for all a € A, f € Z(A) and X € Der(A),

(f - X)(a) := f X(a) . (2.3)
In case A is a x-algebra with involution * : A — A, a — a*, we say that a derivation X € Der(A4) is
real if, for all a € A,
X(a)" =X(a") . (2.4)
The space of real derivations is denoted by Derg(A). It forms a Lie algebra over R and a module over
the real subalgebra Z(A)g := {a € Z(4) : a* = a}.
The next step in the construction of a differential geometry on A is the definition of a differential
calculus, i.e. a graded differential algebra associated to A.

Definition 1. Let g C Der(A) be a sub Lie algebra and a sub Z(A)-module. Let further Qg (A), for
all n € N, be the vector space of Z(A)-multilinear antisymmetric maps from g” to A, Qg(A) := A and

25(4) = P (A) . (25)
n>0
The vector space Q;(A) can be equipped with the structure of an Ny-graded differential algebra by
defining the product, for all w € QF(A), n € QI(A) and Xy,..., Xp14 € g,
1

(Wn)( X1y, Xpiq) = o

> OO w(Xo) s Xo) 1(Xoqrys - Xaprg)  (262)
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and the differential (of degree 1), for all w € Qf(A) and X1,...,X,41 € g,

p+1 )
dw(X1, ooy Xprn) o= (=1 X,-(w(Xl,... v ...,X,,+1))

i=1

+ Y ()X XYY X ) - (26D)

1<i<j<p+1
We call (Q; (A),d) the g-restricted derivation-based differential calculus on A.

Note that the differential calculus (23(A),d) depends on the choice of g. The prime example
indicating the importance of allowing for a proper sub Lie algebra and sub Z(A)-module g C Der(A) is
the fuzzy sphere [11], where g = su§ C Der(A) is the complexification of sus.

Given a *-algebra A with involution * : A — A, we induce an involution on Der(A) by defining, for
all X € Der(A) and a € A, X*(a) := X (a*)*. We assume that g C Der(A) is such that * restricts to
an involution on g. We induce further a graded involution on Qg (A) by defining, for all w € QF(A)
and Xi,...,X, € g, w* (Xl, e ,Xp) = w(Xf, e ,X;)*. As a consequence, we have, for all w € QF(A)
and 7 € 01(4)

(Wn)" =DM et (dw)” =dw”. (2.7)

We now restrict our attention to the case relevant for this paper, namely the algebra A = M,,(C) of
complex-valued n x n-matrices with n € N. Hermitian conjugation structures A as a x-algebra. This
model has been studied in detail in [10, 7, 8, 9] and we only summarize the main properties. The center
of A is isomorphic to C, via C — Z(4), A +— A1, with 1 € A denoting the unit. Furthermore, all
derivations X € Der(A) are inner, meaning that the Lie algebra of traceless complex-valued matrices
sl, C A is isomorphic (as a Lie algebra) to Der(A) via the map ad : s, — Der(A4), v — ad,, where
ady, € Der(A) is the derivation defined by, for all a € A, ad,(a) := [y,a]. We denote the inverse
of the map ad by 6 : Der(A) — sl,, C A. With this identification, the Lie algebra (over R) of real
derivations Derg(A) is isomorphic to the real sub Lie algebra su,, C sl,, of antihermitian and traceless
matrices. For the g-restricted derivation-based differential calculus we have Q¢(A4) ~ A ®c A° g%,
where g* is the C-vector space dual of g. There is a canonical one-form given by restricting the map
0 : Der(A) — sl, C A to g C Der(A4). For notational simplicity we use the same symbol 6 for the
canonical one-form QE(A) >6:g— A. The one-form 6 € Qé (A) satisfies the Maurer-Cartan equation
df — 02 = 0 and its adjoint action on A is the differential, for all a € A, da = [0, a].

3 Trivial line-bundle over A = M, (C)

For a simplified presentation we first consider the case where the finite projective module is A itself,
£ = A = M,(C). The general case is discussed in Section 4. The right A-action on & is simply
given by matrix multiplication from the right, £ x A — £, (s,a) — sa. The endomorphism algebra
of the right A-module £ is End4(€) ~ A, which acts on & by matrix multiplication from the left,
AxE—E, (a,8) — as.

We equip the right A-module £ with a hermitian structure (-,-) : £ x &€ — A by defining, for all
s, t €&,

(s,t) :=5"t, (3.1)

where * acts on & = A by hermitian conjugation. We say that an endomorphism 7' € Enda(€)
is hermitian if, for all s,t € &, (s,T(t)) = (T(s),t). Employing the isomorphism End(£) ~ A,
hermitian endomorphisms correspond to hermitian matrices. Analogously, antihermitian endomorphisms
correspond to antihermitian matrices.

In general, a connection on a right A-module £ is a C-linear map V : £ — £ ®4 Qé (A) satisfying,
forall s€ £ and a € A,

V(sa) =(Vs)a+s®ada . (3.2)



Since Qé(A) ~ A ®c g* there is the following isomorphism of right A-modules
5®AQ3(A):S®A (A®cg*)~E®cyg” . (3.3)

Thus, we can equivalently regard a connection as a C-linear map V : £ — £ ®¢ g* satisfying, for all
se&andac€ A, V(sa) = (Vs)a+ sda. The space of all connections on £ is denoted by Cony(€) and
it forms an affine space over Homu4 (€,€ Q¢ g*) ~ End 4 (€) ®c g* ~ A Q¢ g*.

Associated to V € Cony4(E) there is the covariant derivative along any X € g defined by the C-linear
map Vx : &€ — &, s — Vxs = (Vs)(X), where the last term denotes the canonical evaluation of
E ®c g* on g. The covariant derivative has the following properties, for all f,h € Z(A), X, Y €g,s€ &
and a € A,

Vix+nys=[fVxs+hVys, Vx(sa)=(Vxs)a+sX(a). (3.4)

From the covariant derivative Vx along all X € g we can reconstruct the connection v € Conz(€).

It is well-known [10, 7, 8, 9] that there exists a connection on &, the so-called canonical connection,
defined by, for all s € &,

Vs = —s6, (3.5)

where 6 € Qé (A) is the canonical one-form. Since Cony(€) is an affine space over A ®¢ g*, any
connection V € Cony (€) can be written as, for all s € £,

Vs=v’s+Bs=—s0+Bs, (3.6)

where B € A ®c g* is the gauge potential relative to v?.
A connection is compatible with a hermitian structure if, for all s,t € £ and X € g,

X ((s,t)) = (Vx=s,t) + (s, Vxt) . (3.7)

The canonical connection V9 is compatible with the hermitian structure (3.1) and a general connection
v € Cony(€) is compatible if and only if the gauge potential B € A®c g* relative to v? is antihermitian.
For all X|Y € g we define the curvature endomorphism F(X,Y) € End(€) by, for all s € £,

F(X,Y)s:=VxVys—VyVxs—V[xy]s - (3.8)

Decomposing V as in (3.6) into the canonical connection and a gauge potential one obtains after also
using the isomorphism End4(€) ~ A the curvature 2-form

F(X,Y) = [B(X),B(Y)] - B(IX,Y]) . (3.9)

Notice that the connection is flat, i.e. of vanishing curvature, if and only if the map B :g — A is a
Lie algebra representation of g. The curvature 2-form of a connection compatible with the hermitian
structure (3.1) is antihermitian.

We next introduce gauge transformations. Let us denote by Ug C End4(€) the group of unitary
endomorphisms of the module &, i.e. for all u € Ug and all s,t € &,

(u(s), u(t)) = (s,t) . (3.10)

Employing the isomorphism End4(£) ~ A = M,,(C) we find that the group Ug is isomorphic to the
group of unitary n x n-matrices, Us ~ U,, C M,,(C). We define an action of Ug on the affine space of
connections

Ug x Cony(E) — Cony(€) , (u, V) — V" = (u®cidg-) o Vou* . (3.11)

For the covariant derivative this action simply reads, for all X € g, (u,Vx) — wo Vx ou*, and the
curvature transforms, for all X,Y € g, as (u, F(X,Y)) — u F(X,Y) u*, where we have implicitly used
the isomorphism Ug ~ U,,. Notice that the canonical connection v is gauge invariant and that the
gauge potential B € A ®c g* (relative to v?) transforms, for all X € g, as

(u, B(X)) —muB(X)u* . (3.12)

The following proposition taken from [10, 7, 8, 9] provides the main motivation for our studies on
parallel transport observables to be presented below.



Proposition 2. Let A= M,(C) and let £ = A be equipped with the hermitian structure (3.1). Then
gauge equivalence classes of flat hermitian connections on € are in 1-to-1 and onto correspondence with
unitary inequivalent Lie algebra representations B : g — A.

Proof. Follows immediately from (3.9) and (3.12). O

Considering the prime example of the fuzzy sphere [11], where A = M,,(C), n =2j + 1 (j being the
maximal spin) and g = suS, there are the unitary inequivalent representations B : su$ — M, (C) of
spin s = 0, %, ..., j. Since all of them have the same curvature, namely zero, we can not reconstruct
the gauge equivalence class of the connection from curvature observables, i.e. gauge invariant functions
Cony (&) — C constructed out of F.

The problem of not being able to extract the gauge equivalence class of the connection from curvature
observables also exists in the commutative setting, where A is the algebra of smooth functions on a
manifold M and £ is the A-module of smooth sections of a hermitian vector bundle, see e.g. [14, 15].
The solution there is to consider parallel transports along curves: Given a curve v : [0,1] — M starting
at x and ending at y, a connection on £ determines a parallel transport morphism h, : £, — E, from
the fibre over x to the fibre over y. For closed curves, i.e. y = z, the trace over the endomorphism
hy : By — E, is gauge invariant and it can be shown that for certain gauge groups, these Wilson loops
determine the connection up to gauge equivalence, see e.g. [15, 16] and references therein. A naive
generalization of the concept of parallel transport along curves to noncommutative geometry seems to
be problematic, since firstly we in general do not have the notion of curves and secondly there is no
fibre over a “point” due to the lack of localization. See, however, [17, 18] for an interesting definition of
Wilson loop observables for noncommutative gauge theory on Moyal-Weyl deformed spaces.

The plan for the rest of this section is as follows: We first give a definition for parallel transports
along one-parameter groups of algebra automorphisms on modules £ over general associative and
unital algebras A. In the second step we show that for A = M, (C), equipped with a g-restricted
derivation-based differential calculus, and £ = A, equipped with a connection, such parallel transport
morphisms can be constructed explicitly. In the last step we prove that a hermitian connection can be
reconstructed up to gauge equivalence from a certain set of gauge invariant observables constructed
from module parallel transports.

Definition 3. Let A be an associative and unital algebra and £ a right A-module.

1.) A one-parameter group of automorphisms of Aisamap ¢ : Rx A — A, (1,a) — ¢(1,a) = ¢, (a),
such that
(i) or(ad) =¢r(a)p(b), forall T € R and a,b € A
(i) o =ida
(i) Prio = pr 0@y, for all 7,0 € R
2.) Let ¢ : R x A — A be a one-parameter group of automorphisms of A. A parallel transport on &
along pisamap ®:Rx & — &, (1,8) — O(7,5) = P, (s), such that
(i) ®.(sa)=P.(s)pr(a), forallTeR, s€f andac A
(ii) o = ide
(iii) Prip =P, 0D, forall 7,0 € R
If A and £ are equipped with a smooth structure, the maps ¢ and ® are defined to be smooth.

Let us investigate these structures in detail for A = M,,(C) and £ = A. In this case there is a
bijection between smooth one-parameter groups of automorphism and derivations Der(A) given by the
matrix exponential (Der(A) C End¢(A) ~ M,,2(C) can be seen as complex-valued n? x n-matrices).
We associate to any X € Der(A) the one-parameter group of automorphisms X : Rx A — A, (7,a)
¢X(a) = e™%(a). The map ¢~ is uniquely specified by the differential equation

d x

X =XogX, (3.13)

together with the initial condition ¢ = id4, which is already part of Definition 3. The derivation X
can be reconstructed from X by taking the 7-derivative at 7 = 0. Furthermore, using the canonical



one-form 6 € QE(A), we can express, for all X € g C Der(A) and a € A, the derivation as the difference
between left and right multiplication by 6(X), X(a) = [6(X),a] = 6(X)a — a#(X). Since left and
right multiplication commutes, the exponential becomes, for all X € g, a € A and 7 € R,

©X(a) = ™) g e 0 (3.14)

Notice that ¢¥ is a one-parameter group of *-automorphism if and only if X is a real derivation.

Proposition 4. Let A= M,(C), £ = A and V € Cona(E). Then there exists for all X € g C Der(A)
a unique parallel transport ®V>X) 1 R x € — £ along ¢~ satisfying the differential equation

diﬁ”) =Vxo®™X) (3.15)
-

It is given by, for all X € g, s€ € and 7 € R,
BV X) (5) = eTBX) o= T0X) (3.16)

where B € A ®c g* is the gauge potential relative to the canonical connection V9.

Proof. The differential equation (3.15) subject to the initial condition <I>(()V’X)

part of Definition 3, has a unique solution given by

= idg, which is already

BV X) = e7Vx | (3.17)

where we regard Vx : £ — £ as an element of End¢(€) ~ M,2(C). Using the decomposition (3.6) we
have, for all X e gand s € £, Vx(s) = —s0(X) + B(X)s. Thus, forall X € g, s€ & and 7 € R,

(I>,(FV7X)(S) — ™B(X) g =T0(X) (3.18)

From (3.16) and (3.14) one easily checks that ®(V'X) is a parallel transport along ¢, i.e. that it
satisfies the conditions posed in Definition 3. O

Notice that from ®(:X) the covariant derivative V x can be reconstructed by taking the 7-derivative
at 7 = 0. Thus, the connection can be reconstructed from the set {@(V’X)}Xeg.

We come to the definition of a class of gauge invariant observables, i.e. gauge invariant functions
Cony(€) — C, from which we can reconstruct up to gauge equivalence the connection V. We can
construct for any 7 € R and X € g an endomorphism 3" %) ¢ Endy (&) by composing 3" %) with
the right multiplication of e™X) € A, forall7 € R, X € gand s € &,

BV (5) 1= (VX)) 7000 UL orBOO) o (3.19)

Applying the trace Trgnq : Ends(€) — C, T +— Trpna(T) = Tra (T(IL)) on <T>(TV’X), we obtain the
gauge invariant observables

Wir, x) : Cona(€) = C, ¥ = Wi, x)(7) = Trgaa (07 X)) = Try (eTB(X)) , (3.20)

labelled by (7,X) € R x g. Note that for defining the observables (3.20) we did not require the
flow ©¥ to be periodic in 7. This is similar to the gauge invariant open Wilson lines discovered in
noncommutative gauge theory on the Moyal-Weyl space, see e.g. [17, 18].

We now will prove that we can reconstruct the connection up to gauge equivalence from the set of
observables

0= {Wx = Wiux) X €}, (3.21)

labelled by the real sub Lie algebra gr C g of real derivations.

Theorem 5. Let A = M,(C) and let £ = A be equipped with the hermitian structure (3.1). Then any
hermitian connection V € Cony(E) can be reconstructed up to gauge equivalence (3.11) from the set of
observables O (3.21).



Proof. Since we can reconstruct V from the set {V x:X € gR} it is sufficient to show that we can
reconstruct for every X € gg the covariant derivative V x up to gauge equivalence from O. Let X € gy
be fixed and consider the corresponding one-parameter family of observables W, x, 7 € R. Since X is a
real derivation and the gauge potential B relative to V¥ of any hermitian connection is antihermitian,
we have that B(X)* = —B(X) € M,(C) is an antihermitian matrix. We can find a unitary matrix
u € U, C M,(C) such that B(X) = uDu*, where D is a diagonal matrix with imaginary entries
Dj; =i\, \j € Rforall j =1,...,n. The observable W, x thus becomes

n

Wrx (V) =Tra (€7P) =) ™, (3.22)
j=1
and we can reconstruct the spectrum of B(X), i.e. {\; : j =1,...,n}, via Fourier transformation in 7

of W;x. The proof follows by noting that two antihermitian matrices B(X), B(X) € A are unitary
equivalent (i.e. the corresponding covariant derivatives are gauge equivalent) if and only if they have
the same spectrum. O

4 General finite projective modules over A = M, (C)

We now generalize the results of Section 3 to general finite projective modules over A = M, (C).
Remember that any finite projective right A-module £ is isomorphic to a right A-module of the form
pAYN with N € N being the dimension of an underlying free module and p € My (A) being a projector,
i.e. p® = p. For our studies the following lemma turns out to be useful.

Lemma 6. Let A = M,(C) and & be any finite projective right A-module. Then there exists a m € N,
such that € ~ My, ,(C), with M, ,(C) being the space of complex-valued m x n-matrices. The right
A-action on the module My, »(C) is given by matriz multiplication from the right, My, »(C) x M,,(C) —
M n(C), (s,a) — sa.

Proof. Let £ be any right A-module. Then there exists a N € N and a projector p € My(A) ~
End4(AY), with p? = p, such that £ ~ pAYN. The right A-module structure on the free module AY
(and also on the projective module pAY | since it is preserved by the projection) is given by component-
wise matrix multiplication from the right, i.e. AN x A — AN | (@,b) — ab = (a1 b,...,an b)T, with T
denoting the transposition operation. For A = M,,(C) we have to following vector space isomorphisms

AV 2 A@cCN ~C"@cC"®c CVN =~ (C"@c CY) @c C" = C"V @c C" ~ M,y A(C) . (4.1)

The induced right A-module structure on M,y (C) is given by matrix multiplication from the right,
Mn.n(C) x My(C) — My, ,(C), (s,a) — sa. Furthermore, the induced left End4(AY) ~ My (A)-
module structure is given by matrix multiplication of nN x nN-matrices M, ny(C) from the left,
M,~N(C) x Mynn(C) — Myn,(C), (T,s) — Ts. The projector p € Mn(A) becomes under this
identification a complex-valued nN x nN-matrix (denoted by the same symbol) and we denote by
V = pC™N the vector space obtained by this projection acting on C™V. Being a finite dimensional
complex vector space, we have V ~ C™ for some m € N with m < nN. Thus,

pAN ~ (pC™N) @¢ C" ~ C™ @¢ C" ~ My 1 (C) . (4.2)
O]

As a result of Lemma 6 is it sufficient to study the case & = M, ,(C), m € N, in order to cover (up
to isomorphism) all finite projective modules over A = M,,(C). The endomorphism algebra End4(€) of
£ is isomorphic to the complex-valued m x m-matrices, End4(€) ~ M,,(C), which act on &£ simply by
matrix multiplication from the left, M,,(C) x My, n(C) = My, »(C), (T,s) — T's.

Analogously to (3.1), we equip €& = M,, ,,(C) with the hermitian structure (-,-) : &€ x £ — A defined
by, for all s,t € &,

(s,t) :==s"t, (4.3)

where * acts on € by hermitian conjugation. Under the isomorphism End 4 (&) ~ M,,(C) (anti)hermitian
endomorphisms correspond to (anti)hermitian matrices.



The discussion of connections on & = A = M, (C) in Section 3 generalizes trivially to the case
€ = M,, »,(C). In particular, there is a canonical connection defined by, for all s € &,

vls:=—s0, (4.4)

where 0 € Qé (A) is the canonical one-form. Due to the affine space structure of Cony (€), we find for
any connection vV € Cona(€) a gauge potential B € M,,(C) ®c g* ~ End4(€) ®c g* relative to v,
such that, for all s € &,

Vs=V’s+ Bs=—-s50+Bs. (4.5)

The canonical connection V9 is compatible with the hermitian structure (4.3) and a generic connection
v € Cony(€) is hermitian, if and only if the gauge potential B relative to V¥ is antihermitian. Gauge
transformations of £ are defined analogously to (3.11) and can be identified with unitary m x m-matrices,
Ug ~ U, C M,,(C). For any X € g the gauge potential relative to vV transforms as

(u, B(X)) — uB(X)u* . (4.6)

Proposition 4 on the existence of parallel transports generalizes easily to the case & = M, ,(C),
resulting in the maps, for all X € g,

X))  Rx & £, (T,S) N (I).(I_V’X)(S) — ¢™B(X) g —T0(X) (47)

Defining the endomorphisms LX) ¢ Enda(€) ~ M,,(C) analogously to (3.19) by, for all 7 € R,
X egand seé,

7 X) () 1= VX () 70X = BN g (4.8)
we obtain the gauge invariant observables, for all 7 € R and X € g,
W(T7x) : COHA(S) — (C, V= W(T,X)(v) = TrEnd (CT),(FV’X)) = Trjwm((c) <€TB(X)> . (4.9)

Analogously to Theorem 5 we obtain that also in the general finite projective module case we can
reconstruct the connection up to gauge equivalence from the set of observables

0= {WX =Wux): X € gR} , (4.10)

labelled by the real sub Lie algebra gr C g of real derivations.

Theorem 7. Let A = M,(C) and let £ be a finite projective right A-module, equipped with the
hermitian structure (4.3). Then any hermitian connection V € Cona(E) can be reconstructed up to
gauge equivalence (4.6) from the set of observables O (/4.10).

Proof. The proof is a straightforward generalization of the one of Theorem 5. Just replace the n x n-
matrices B(X) by m x m-matrices and U,, gauge transformations by U,, gauge transformations. [
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